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R e s u m e n : Este trabajo muestra porqué la teoría n o - l i n e a l 
i n c l u y e n d o la del caos, es importante en economía 
y f inanzas. Se presentan dos d e f i n i c i o n e s d e n o -
l i n e a l i d a d estocástica y se arguye que s o n útiles n o 
sólo en pruebas de n o - l i n e a l i d a d , s ino t a m b i é n e n 
l a c o n s t r u c c i ó n d e u n a n u e v a clase d e m o d e l o s 
d e v a l u a c i ó n d e ac t ivos . T a m b i é n se m u e s t r a 
c ó m o la teoría d e s is temas de par t í cu las e n 
interacción p u e d e ser u s a d a para hacer m o d e l o s 
estructurales de valuación d e activos que convier ­
ten procesos lineales d e ganancias e n procesos 
no-l ineales de rendimientos e n equi l ibr io . 

A b s t r a c t : T h i s p a p e r : (1) G i v e s a g e n e r a l a r g u m e n t w h y 
research o n n o n l i n e a r sc ience i n g e n e r a l a n d 
chaos i n p a r t i c u l a r is i m p o r t a n t i n e c o n o m i c s 
a n d f inance . (2) P u t s f o r t h t w o d e f i n i t i o n s o f 
stochast ic n o n l i n e a r i t y ( I ID-Linear i ty a n d M D S -
L i n e a r i t y ) for n o n l i n e a r t i m e series a n a l y s i s a n d 
argues for their use fu lness as o r g a n i z i n g c o n ­
cepts n o t o n l y for d i s c u s s i o n of n o n l i n e a r i t y 
tes t ing b u t also for b u i l d i n g a n e w class of s t ruc ­
t u r a l asset p r i c i n g m o d e l s . (3) S h o w s h o w to use 
ideas f r o m i n t e r a c t i n g par t i c l e sys tems t h e o r y to 
b u i l d s tructural asset p r i c i n g m o d e l s that t u r n 
H D - L i n e a r or M D S - L i n e a r earnings processes in to 
n o n M D S - L i n e a r e q u i l i b r i u m returns processes. 
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4 ESTUDIOS ECONÓMICOS 

1. I n t r o d u c t i o n 

In the pas t f e w y e a r s a l a rge l i t e r a t u r e o n chaos a n d n o n l i n e a r sc ience has 
a p p e a r e d i n e c o n o m i c s . W h i l e the e c o n o m i c s l i t e ra ture is l a rge i t is d w a r f e d 
b y the p a r a l l e l l i t e r a t u r e o n c h a o s a n d n o n l i n e a r sc ience i n the o t h e r sciences. 
H e r e w e w i l l use the t e r m " n o n l i n e a r s c i e n c e " to refer to the b r o a d e r s t u d y 
of n o n l i n e a r d y n a m i c a l s y s t e m s , n o t jus t chaot ic ones . M o r e w i l l be s a i d a b o u t 
the d o m a i n of " n o n l i n e a r s c i e n c e " w h e n w e d i s c u s s j o u r n a l s a n d o t h e r out le t s 
i n the area. 

A loose d e f i n i t i o n is this : " N o n l i n e a r s c ience" s t u d i e s s tochast ic a n d 
d e t e r m i n i s t i c d y n a m i c a l s y s t e m s that l e a d to " c o m p l e x " d y n a m i c s . A deter­
m i n i s t i c d y n a m i c a l s y s t e m generates " c o m p l e x d y n a m i c s " w h e n " m o s t " 
trajectories of the d y n a m i c a l s y s t e m d o n o t c o n v e r g e to rest p o i n t s or l i m i t 
cyc les . H e r e , i n the s tochast ic case, " the d y n a m i c a l s y s t e m " refers to the 
u n d e r l y i n g d e t e r m i n i s t i c d y n a m i c a l s y s t e m , i.e. the s y s t e m o n e o b t a i n s w h e n 
the u n d e r l y i n g s tochast ic f o r c i n g is s h u t off. 

T h e m a i n tasks of the c u r r e n t p a p e r are three: i ) G i v e a g e n e r a l a r g u m e n t 
w h y research o n n o n l i n e a r sc ience i n g e n e r a l a n d chaos i n p a r t i c u l a r i s 
i m p o r t a n t i n e c o n o m i c s a n d f inance , i i ) P u t f o r t h t w o d e f i n i t i o n s o f s tochast ic 
n o n l i n e a r i t y ( I I D - L i n e a r i t y a n d M D S - L i n e a r i t y ) for n o n l i n e a r t i m e series 
a n a l y s i s a n d a r g u e f o r t h e i r u s e f u l n e s s as o r g a n i z i n g c o n c e p t s n o t o n l y for 
d i s c u s s i o n o f n o n l i n e a r i t y t e s t i n g i n t i m e s e r i e s e c o n o m e t r i c s b u t a l s o 
f o r b u i l d i n g a n e w class of s t r u c t u r a l asset p r i c i n g m o d e l s . Hi) S h o w h o w to 
use i d e a s f r o m i n t e r a c t i n g p a r t i c l e s y s t e m s theory to b u i l d s t r u c t u r a l asset 
p r i c i n g m o d e l s that t u r n I I D - L i n e a r o r M D S - L i n e a r e a r n i n g s processes i n t o 
n o n M D S - L i n e a r e q u i l i b r i u m re turns processes . 

A l t h o u g h w e g i v e a sneak p r e v i e w here the reader m a y w i s h to g l a n c e 
a h e a d at S e c t i o n three for the concepts of I I D - L i n e a r i t y a n d M D S - L i n e a r i t y . W e 
c a l l s tochast ic process {K,} I I D - L i n e a r ( M D S - L i n e a r ) if 

y , - * = l w - j > XP7<~' 
w h e r e the i n n o v a t i o n s , a lso c a l l e d s h o c k s , N t are I n d e p e n d e n t a n d I d e n t i c a l l y 
D i s t r i b u t e d , a b r e v i a t e d IID, ( f o r m a M a r t i n g a l e D i f f e r e n c e Sequence , ab­
b r e v i a t e d M D S ) . A s w e shal l see i n Section three, M D S - L i n e a r i t y corresponds to 
the case w h e r e the c o n d i t i o n a l expectat ion of Yl + l g i v e n [Y,, Yt _, , . ..) is a 
l inear f u n c t i o n of {Yt, y , _ , , . . .}. T h e concept of I ID-Linear is m o r e str ingent t h a n 
M D S - L i n e a r . N o i s y chaos is a s t r i k i n g e x a m p l e o f a process that is not M D S - L i n e a r . 

T h i s p a p e r is o r g a n i z e d as f o l l o w s . Sec t ion one c o n t a i n s a b r i e f i n t r o d u c ­
t i o n . S e c t i o n t w o uses this p a p e r as a " b u l l y p u l p i t " to m a k e a p l e a for m o r e 
research o n n o n l i n e a r sc ience i n g e n e r a l a n d chaos i n p a r t i c u l a r i n e c o n o m i c s 
a n d f i n a n c e . D u r i n g th i s p l e a w e g i v e a v e r y br ie f s k e t c h of the l i terature . 
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T h e r e i s a s i z a b l e l i t e ra ture i n e c o n o m i c s o n stat is t ical tes t ing for the p r e s e n c e 
of c h a o s a n d other n o n l i n e a r i t y i n t i m e series da ta . S ince that has b e e n c o v e r e d 
e l s e w h e r e b y art ic les i n B e n h a b i b (1992), as w e l l as b y B r o c k a n d D e c h e r t 
(1991), B r o c k , H s i e h a n d L e B a r o n (1991), Sayers 's ar t ic le i n K r a s n e r (1990), 
a n d S c h e i n k m a n (1990), w e s h a l l s a y l i t t le a b o u t i t here, except to s a y that 
m a n y a p p l i c a t i o n s of the t e c h n i q u e s f o u n d s t r o n g e v i d e n c e against l i n e a r 
m o d e l s d r i v e n b y H D shocks a n d w e a k e r evidence against a subclass of M D S -
L i n e a r m o d e l s d r i v e n b y certain parameter ized forms of heteroscedastic shocks . 

T h e t e c h n i q u e s of Sec t ion three are p u r e l y stat is t ical t e c h n i q u e s for 
t e s t i n g w h e t h e r a ti me series s a m p l e c o m e s f r o m a l i n e a r process or w h e t h e r 
a t i m e series c o m e s f r o m a chaot ic process . W h i l e stat ist ical t e c h n i q u e s are 
u s e f u l they are n o subs t i tu te for a s t r u c t u r a l m o d e l i n g i v i n g i n s i g h t s i n t o the 
e c o n o m i c forces that m a y generate n o n l i n e a r i t y or chaos . 

S e c t i o n f o u r d e v e l o p s s t r u c t u r a l m o d e l s w h i c h c a n generate " e n ­
d o g e n o u s " d i s c o n t i n u o u s changes i n e q u i l i b r i u m asset pr ices . I n p a r t i c u l a r 
w e s t u d y a c lass of asset p r i c i n g m o d e l s that generate re turns p e r share 
processes that are n o t l i n e a r processes . T h e in tent of these e x a m p l e s is to s h o w 
h o w the t h e o r y of S e c t i o n three c a n be u s e d to b u i l d a p a r s i m o n i o u s l y 
p a r a m e t e r i z e d e c o n o m e t r i c a l l y a n d a n a l y t i c a l l y t rac tab le c lass of asset 
p r i c i n g m o d e l s w h i c h a l l o w re turns d a t a to speak to the presence of e c o n o m i c 
forces c a u s i n g a b r u p t changes i n v o l a t i l i t y a n d re turns . T h e m o d e l s are also 
s t r u c t u r e d to h a v e the p o t e n t i a l i t y of g e n e r a t i n g e q u i l i b r i u m re turns that 
d i s p l a y G A R C H effects (cf. B o l l e r s l e v e t a t , 1992) as w e l l as "excess v o l a t i l i t y " 
r e l a t i v e to m e a s u r e d f u n d a m e n t a l s . 

2. T h e o r e t i c a l O v e r v i e w 

W e s h a l l d e a l w i t h the theoret ica l p a r t of the l i tera ture f irst . T h e j o u r n a l s ( i ) 
I n t e r n a t i o n a l J o u r n a l of B i f u r c a t i o n a n d C h a o s (IJBC), ( i i ) J o u r n a l of N o n l i n e a r 
Science, ( H i ) P h y s i c a D , ( i v ) C h a o s , a n d ( v ) N o n l i n e a r i t y g i v e a g l i m p s e of i m p a c t 
t h a t r e s e a r c h o n c h a o s i n p a r t i c u l a r a n d n o n l i n e a r science i n g e n e r a l h a s h a d 
i n sc iences o t h e r t h a n e c o n o m i c s . I n d e e d the t e r m " n o n l i n e a r s c i e n c e " c o u l d 
b e w e l l d e f i n e d to be the subject mat ter t reated i n the a b o v e j o u r n a l s . A g o o d 
p l a c e for the r e a d e r to v i e w this t y p e of w o r k i n e c o n o m i c s is the v o l u m e 
e d i t e d b y B e n h a b i b (1992). 

A n i n f o r m a l d e f i n i t i o n of chaos is this . A d e t e r m i n i s t i c d y n a m i c a l s y s t e m 
is c h a o t i c if i t d i s p l a y s s e n s i t i v e dependence u p o n i n i t i a l c o n d i t i o n s i n the sense 
t h a t s m a l l d i f ferences i n i n i t i a l c o n d i t i o n s are m a g n i f i e d b y i t e ra t ion of the 
d y n a m i c a l s y s t e m . A stochast ic d y n a m i c a l s y s t e m is n o i s y chaos i f i t is chaot i c 
w h e n the c o n d i t i o n a l v a r i a n c e of the stochastic d r i v e r (the u l t i m a t e source of 
the u n c e r t a i n t y ) i s set i d e n t i c a l l y e q u a l to zero . 
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T h e B e n h a b i b b o o k g i v e s a g u i d e to the l i terature o n f o r m a l d e f i n i t i o n s 
o f c h a o s as w e l l as a m u l t i t u d e of theoret ic e c o n o m i c m o d e l s that s h o w chaot ic 
e q u i l i b r i a are theore t i ca l ly p o s s i b l e a n d are n o n p a t h o l o g i c a l . I n d e e d , i n 
economies w i t h m a n y sectors sufficient condit ions needed to obtain chaotic equili¬
b r i a are n o t v e r y s t r o n g w h e n e v a l u a t e d b y the s t a n d a r d s of g e n e r a l 
e q u i l i b r i u m theory. 

G r a n d m o n t a r g u e s i n a recent p a p e r (1992) that : ( i ) T h e e c o n o m i c t i m e 
s e r i e s that d i s p l a y the m o s t v o l a t i l i t y , e.g., i n v e s t m e n t , i n v e n t o r i e s , 
d u r a b l e g o o d s , f i n a n c i a l a n d s t o c k m a r k e t s , a r e t h o s e f o r w h i c h i t 
a p p e a r s that e x p e c t a t i o n s p l a y a n i m p o r t a n t r o l e i n g e n e r a t i n g t h e m , 
( u ) m a r k e t s w h e r e expecta t ions p l a y a n i m p o r t a n t role are m o s t l i k e l y to be 
e x p e r i e n c e l e a r n i n g - i n d u c e d l o c a l d y n a m i c ins tabi l i ty , (Hi) p l a u s i b l e c a p i t a l 
m a r k e t i m p e r f e c t i o n s , a d j u s t m e n t l ags a n d l i m i t e d s u b s t i t u t a b i l i t y c a n 
genera te c o m p e x e n d o g e n o u s e x p e c t a t i o n s - d r i v e n bus iness cyc les . H e argues 
that it is i m p o r t a n t to i n c o r p o r a t e n o n l i n e a n t i e s to s t u d y s u c h f l u c t u a t i o n s . 

T h e recent b o o k b y H o m m e s (1991) s h o w s h o w easy i t is to p r o d u c e c h a o s 
i n H i c k s i a n type m o d e l s w i t h lags i n i n v e s t m e n t a n d c o n s u m p t i o n . M a j u m -
d a r a n d M i t r a (1992) locate suf f i c i en t c o n d i t i o n s for r o b u s t e r g o d i c chaos to 
a p p e a r i n g r o w t h m o d e l s . T h e s tudies c i t e d a b o v e raise the k e y i s s u e of the 
p l a u s i b i l i t y of chaos as a g e n e r a t i n g m e c h a n i s m of f l u c t u a t i o n s i n the rea l 
e c o n o m y . 

Before w e g o further , I w i s h to d i s c u s s s o m e issues, e s p e c i a l l y three 
c o m m o n m i s u n d e r s t a n d i n g s , that h a v e b e e n r e p e a t e d l y r a i s e d to m e w h i l e 
l e c t u r i n g o n the area of n o n l i n e a r science i n g e n e r a l a n d chaos i n p a r t i c u l a r . 

I d o n ' t b e l i e v e there is a n y d i s a g r e e m e n t a m o n g s t e c o n o m i s t s o n w h e t h e r 
e x o g e n o u s s h o c k s p l a y a n i m p o r t a n t role i n astute m o d e l i n g of e c o n o m i c 
f l u c t u a t i o n s . T h e issue of c o n t e n t i o n concerns the re la t ive v a l u e of m o d e l i n g 
e n d o g e n o u s f l u c t u a t i o n s d i r e c t l y to m o d e l l i n g a s y s t e m d r i v e n b y e x o g e n o u s 
f l u c t u a t i o n s , i .e., e x o g e n o u s s h o c k s . T h e issue w h e t h e r chaos is a n i m p o r t a n t 
s o u r c e of e n d o g e n o u s f luc ta t ions is e s p e c i a l l y content ious for the case of 
a g g r e g a t i v e m a c r o e c o n o m i c s (c/. B o l d r i n a n d W o o d f o r d ' s d i s c u s s i o n of 
S i m s ' s c o m m e n t o n G r a n d m o n t i n B e n h a b i b , 1992). 

" C a l i b r a t i o n i s t s " h a v e c r i t i c i sed s o m e theoretic m o d e l s w h i c h p r o d u c e 
c h a o t i c e q u i l i b r i a for r e q u i r i n g p a r a m e t e r v a l u e s that conf l i c t w i t h k n o w n 
m e a s u r e m e n t s . E m p i r i c a l w o r k o n tes t ing for the presence o f s ta t i s t i ca l ly 
detectable c h a o s i n f i n a n c i a l a n d m a c r o e c o n o m i c t i m e series data has n o t b e e n 
v e r y s u p p o r t i v e of the h y p o t h e s i s (cf. R a m s e y , Sayers , a n d R o t h m a n , 1988). 
T h i s c o n t r o v e r s y has l e a d to s o m e m i s u n d e r s t a n d i n g s o n the i m p o r t a n c e of 
research o n c h a o t i c a n d other n o n l i n e a r p h e n o m e n a i n e c o n o m i c s . 

T h e f i rs t m i s u n d e r s t a n d i n g is this . Jus tbecause e v i d e n c e for chaos i n t i m e 
series d a t a is w e a k does n o t m e a n that chaos is n o t a u s e f u l lens t h r o u g h w h i c h 
to v i e w e c o n o m i c ac t iv i ty . T h e jo in t p r o b l e m of d a t a q u a l i t y a n d w e a k n e s s of 
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s ta t i s t i ca l tests m a k e the p o w e r of s u c h tests to detect chaos i n e c o n o m i c d a t a 
p a r t i c u l a r l y w e a k . 

I n d e e d a recent p a p e r b y Barnett , G a l l a n t , H i n i c h , a n d Jensen (1992) 
a p p l i e d three tests for n o n l i n e a r i t y a n d chaos to m o n e t a r y data and f o u n d 
i n c o n s i s t e n t resul ts across the three tests. T h e y state: " G i v e n the w e a k n a t u r e 
of that h y p o t h e s i s a n d the i m p l a u s i b l e na ture of the a l t e rna t ive - t h a t the 
e x p l a n a t i o n of f l u c t u a t i o n s l ies i n s u p e r n a t u r a l shocks to a l inear u n i v e r s e -
w e f i n d the degree of c o n t r o v e r s y r e g a r d i n g the existence of n o n l i n e a r i t y or 
c h a o s i n economic : data to be s u r p r i s i n g . " T h i s statement seems to m e to be 
r i g h t o n target. E v e n if the reader does not agree w i t h Barnet t el a l . it seems 
m o r e p r o d u c t i v e to a d o p t a sc ient i f ic research p r o g r a m that directs one to 
s e a r c h for a m e c h a n i s m that generates the o b s e r v e d m o v e m e n t s in t i m e series 
data w h i c h m i n i m i z e s the role of " e x o g e n o u s s h o c k s . " 

T h e s e c o n d m i s u n d e r s t a n d i n g is to c o n c l u d e that w e a k e v i d e n c e for 
c h a o s i m p l i e s w e a k e v i d e n c e for n o n l i n e a r i t y i n genera l . C h a o s is a v e r y 
s p e c i a l species of n o n l i n e a r i t y . M e t h o d s i n s p i r e d b y the a t tempt to detect 
c h a o s h a v e t u r n e d o u t to be u s e f u l i n de tec t ing other types of n o n l i n e a r i t y . 
T h e r e is a n o t h e r r e a s o n to be n e r v o u s about the use of l inear m e t h o d s i n 
m a c r o e c o n o m i c s . 

T h e reader s h o u l d be r e m i n d e d that the c u r r e n t l y a v a i l a b l e suf f i c i en t 
c o n d i t i o n s o n s tochast ic m u l t i s e c t o r m o d e l s for c o n v e r g e n c e to a u n i q u e 
s tochast ic s t e a d y state are severe (cf. M a r i m o n , 1989). M u c h of m o d e r n m a c r o 
e c o n o m i c s , i n c l u d i n g rea l b u s i n e s s cyc le theory, is b u i l t u p o n the f o u n d a t i o n s 
o f m o d e l s that h a v e a u n i q u e g l o b a l l y a s y m p t o t i c a l l y stable stochast ic s t e a d y 
state. T h e cases w h e r e l inear a p p r o x i m a t i o n m e t h o d s (after a p p r o p r i a t e 
t r a n s f o r m a t i o n s ) w o r k w e l l are, for the m o s t part , the cases w h e r e attractors 
are s i m p l e p o i n t s or cycles ( w h e n the d r i v i n g noise is s h u t off). So t h e o r y is 
n o refuge for the l inear is t . 

T h e t h i r d , a n d p r o b a b l y the m o s t i m p o r t a n t m i s u n d e r s t a n d i n g is to 
c o n c l u d e that n o n l i n e a r i t y is u n i m p o r t a n t i n m a c r o e c o n o m i c s a n d f i n a n c e 
because o u t - o f - s a m p l e p r e d i c t i o n of n o n l i n e a r m o d e l s does not a p p e a r to be 
better t h a n l i n e a r m o d e l s s u c h as r a n d o m w a l k m o d e l s i n f inance . P r o m i n a n t 
e x a m p l e s of s tudies that f i n d n o out-of -sample forecast i m p r o v e m e n t for n o n ­
l inear m o d e l s are D i e b o l d a n d N a s o n (1990), Meese a n d Rose (1991). Perhaps , 
because of these negative results o n forecasting, some are lead to ques t ion the 
v a l u e of research o n nonl inear econometric m o d e l s i n the times series area. 

H o w e v e r , L e B a r o n (1992a, b) has f o u n d re l iable o u t - o f - s a m p l e n o n l i n e a r 
forecast i m p r o v e m e n t s i n s tock re turns b y c l e v e r l y c o n d i t i o n i n g o n loca l 
i n f o r m a t i o n s u c h as loca l v o l a t i l i t y . H e s h o w s that measures of near f u t u r e 
p r e d i c t a b i l i t y increase w h e n measures of near p a s t l o c a l v o l a t i l i t y f a l l . 
A n t o n i e w i c z (1992) obta ins forecast i m p r o v e m e n t s o n re turns for i n d i v i d u a l 
s tocks b y c o n d i t i o n i n g o n loca l v o l u m e b y use of c e r t a i n t r a d i n g strategies. 
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T h e m a i n p o i n t is this . E a r l i e r s t u d i e s e x a m i n e d u n c o n d i t i o n a l measures of 
o u t - o f - s a m p l e forecast i m p r o v m e n t . E s t i m a t e s of these measures are a n 
a v e r a g e o v e r the s a m p l e o v e r p e r i o d s w h e r e the forecast m a y be d o i n g w e l l 
a n d w h e r e it m a y be d o i n g p o o r l y . L e B a r o n s h o w s that this a v e r a g i n g c a n 
m a k e i t d i f f i c u l t to d i s c o v e r c o n d i t i o n i n g i n f o r m a t i o n w h i c h c o u l d h e l p 
i d e n t i f y p e r i o d s w h e n o u t - o f - s a m p l e forecast i m p r o v e m e n t is p o s s i b l e . 

S i n c e B r o c k (1991b) g a v e a n h e u r i s t i c a r g u m e n t that tests i n the f a m i l y 
s t u d i e d b y B r o c k , D e c h e r t , S c h e i n k m a n , L e B a r o n (1990) a n d de L i m a 
(1992a,b) are g o o d at e x p l o r i n g the w h o l e space for loca l pockets of p r e d i c t ­
a b i l i t y therefore a re ject ion of I I D - L i n e a r i t y b y o n e of these tests suggests that 
effort s h o u l d be m a d e to detect p o t e n t i a l pocke ts of p r e d i c t a b i l i t y . L e B a r o n ' s 
w o r k c a n be v i e w e d as a success fu l l o c a t i o n of s u c h pocke ts of p r e d i c t a b i l i t y . 
T h e t r a d i n g r u l e s p e c i f i c a t i o n tests of Brock , L a k o n i s h o k , a n d L e B a r o n (1992) 
are a l s o d e s i g n e d to locate z o n e s w h e r e p r e d i c t i o n m i g h t be poss i b l e . 

S i n c e L e B a r o n is w o r k i n g i n the area of f inance w h e r e the E f f i c i ent 
M a r k e t s H y p o t h e s i s g i v e s a s t r o n g a r g u m e n t that a n y p r e d i c t a b i l i t y is g o i n g 
to h a v e to be subt le to p r e v e n t t raders f r o m e x p l o i t i n g i t , therefore success at 
f i n d i n g p r e d i c t i o n p o s s i b i l i t i e s i n this area suggests that search i n o ther areas 
of e c o n o m i c s m i g h t b e e v e n m o r e f r u i t f u l . H a v i n g deal t w i t h s o m e concer ns 
a b o u t t e c h n i q u e s i n s p i r e d b y n o n l i n e a r science i n e c o n o m i c s a n d f i n a n c e let 
m e t u r n to a n o v e r v i e w of interest i n n o n l i n e a r sc ience i n d i s c i p l i n e s o ther 
t h a n e c o n o m i c s a n d f inance . 

M y r e a d i n g of n a t u r a l science l i terature suggests , after i n i t i a l debate o n 
the c l a i m s of h a v i n g f o u n d ac tua l e v i d e n c e for chaos i n N a t u r e , that n a t u r a l 
sc ience accepts the use fu lness of n o n l i n e a r science i n genera l . E v i d e n c e for 
this v i e w f o l l o w s . 

F i r s t , a U n i t e d States N a t i o n a l A c a d e m y of Sciences repor t states, " A s a 
c o n s e q u e n c e of its f u n d a m e n t a l in te l l ec tua l a p p e a l a n d p o t e n t i a l t e c h n o l o g i ­
c a l a p p l i c a t i o n s , n o n l i n e a r sc ience is c u r r e n t l y e x p e r i e n c i n g a p h a s e of v e r y 
r a p i d g r o w t h . . . . I n a n y effort to g u i d e this research, h o w e v e r , i t is i m p e r a t i v e 
that n o n l i n e a r sc ience be r e c o g n i z e d for w h a t it is: A n i n h e r e n t l y i n t e r d i s c i p l i ­
n a r y e f for t . . . " ( N A S , 1987, p . 14). T h e r e p o r t w o r r i e s a b o u t the d i f f i c u l t y of 
s u p p o r t i n g research i n this area w i t h i n the conf ines of the b a l k a n i z e d U.S. 
u n i v e r s i t y d e p a r t m e n t s y s t e m w h o s e r e w a r d s t ruc ture tends to d i s c o u r a g e 
b o l d i n t e r d i s c i p l i n a r y research. T h e y also w o r r y a b o u t the large a m o u n t s of 
s u p p o r t of the area i n other c o u n t r i e s re la t ive to the s u p p o r t i n the U n i t e d 
States. T h e y c o n c l u d e that n o n l i n e a r science has " . . .a r e m a r k a b l e b r e a d t h of 
a p p l i c a t i o n a n d the p o t e n t i a l to i n f l u e n c e b o t h o u r bas ic u n d e r s t a n d i n g of the 
w o r l d a n d o u r d a i l y l i f e " . 

A s e c o n d p iece of e v i d e n c e is a d r a m a t i c b a r g r a p h i n C a s t i (1992, V o l . I, 
p . v i i i ) w h e r e he p l o t s the n u m b e r of art icles o n chaos a n d fractals b y y e a r 
f r o m 1974-1990. T h e b a r g r a p h s h o w s a n e x p l o s i o n of interest s t a r t i n g i n 1983 
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w h i c h is r a p i d l y g r o w i n g to a l e v e l of a l m o s t f o u r t h o u s a n d art ic les i n 1990. 
S ince n o n l i n e a r sc ience covers the g e n e r a l species of c o m p l e x n o n l i n e a r i t y 
a n d s i n c e chaos a n d fractals are subsets of the area, C a s h ' s b a r g r a p h u n d e r ­
states the t rue extent of a c t i v i t y i n this area. 

H e r e is m y a t t e m p t at d i s t i l l a t i o n of a g e n e r a l v i e w w h i c h has e m e r g e d 
f r o m a h u g e l i t e ra ture i n n a t u r a l science. N a t u r a l science w o r k o n chaos l eads 
to the v i e w that d y n a m i c a l s y s t e m s w h i c h are c o m p o s e d of m a n y l o c a l l y 
a n d / o r g l o b a l l y i n t e r a c t i n g par t s w i t h a v a r i e t y of l a g lengths d u e to adjust­
m e n t d y n a m i c s o r o t h e r sources of d e l a y e d react ion are q u i t e l i k e l y to be 
c h a o t i c w h e r e " l i k e l y " is m e a s u r e d r e l a t i v e to a p o p u l a t i o n of g e n e r a l 
d y n a m i c a l sys tems. 

In prac t i ce m e a s u r e m e n t s taken o n the o u t p u t of s u c h sys tems are u s u a l l y 
a g g r e g a t i v e a n d c o r r u p t e d b y no i se . Therefore e v e n t h o u g h the u n d e r l y i n g 
g e n e r a t i n g m e c h a n i s m m a y be chaot ic the m e a s u r e m e n t s taken o n the s y s t e m 
a p p e a r to be s tochast ic or p u r e l y r a n d o m . In o r d e r to see h o w t o u g h it c a n be 
for s ta t i s t ica l tests to detect pat terns i n s o m e d e t e r m i n i s t i c d y n a m i c a l s y s t e m s 
take a l o o k at G r i f f e a t h ' s c o m m e n t (especia l ly h i s reference to W o l f r a m ' s w o r k 
o n c e l l u l a r automata ) i n B e r l i n e r (1992). 

A p r o t o t y p i c a l e x a m p l e i n n a t u r a l sc ience is f l u i d f l o w d y n a m i c s (cf. V a n 
A t t a ' s a r t i c le i n K r a s n e r , 1990). F o r a n e c o n o m i s t f l u i d f l o w d y n a m i c s may , 
p e r h a p s , be u s e f u l l y v i e w e d as a c e l l u l a r a u t o m a t o n d e f i n e d o n a l a rge 
d i m e n s i o n a l state space. I n cer ta in T a y l o r - C o u e t t e f l u i d f l o w e x p e r i m e n t s 
( w h e r e the fluid is " w e a k l y " turbulent ) v e l o c i t y m e a s u r e m e n t s of a s m a l l 
c h u n k of fluid a p p e a r stochast ic to m a n y stat is t ical tests b u t s tat is t ica l tests 
b a s e d u p o n chaos theory detect e v i d e n c e of l o w d i m e n s i o n a l chaos . 

S tudies i n e p i d e m i o l o g y are d i s c u s s e d b y Schaffer i n K r a s n e r (1990). 
H e r e , m u c h as i n e c o n o m i c s , the c o n t r o v e r s y centers a r o u n d w h e t h e r , for 
e x a m p l e , the t i m e series of meas les cases is better d e s c r i b e d as a l o w o r d e r 
a u t o r e g r e s s i o n w i t h seasonal i t ies associated w i t h the o p e n i n g a n d c l o s i n g of 
s c h o o l s o r is better d e s c r i b e d b y a p e r i o d i c a l l y f o r c e d d y n a m i c a l s y s t e m w i t h 
a d e l a y s t r u c t u r e across c o m p o n e n t s , p e r h a p s a l o n g the l i n e s of K u z n e t s o v 
el a l . (1992), w h i c h c a n take the torus d e s t r u c t i o n r o u t e to chaos . T h e w o r k i n g 
c o n d i t i o n s i n e p i d e m i o l o g y a n d b i o l o g y are c loser to those i n e c o n o m i c s 
w h e r e d a t a q u a l i t y is n o t so h i g h a n d w h e r e l a b o r a t o r y e x p e r i m e n t s are 
e x p e n s i v e or i m p o s s i b l e . 

It a p p e a r s that chaos is u s e f u l as a lens t h r o u g h w h i c h to v i e w the w o r l d 
i n e p i d e m i o l o g y , b i o l o g y , a n d ecology, not because i t h e l p s so m u c h i n 
p r e d i c t i o n b u t b e c a u s e i t is suggestive of p a t h w a y s to c o m p l e x d y n a m i c s . 

T h i s t y p e of v i e w p o i n t leads to a p a r a d i g m a t i c shi f t i n t h i n k i n g a b o u t 
u s e f u l m e t h o d s of s t u d y of s u c h f i e lds . S o m e scientists h a v e b e e n t a k i n g the 
v i e w that i n m a n y cases l i n e a r i z a t i o n m e t h o d s are suspect a n d the o n l y excuse 
for u s i n g t h e m i s c o m p u t a t i o n a l cost. A d v a n c e s i n c o m p u t a t i o n h a v e 
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r e m o v e d this cons t ra int . I n d e e d s o m e n a t u r a l scientists are b e c o m i n g ra ther 
seep t ica l a b o u t l i n e a r i z a t i o n . See, for e x a m p l e , C h u a ' s e d i t o r i a l i n I n t e r n a t i o n a l 
J o u r n a l of B i f u r c a t i o n s a n d C h a o s , M a r c h , 1991. 

I n v i e w of the r a p i d increase i n n o n l i n e a r science a c t i v i t y i n the o t h e r 
sc iences , a n d , w i t h the d r a m a t i c d e c l i n e of c o m p u t e r costs m a k i n g n o n l i n e a r 
sc ience research w i t h i n the r e a l m of a n y researcher w i t h a P C , o n e m i g h t a r g u e 
that e c o n o m i c s ignores n o n l i n e a r sc ience at its p e r i l . 

I n d e e d p e o p l e o f a m o r e p r a c t i c a l sor t w i t h n o i n c e n t i v e to h a v e 
a l l e g i a n c e to a n y p a r t i c u l a r a c a d e m i c m e t h o d o l o g y h a v e b e e n r e c e n t l y 
u s i n g i d e a s f r o m n o n l i n e a r s c i e n c e s u c h as g e n e t i c a l g o r i t h m s a n d n e u r a l 
nets to d e s i g n t r a d i n g s t ra teg ies for f i n a n c i a l assets. T h r e e e x a m p l e s t h a t 
h a v e r e c e n t l y h i t the p o p u l a r m e d i a are H a w l e y el a l . (1990), L o n d o n 
E c o n o m i s t , A u g u s t 15, 1992, p . 70, a n d " T h e N e w R o c k e t Sc ience H i t s 
C o r p o r a t e F i n a n c e " , Business W e e k , N o v . 2, 1992. R e a d i n g b e t w e e n the 
l i n e s o n e c a n see that at least o n e of the s t ra tegies d i s c u s s e d b y the 
E c o n o m i s t a n d Business W e e k w a s i n s p i r e d b y H o l l a n d ' s (1992) " b o t t o m u p " 
a p p r o a c h to a r t i f i c a l i n t e l l i g e n c e b y c r e a t i o n of a n a r t i f i c i a l e c o l o g y o f 
s t r a t e g i e s e n c o d e d b y b i t s t r i n g s so t h a t e v o l u t i o n a r y D a r w i n i s t i c 
d y n a m i c s c a n b e s i m u l a t e d v i a c o m p u t e r . 

I n this s y s t e m the best strategies are those w h i c h s u r v i v e m a n y genera ­
t ions of s i m u l a t e d e v o l u t i o n a r y s t ruggle . T h e Santa Fe Inst i tute has s t i m u ­
l a t e d research a l o n g this l i n e i n e c o n o m i c s . P r o m i n a n t e x a m p l e s are 
A n d e r s o n , A r r o w , a n d P i n e s (1988), A r t h u r (1992), a n d Sargent (1992). A r t h u r 
(1992) a n d Sargent (1992) c o n t a i n elegant statements of th is a p p r o a c h to 
m o d e l i n g " b o u n d e d r a t i o n a l i t y " i n e c o n o m i c s . 

M o r e o n the Santa Fe theme c a n be f o u n d i n a recent Sc ient i f i c A m e r i c a n 
ar t i c le , " T h e E d g e of C h a o s : C o m p l e x i t y is a M e t a p h o r at the Santa Fe 
I n s t i t u t e " , October , 1992. T h e Santa Fe Institute s tudies c o m p l e x d y n a m i c a l 
s y s t e m s a n d uses t h e m as a n o r g a n i z i n g theme to s t u d y a ca ta logue of 
p h e n o m e n a i n c l u d i n g the e c o n o m y . See A n d e r s o n , A r r o w , a n d P i n e s (1988) 
f o r a n e a r l y s t a t e m e n t o f the S a n t a Fe a p p r o a c h . W h i l e I b e l i e v e that there 
i s a g e n e r a l c o n s e n s u s i n e c o n o m i c s that r e s e a r c h i n e c o n o m i c s i n the 
g e n e r a l area of n o n l i n e a r s c i e n c e as e x e m p l i f i e d b y the S a n t a F e I n s t i t u t e 
i s v a l u a b l e , the u s e f u l n e s s o f r e s e a r c h o n the p a r t i c u l a r area of c h a o s m a y 
n o t h a v e s u c h a consensus . 

Never the less I a r g u e d a b o v e that this k i n d of research has b e e n i m p o r t a n t . 
O t h e r reasons w h y the research is i m p o r t a n t are these. F irs t , i n m o d e l s w i t h 
m a n y sectors w i t h a v a r i e t y of a d j u s t m e n t lags it is easy to p r o d u c e chaot ic 
e q u i l i b r i a for p l a u s i b l e p a r a m e t e r v a l u e s . Yet it is easy to p r o d u c e e x a m p l e s 
w h e r e the aggregates d o n o t a p p e a r chaot ic to stat ist ical tests for chaos . So 
a g g r e g a t i o n m a y be r e s p o n s i b l e for the lack of e v i d e n c e of chaos i n m a c r o -
e c o n o m i c d a t a . 
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S e c o n d , the art ic le b y M c N e v i n a n d N e f tci i n B e n h a b i b (1992) a r g u e d that 
a set o f aggregate data is less a n t i - s y m m e t r i c t h a n the d i s a g g r e g a t e d d a t a 
u n d e r p l a u s i b l e e c o n o m i c c o n d i t i o n s . A n t i - s y m m e t r y is e v i d e n c e c o n s i s t e n t 
w i t h n o n l i n e a r i t y because s y m m e t r i c i n p u t in to a l i n e a r m a p leads to s y m ­
m e t r i c o u t p u t . T h e y a r g u e that the c y c l i c a l b e h a v i o r of major c a p i t a l g o o d s 
i n d u s t r i e s is l i k e l y to be o u t of p h a s e at b u s i n e s s cyc le f requencies a n d this 
w o u l d l e a d to s y m m e t r i c aggregates e v e n t h o u g h the c o m p o n e n t s are a n t i ­
s y m m e t r i c . T h e i r e v i d e n c e is cons is tent w i t h this story. 

T h i s s i t u a t i o n is rather s i m i l a r to the w o r k of S u g i h a r a a n d M a y (1990). 
T h e y e x h i b i t e v i d e n c e consis tent w i t h the v i e w that aggregate d a ta o n meas les 
l o o k s l i k e a n AR(2) w i t h seasonal i t ies assoc ia ted w i t h the o p e n i n g a n d c l o s i n g 
of s c h o o l s is c o m p o s e d of c o m p o n e n t s w h i c h b e h a v e i n a m a n n e r m o r e 
cons i s tent w i t h c h a o s (Sugihara , G r e n f e l l , a n d M a y , 1990). I n d e e d w h e n 
S u g i h a r a , G r e n f e l l , a n d M a y (1990) d i s a g g r e g a t e d the d a t a they f o u n d 
e v i d e n c e that there w a s a l a g s t ruc ture i n p r o p a g a t i o n of the disease f r o m area 
to area w h i c h g e n e r a t e d d y n a m i c a l i n f o r m a t i o n c o n s i s t e n t w i t h c h a o s . 
N o t e t h a t w e are n o t s a y i n g t h e y s h o w e d the d a t a w a s c h a o t i c . W e are o n l y 
s a y i n g that the d i s a g g r e g a t e d data e x h i b i t e d b e h a v i o r cons is tent w i t h chaos . 

T h i r d , research o n chaos has s e n s i t i z e d scholars to p a t h w a y s for e m e r ­
gent s t r u c t u r e s u c h as e m e r g e n t n o n l i n e a r i t y . It is i m p o r t a n t to r e c a l l that 
chaos i s a v e r y s p e c i a l f o r m of n o n l i n e a r i t y a n d , hence, the set o f n o n l i n e a r 
data generat ing processes is m u c h larger than the set of chaotic data generat ing 
processes . 

3. T e s t i n g f o r C h a o s a n d G e n e r a l N o n l i n e a r i t y 

A c o m m o n m e t h o d , b u t c e r t a i n t l y n o t the o n l y one , of tes t ing for " n e g l e c t e d 
s t r u c t u r e " of a n y f o r m is to es t imate a best f i t t i n g m o d e l i n a g i v e n n u l l 
h y p o t h e s i s c lass a n d pass the e s t i m a t e d r e s i d u a l s t h r o u g h a tes t ing p r o c e d u r e 
d e s i g n e d to detec t " n e g l e c t e d s t r u c t u r e " . If the n u l l h y p o t h e s i s class is the 
l i n e a r class this g i v e s a p r o c e d u r e to test for n o n l i n e a r i t y . 

In o r d e r to d i s c u s s this subject w e n e e d s o m e d e f i n i t i o n s w h i c h w e take 
f r o m B r o c k a n d Pot ter (1992). F o r b r e v i t y w e concentrate o n scalar v a l u e d 
processes a n d q l ags i n the l a w of m o t i o n ( l .b) b e l o w . 

DEFINITION 1. W e s a y the o b s e r v e d data process { A ( t ) } i s generated b y a n o i s y 
d e t e r m i n i s t i c a l l y chaot ic e x p l a n a t i o n , " n o i s y c h a o t i c " for short , if 

A , = h ( X t , M , ) , (3.1.a) 

X t = G ( X , _ i , . . . , X V , ) , (3.1.b) 
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w h e r e [ X , } ( w h e n V, = 0) is g e n e r a t e d b y the d e t e r m i n i s t i c d y n a m i c s , 

x t = G ( x , _ ] , . . . , x t _ i / , 0 ) , (3.1 .c) 

w h i c h i s c h a o t i c , that is to say the largest L y a p u n o v e x p o n e n t ( d e f i n e d b e l o w ) 
exists , i s cons tant a l m o s t s u r e l y w i t h respect to the a s s u m e d u n i q u e n a t u r a l 
i n v a r i a n t m e a s u r e of G(.) , a n d is p o s i t i v e . 

H e r e |M,1, {V,) are m u t u a l l y i n d e p e n d e n t m e a n zero , f in i te v a r i a n c e , 
I n d e p e n d e n t a n d I d e n t i c a l l y D i s t r i b u t e d (IID) processes . H e r e {M,} represents 
m e a s u r e m e n t error , h ( x , m ) is a n o i s y observer f u n c t i o n of the state X t , a n d 
{V,} is d y n a m i c a l no ise . 

W e w a r n the reader that p o s i t i v e largest L y a p u n o v e x p o n e n t of the 
u n d e r l y i n g d e t e r m i n i s t i c m a p is not the o n l y d e f i n i t i o n of chaos w h i c h 
a p p e a r s i n the l i t e ra ture . H o w e v e r this d e f i n i t i o n , a n d a l l d e f i n i t i o n s w e h a v e 
seen, share the f o l l o w i n g h a l l m a r k of chaos : Sens i t ive D e p e n d e n c e u p o n 
I n i t i a l C o n d i t i o n s ( S D K ) . T u r n n o w to a d e f i n i t i o n of the l a r g e s t L y a p u n o v 
e x p o n e n t . 

D E F I N I T I O N . L a r g e s t L y a p u n o v E x p o n e n t of m a p F ( x ) . Le t F: R " -> R " . T h e 
largest L y a p u n o v e x p o n e n t , X, is d e f i n e d b y 

X = l i m ln[D F'. v] / 1 , (3.2) 

w h e r e D ,"." , v , In , F > , d e n o t e d e r i v a t i v e w i t h respect to i n i t i a l c o n d i t i o n 
x0 at t i m e z e r o , m a t r i x p r o d u c t w i t h d i r e c t i o n v e c t o r v, n a t u r a l l o g a r i t h m , m a p 
F a p p l i e d t t i m e s (the i - t h i terate of F ) , a n d m a t r i x n o r m r e s p e c t i v e l y . 

T h e f o l l o w i n g w e l l k n o w n scalar v a l u e d e x a m p l e , c a l l e d the tent m a p , 

F ( x ) = 1 - I 2 x - II , (3.3) 

is a d e t e r m i n i s t i c c h a o s w i t h the f o l l o w i n g p r o p e r t i e s : F ( x ) m a p s [0, 1 ] to itself , 
a n d f o r a l m o s t a l l i n i t i a l c o n d i t i o n s , x0 s [0, 1], w i t h respect to, L e b e s q u e 
m e a s u r e o n [0, 1], the tra jectory x , ( x 0 ) o f the d y n a m i c s , ( l .c ) is s e c o n d o r d e r 
w h i t e n o i s e i.e., has f lat s p e c t r u m , a n d , the A u t o c o r r e l a t i o n F u n c t i o n ( A C F ) is 
z e r o at a l l l e a d s a n d lags . T h e l a r g e s t L y a p u n o v e x p o n e n t is X = ln(2) > 0. There 
are m a n y e x a m p l e s of determinist ic chaoses. T h e y share the feature that they are 
n o t predic tab le i n the l o n g t e r m b u t they are predictable i n the short term. 

T h e a p p r o a c h of Barnett , G a l l a n t , H i n i c h , a n d Jensen (1992) locates 
suff ic ient c o n d i t i o n s o n the above setup s u c h that the m e t h o d of delays c a n be 
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u s e d to " r e c o n s t r u c t " the u n d e r l y i n g d e t e r m i n i s t i c d y n a m i c a l s y s t e m (3.1c) 
so that n o n p a r a m e t r i c r e g r e s s i o n c a n b e u s e d to o b t a i n a cons is tent e s t i m a t o r 
of (3.1c) so t h a t a c o n s i s t e n t e s t i m a t o r o f the l a r g e s t L y a p u n o v e x p o n e n t c a n 
be f o u n d . Ctoce a consistent estimator of the largest L y a p u n o v e x p o n e n t is i n h a n d , 
t h e y test w h e t h e r i t is p o s i t i v e . 

T h e d e f i n i t i o n o f c h a o s as p o s i t i v e l a r g e s t L y a p u n o v e x p o n e n t 
n a t u r a l l y l e a d s to a n h e u r i s t i c s u g g e s t i o n w h y c h a o t i c d y n a m i c s s h o u l d 
be e x p e c t e d f o r the d y n a m i c s xt + , =/(*,),/: R " R " f o r n l a r g e e n o u g h . 
T h e i n t u i t i v e i d e a i s t h i s : If a s y s t e m / i s " d r a w n at r a n d o m " the c h a n c e s 
o f g e t t i n g o n e w i t h a p o s i t i v e L y a p u n o v e x p o n e n t s h o u l d t e n d t o o n e 
as n —> °°. 

I n o r d e r to see w h y i t m a y be p o s s i b l e to f o r m u l a t e a n d p r o v e s u c h a 
r e s u l t t u r n to R u e l l e ' s (1989, C h a p t e r 9) t reatment of L i a p u n o v e x p o n e n t s . 
P lace e n o u g h res t r i c t ions o n e a c h d y n a m i c a l sys tem/( . ) so that the O s e l e d e c 
M u l t i p l i c a t i v e e r g o d i c t h e o r e m c a n be a p p l i e d to g i v e existence of t h e l i m i t 
o f the 1 / 2fV-th root of the p r o d u c t of the d e r i v a t i v e of the AMterate of /(.) w i t h 
its ad jo in t . C a l l th i s l i m i t A x fo r i n i t i a l c o n d i t i o n x. T h e l o g a r i t h m s of the 
e i g e n v a l u e s of th i s l i m i t m a t r i x are the L i a p u n o v e x p o n e n t s . W h i l e t h e l i m i t 
exists f o r p - a l m o s t a l l i n i t i a l c o n d i t i o n s , the i n v a r i a n t m e a s u r e p w h i c h 
a p p e a r s i n the t h e o r e m d e p e n d s u p o n / ( . ) . A l s o the m e a s u r e p m a y c o n t a i n 
" a t o m s " , i .e., m a y n o t be a b s o l u t e l y c o n t i n u o u s w i t h respect to L e b e s q u e 
m e a s u r e . H e n c e there are obstacles o n the route to s h o w i n g that the s t o r y w e 
t e l l b e l o w c o u l d serve as a m e t a p h o r for the l i k e l i h o o d of d r a w i n g a d y n a m i ­
c a l s y s t e m w h o s e l i m i t m a t r i x A exists a n d w h i c h has a n e i g e n v a l u e w i t h 
m o d u l u s greater t h a n one, i.e., a pos i t ive L i a p u n o v exponent , i.e, the d y n a m i c a l 
s y s t e m i s chaot i c . 

C o n s i d e r the f o l l o w i n g s t o r y w h i c h w i l l se rve as a k i n d of m e t a p h o r . L e t 
5 be a l a rge p o s i t i v e n u m b e r . D r a w n n u m b e r s \, i = 1, 2 , . . . , n , at r a n d o m 
f r o m the set [- B , B ] a c c o r d i n g to a c u m u l a t i v e p r o b a b i l i t y d e n s i t y d i s t r i b u ­
t i o n f u n c t i o n for the i - t h d r a w . L e t these n u m b e r s p l a y the r o l e of the 
e i g e n v a l u e s of A , , a b o v e . T h e p r o b a b i l i t y that at least o n e \ is greater t h a n o n e 
(i.e. w e h a v e a p o s i t i v e largest L y a p u n o v e x p o n e n t for the l i n e a r d y n a m i c s 
o n R " g i v e n b y x- l + , = X, xjt, j = 1, 2 , . . . , n ) is one m i n u s the p r o b a b i l i t y 
that a l l X t are less t h a n o r e q u a l to one. A s s u m i n g i n d e p e n d e n t d r a w s w e see 

i = n 
i m m e d i a t e l y that A n = f p ^ M J> i s n o n i n c r e a s i n g i n n , h e n c e converge to 

a n o n n e g a t i v e l i m i t L , = a s n - » ~ . If L > 0 t h e n t a k i n g logs s h o w s u s that 
log[Pr{A, (. < 1}] -> 0, i -> °°; i .e., P r ( \ . < 1) -> 1, i -> =°. T h i s g i v e s u s 

P R O P O S I T I O N . L e t { P J J l , be a f a m i l y of d i s t r i b u t i o n f u n c t i o n s such t h a t 
Urn infi _> Jr{\t < 1} < 1. T h e n as n -»<*, t h e p r o b a b i l i t y t h a t at l e a s t one X t > 1 i n 
n d r a w s converges t o u n i t y . 
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W e h a s t e n to a d d that the a b o v e a r g u m e n t is o n l y m e a n t to sugges t that 
i t is n o t a b s u r d to expect that chances are h i g h for o b t a i n i n g a p o s i t i v e 
L y a p u n o v e x p o n e n t for a d y n a m i c a l s y s t e m o n R " " d r a w n at r a n d o m " 
( h o w e v e r " d r a w n at r a n d o m " is g i v e n prec i se m e a n i n g ) . W e c o n s i d e r it a n 
i n t e r e s t i n g research pro ject to f i n d suf f i c ient c o n d i t i o n s o n the s p a c e of 
d y n a m i c a l systems o n R " so that the l i k e l i h o o d of a chaotic s y s t e m c o u l d be m a d e 
precise as n tends to inf ini ty . A t this stage w e are s i m p l y t r y i n g to s h o w that it is 
not i m p l a u s i b l e to expect that a " l o t " of systems are chaotic if n is large e n o u g h . 
T u r n n o w to a treatment of general nonl inear i ty that goes b e y o n d chaos i n 
p a r t i c u l a r a n d n o n l i n e a r i t y of determinist ic d y n a m i c a l systems i n general . 

3.1. Some N o t i o n s of S t o c h a s t i c L i n e a r i t y a n d N o n l i n e a r i t y 

F o r b r e v i t y w e c o n s i d e r sca lar v a l u e d s t r i c t ly s t a t i o n a r y s tochast ic processes . 
C o n s i d e r the f o l l o w i n g s tochast ic process 

n - ^ = X P A - . / > 5 > / < ~ ' (3-4) 

w h e r e { N n ) is a m e a n z e r o , f in i te v a r i a n c e d e n o t e d , (0 , a 2 ) , s t r i c t l y s t a t i o n a r y 
stochastic process. In the discussion here X ranges f r o m 0 to °°. It can be generalized. 

W e d i s c u s s t w o c o m m o n l y u s e d d e f i n i t i o n s o f s tochast ic l i n e a r i t y : M D S -
L i n e a r a n d ITD-Linear. 

D E F I N I T I O N ( M D S - L i n e a r ) ( H a l l a n d H e y d e , 1980, p p . 182,183). T h e stochast ic 
process (Y,} i s M D S - L i n e a r if it c a n be represented i n the f o r m (3.4) a b o v e w h e r e 
the " i n n o v a t i o n s " {/V,| are a M a r t i n g a l e D i f f e r e n c e Sequence ( M D S ) re la t ive to 
the s i g m a a lgebras F , genera ted b y {Ys, s < t). 

H e n c e a s tochast ic process is " M D S - L i n e a r " i f i t c a n be represented as a 
l i n e a r f i l ter a p p l i e d to M D S i n n o v a t i o n s . To p u t it a n o t h e r w a y , the best M e a n 
S q u a r e d E r r o r (MSE) p r e d i c t o r b a s e d u p o n the p a s t is the s a m e as the best 
l i n e a r p r e d i c t o r b a s e d u p o n the past . 

D e J o n g (1992) s h o w s h o w the Bierens consis tent c o n d i t i o n a l m o m e n t 
test o f f u n c t i o n a l f o r m c a n c a n be a d a p t e d to create a consistent test of M D S 
L i n e a r i t y . T h e i n t u i t i v e i d e a is to c o n s i s t e n t l y est imate ( u n d e r the n u l l 
h y p o t h e s i s o f M D S - L i n e a r i t y ) a l i n e a r m o d e l a n d pass the r e s i d u a l s t h r o u g h 
D e J o n g ' s a d a p t a t i o n of B ierens ' s test. W e refer the reader to D e J o n g for the 
d e t a i l s . T u r n n o w to the d e f i n i t i o n of I ID-Linear . 

D E F I N I T I O N ( I I D - L i n e a r ) ( H a l l a n d H e y d e , 1980, p . 198). T h e s tochast ic process 
{ i s I I D - L i n e a r i f i t c a n be w r i t t e n i n the f o r m (4) w h e r e the i n n o v a t i o n s { N t } 
are IID (0 , a 2 ) . 
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T h e test of B r o c k , Decher t , S c h e i n k m a n , L e B a r o n (1990) is e s p e c i a l l y 
adaptable to test ing the hypothes is of IID-Linearity. T h i s is so because B r o c k a n d 
D e c h e r t (1991), B r o c k , Decher t , S c h e i n k m a n , a n d L e B a r o n (1990), B r o c k , 
H s i e h , a n d L e B a r o n (1991) s h o w that the f irst o r d e r a s y m p t o t i c d i s t r i b u t i o n 
o n the e s t i m a t e d r e s i d u a l s of best f i t t i n g l inear m o d e l s are the s a m e as o n the 
t rue r e s i d u a l s for a l a r g e class of I I D - L i n e a r processes . T h e last t w o references 
a r g u e th i s p o i n t b o t h b y t h e o r y a n d m o n t e c a r l o w o r k . D e L i m a (1992a, b) 
g i v e s the m o s t g e n e r a l a n d m o s t c o m p l e t e p r o o f of this i n v a r i a n c e p r o p e r t y 
for a f a m i l y of r e l a t e d stat is t ical tests. 

N o t e that the W o l d r e p r e s e n t a t i o n t h e o r e m says a n y p u r e l y ( l inear ly ) 
n o n d e t e r m i n i s t i c s tochast ic process has a r e p r e s e n t a t i o n of the f o r m (4) for 
s o m e { N , } i n n o v a t i o n process w h i c h is u n c o r r e l a t e d ( H H , p . 182). T h e t w o 
d e f i n i t i o n s of l i n e a r i t y r e q u i r e m u c h m o r e t h a n mere u n c o r r e l a t e d n e s s o f the 
i n n o v a t i o n s . T h a t is w h a t g i v e s the d e f i n i t i o n s content . F u t h e r m o r e r e q u i r i n g 
(as i n the c o n c e p t of M D S - L i n e a r ) that the best M S E - l i n e a r p r e d i c t o r b e the best 
M S E - p r e d i c t o r seems to be as far as o n e c a n g o i n w e a k e n i n g the IID r e q u i r e ­
m e n t o n { N } w i t h o u t r u n n i n g i n t o the inherent n o n t e s t a b i l i t y of the W o l d 
d e c o m p o s i t i o n . 

T h e a b o v e e x p o s i t i o n g i v e s a n h e u r i s t i c o v e r v i e w of the t w o m a i n 
d e f i n i t i o n s of s tochast ic l inear i ty . H o w e v e r , i n f i n a n c i a l a p p l i c a t i o n s i t is 
c o n t r o v e r s i a l to a s s u m e that s e c o n d o r d e r m o m e n t s exist o f o u t p u t s a n d 
i n n o v a t i o n s . T h e r e a s o n is s i m p l e . There is s t r o n g e v i d e n c e that the u n c o n d i ­
t i o n a l v a r i a n c e of asset re turns is i n f i n i t e a n d , f u r t h e r m o r e , c o n d i t i o n a l 
v o l a t i l i t y m e a s u r e s are e x t r e m e l y pers is tent (cf. L o r e t a n a n d P h i l l i p s (1992) 
a n d the i r references) . F o r this r e a s o n the d e f i n i t i o n s r e q u i r e r e l a x a t i o n o f the 
m o m e n t c o n d i t i o n s . 

D e L i m a (1992a, b) p r o v i d e s a g e n e r a l class of tests w h i c h c a n be u s e d to 
test the h y p o t h e s i s o f I ID-L inear u n d e r m i n i m a l m o m e n t restr ic t ions . E s s e n ­
t i a l l y d e L i m a r e q u i r e s n o m o r e m o m e n t r e q u i r e m e n t s t h a n those n e e d e d to 
c o n s i s t e n t l y es t imate l i n e a r m o d e l s . F u r t h e r m o r e the f irst o r d e r a s y m p t o t i c 
d i s t r i b u t i o n o f h i s tests o n e s t i m a t e d r e s i d u a l s are r i g o r o u s l y s h o w n to b e 
i n d e p e n d e n t of the e s t i m a t i o n p r o c e d u r e for a large class of I I D - L i n e a r d a t a 
g e n e r a t i n g processes . F u r t h e r m o r e he s h o w s b y t h e o r y a n d m o n t e c a r l o w o r k 
that m o m e n t r e q u i r e m e n t s of r i v a l tests mat ter for correct inference u n d e r 
c o n d i t i o n s t y p i c a l for f i n a n c i a l d a t a . W e u r g e the reader w h o w o r k s w i t h 
h e a v y t a i l e d d a t a g e n e r a t i n g processes s u c h as those i n f inance to r e a d d e 
L i m a ' s t w o p a p e r s . 

W e h a s t e n to a d d that the l i tera ture o n test ing for n o n l i n e a r i t y a n d 
e s t i m a t i o n o f n o n l i n e a r m o d e l s is vast a n d that the p o i n t of v i e w e x p o s i t e d 
here d i s p r o p o r t i o n a t e l y represents m y o w n w o r k . T h e b o o k b y B r o c k , H s i e h , 
a n d L e B a r o n (1991) e x p o u n d s the p o i n t of v i e w t a k e n here a n d b r i e f l y 
a t tempts to relate i t to o ther par t s o f the e c o n o m e t r i c l i tera ture . T h e b o o k s b y 
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C a s d a g l i a n d E u b a n k , (1992), G r a n g e r a n d Terasvir ta (1992), a n d T o n g (1990) 
s h o u l d be c o n s u l t e d b y the reader for a m o r e b a l a n c e d treatment of n o n l i n e a r 
t i m e series e c o n o m e t r i c s . 

T u r n n o w to the d e v e l o p m e n t of n e w classes of s t r u c t u r a l asset p r i c i n g 
m o d e l s that generate n o n M D S - L i n e a r e q u i l i b r i u m processes for r e t u r n s p e r 
s h a r e of r i s k y asset. 

R e c a l l that M D S - L i n e a r i t y is e q u i v a l e n t to: T h e best M S E p r e d i c t o r g i v e n 
the past , i .e., the c o n d i t i o n a l e x p e c t a t i o n g i v e n the past , is the best l i n e a r M S E 
p r e d i c t o r . H e n c e a n y class o f m o d e l s that c o n t a i n e n d o g e n o u s j u m p s a n d 
d i s c o n t i n u i t i e s i n response to changes i n the v a r i a b l e s u s e d for p r e d i c t i o n 
c a n n o t be M D S - L i n e a r because l i n e a r p r e d i c t o r s are c o n t i n u o u s f u n c t i o n s o f 
the v a r i a b l e s u s e d for p r e d i c t i o n . 

4. S t r u c t u r a l M o d e l i n g U s i n g I n t e r a c t i n g P a r t i c l e S y s t e m s T h e o r y 

In th i s s e c t i o n w e e x h i b i t a c lass of asset p r i c i n g m o d e l s that s h o w h o w 
M D S - L i n e a r e a r n i n g s processes c a n be t r a n s f o r m e d i n t o e q u i l i b r i u m r e t u r n s 
p e r share processes that are n o t M D S - L i n e a r . W h i l e w e e m p h a s i z e that m o r e 
c o n v e n t i o n a l asset p r i c i n g theories s u c h as L u c a s (1978) a n d B r o c k (1982) c a n 
t r a n s f o r m l i n e a r e a r n i n g s processes i n t o n o n l i n e a r r e t u r n s processes t h r o u g h 
the m a r k e t e q u i l i b r a t i o n e q u a t i o n s , i n these m o d e l s s m a l l changes i n the 
e n v i r o n m e n t d o n o t l e a d to l a rge changes i n r e t u r n s o r r e t u r n s v o l a t i l i t y . 
E v i d e n c e i n art ic les s u c h as H a u g e n et a l . (1991) suggests that a b r u p t c h a n g e s 
i n r e t u r n s a n d v o l a t i l i t y w h i c h are d i f f i c u l t to l i n k to m e a s u r e s of f u n d a m e n ­
tals are q u i t e c o m m o n . W e w a n t o u r m o d e l s to be able to a d d r e s s s u c h 
e v i d e n c e . T u r n n o w to a class of m o d e l s that e n d o g e n i z e d i s c o n t i n u o u s 
r e s p o n s e s to changes i n the e n v i r o n m e n t a n d h i s t o r y of e v o l u t i o n of the 
s y s t e m . 

W e s h a l l u s e the p r o b a b i l i t y s t r u c t u r e of i n t e r a c t i n g p a r t i c l e s s y s t e m s 
(IPS) t h e o r y as a n i n p u t i n t o b u i l d i n g o u r c lass of asset p r i c i n g m o d e l s . See 
D u r l a u f (1989a, b ; 1991a, b) a n d h i s re ferences , e s p e c i a l l y to F o l l m e r , fo r 
u s e s o f IPS t h e o r y i n e c o n o m i c s . H e r e w e s h a l l c o m p l e m e n t th is w o r k b y 
f u s i n g t o g e t h e r i d e a s f r o m d i s c r e t e c h o i c e t h e o r y (e.g. M a n s k i a n d M c -
F a d d e n , 1981), a n d IPS b y u s i n g m e a n f i e l d theore t i c a r g u m e n t s to o b t a i n 
c l o s e d f o r m s o l u t i o n s for e q u i l i b r i a i n o u r m o d e l s i n the la rge e c o n o m y l i m i t . 
I n t h i s w a y w e c a n f o r m u l a t e the t h e o r y at a l e v e l o f a c c u r a c y s u f f i c e n t to 
c a p t u r e t h e p h a s e t r a n s i t i o n b e h a v i o r e m p h a s i z e d b y D u r l a u f , b u t s t i l l 
h a v e the c o n v e n i e n c e of c l o s e d f o r m s o l u t i o n s w h i c h c a n b e a d a p t e d for 
s t a t i s t i c a l i n f e r e n c e . 

H e n c e , th is p a r t of o u r p a p e r is m e t h o d o l o g i c a l i n the s a m e sense as L u c a s 
(1978). T h e e m p h a s i s w i l l be o n f i n d i n g p a r s i m o n i o u s l y p a r a m e t e r i z e d , yet 
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flexible, p r o b a b i l i t y s t ructures . T h e m o d e l l i n g t e c h n i q u e o f f e r e d here w i l l b e 
a p p l i e d to e x a m p l e s i n o r d e r to s h o w its u s e f u l n e s s . 

T h e o r g a n i z a t i o n of Sec t ion f o u r of this p a p e r is as f o l l o w s . F i rs t , i n 
S e c t i o n 4.1, w e state the g e n e r a l p r o b a b i l i t y s t ruc ture o f i n t e r a c t i n g s y s t e m s 
that w e s h a l l use . S e c o n d , i n S e c t i o n 4.2 w e s h a l l a p p l y this p r o b a b i l i t y 
s t r u c t u r e to d e v e l o p asset p r i c i n g m o d e l s w h e r e d e m a n d s are c r o s s - d e p e n d ­
ent at a p o i n t i n t i m e o v e r the set o f t raders . T h e la rge e c o n o m y l i m i t w i l l b e 
t a k e n a n d c o n d i t i o n s w i l l be l o c a t e d o n the s t r e n g t h of the cross d e p e n d e n c e 
for the cross s e c t i o n a l e r g o d i c t h e o r e m to h o l d . W e s h a l l t h e n s t u d y the 
t e m p o r a l e v o l u t i o n o f the cross sec t iona l d e p e n d e n c e . T h e m o d e l s are f r a m e d 
to b e e c o n o m e t r i c a l l y tract ible to a d a p t i o n s of the m e t h o d o f m o m e n t s . 

In S e c t i o n 4.2 w e treat the f irst e x a m p l e of o u r t y p e of m o d e l . T h i s is a 
f o r m a l i z a t i o n of " n o i s e t r a d e r " m o d e l s i n e c o n o m i c s a n d f inance , w h e r e w e 
f i n d s u f f i c i e n t c o n d i t i o n s o n the p r o b a b i l i t y s t ruc ture for the no ise t raders to 
mat te r i n the la rge e c o n o m y l i m i t . S ince , " n o i s e " t rader m o d e l s are c o n t r o v e r ­
s i a l w e e m p h a s i z e at the outse t that o u r t y p e of m o d e l m a y b e i n t e r p r e t e d as 
a m o d e l w h e r e traders h a v e heterogeneous beliefs o r heterogeneous es t imat ion 
o r l e a r n i n g m e t h o d s for r e l e v a n t c o n d i t i o n a l m o m e n t s n e e d e d to f o r m the ir 
d e m a n d s for assets. T h e n e w i n g r e d i e n t that w e a d d is a p a r a m e t e r i z a t i o n of 
the c r o s s - d e p e n d e n c e of the he terogene i ty that is e c o n o m e t r i c a l l y t ractable 
a n d l e a d s to the u n c o v e r i n g o f su f f i c i en t c o n d i t i o n s for the he terogene i ty to 
mat te r i n the large e c o n o m y l i m i t . 

In S e c t i o n 4.3 w e d e v e l o p a n asset p r i c i n g m o d e l w h e r e d e p e n d e n c e of 
e a c h t r a d e r ' s i n c o m e o n the m a r k e t p o r t f o l i o is i tself d e p e n d e n t across the set 
o f t r a d e r s . T h i s m o d e l l eads to a s i m p l e r e l a t i o n s h i p for the e q u i l i b r i u m p r i c e 
of the r i s k y asset a n d r e l a t i v e l y s i m p l e e q u i l i b r i u m v o l u m e d y n a m i c s . 

S e c t i o n 4.4 treats a v e r s i o n of C a m p b e l l , G r o s s m a n , a n d W a n g ' s (1991), 
hereafter , C G W , m o d e l of t raders w i t h r a n d o m r i s k a v e r s i o n p a r a m e t e r s . I n 
o u r v e r s i o n the t e m p o r a l m o v e m e n t of r i s k a v e r s i o n e v o l v e s e n d o g e n o u s l y 
i n s u c h a w a y that e x p l o s i v e b u r s t s o f v o l a t i l i t y are p o s s i b l e i n a r a t i o n a l 
e x p e c t a t i o n s e q u i l i b r i u m . O u r m o d e l is a n o n l i n e a r m o d e l that nests the C G W 
m o d e l as a s p e c i a l case. W e i n d i c a t e h o w the p a r a m e t e r s of the m o d e l m a y b e 
e s t i m a t e d u s i n g d a t a o n p r i c e a n d v o l u m e . 

N o n e of the a b o v e m o d e l s are r a t i o n a l expecta t ions m o d e l s w i t h a s y m ­
m e t r i c a l l y i n f o r m e d agents i n the sense of G e n n o t e a n d L e l a n d (1990), 
H e l l w i g (1980 a n d 1982). In Sect ion 4.5 w e b r i e f l y s h o w h o w H e l l w i g ' s (1980) 
la rge e c o n o m y l i m i t t h e o r e m c a n be u s e d to p r o d u c e a m o d e l w i t h a n 
e q u i l i b r i u m p r i c e r e l a t i o n s h i p w h i c h c a n d i s p l a y a b r u p t changes to s m a l l 
c h a n g e s i n the e n v i r o n m e n t . 

S e c t i o n 4.6 s h o w s h o w to b u i l d a s i m p l e m a c r o f inance asset p r i c i n g 
m o d e l that " e n d o g e n i z e s " the e x o g e n o u s s h o c k s i n the L u c a s (1978), a n d 
B r o c k (1982) m o d e l s . T h i s e x a m p l e w a s s t i m u l a t e d b y D u r l a u f (1991a, b) . 
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These m o d e l s i l lustrate that interact ive systems probab i l i ty m o d e l l i n g can 
p r o d u c e ana lyt i ca l ly tractable asset p r i c i n g a n d macroeconomic m o d e l s . T h e 
m o d e l s a l l share the c o m m o n p r o p e r t y that s m a l l i n p u t noise into the e n v i r o n ­
m e n t c a n p r o d u c e large n o i s y m o v e m e n t s i n equi l ibr ia . T h e m o d e l s suggest 
e c o n o m i c p a t h w a y s t h r o u g h w h i c h i n p u t noise m a g n i f i c a t i o n c a n occur. 

4 .1 . G e n e r a l P r o b a b i l i t y S t r u c t u r e 

W e e x p o s i t the s i m p l e s t v e r s i o n of o u r p r o b a b i l i t y s t r u c t u r e here . T h e a p p e n ­
d i x c o n t a i n s a g e n e r a l i z a t i o n w h e r e the in terac t ions are be c o n s i d e r e d o v e r 
d i s j o i n t sets A { , . . . , A K w h e r e types are h o m o g e n e o u s w i t h i n each set b u t 
h e t e r o g e n e o u s across each set. In the A p p e n d i x , the large s y s t e m l i m i t (as 
N = t o t a l n u m b e r °°) is t a k e n b y h o l d i n g the f r a c t i o n o f e a c h t y p e 
k = 1, 2 , . . . , K c o n s t a n t . 

T o f o r m a l i z e the s i m p l e s t v e r s i o n w h i c h c o n t a i n s the m a i n i d e a s , let 
Q. be a set o f r e a l n u m b e r s , let Q N be its N - f o l d C a r t e s i a n p r o d u c t , co e Q N , 
a n d p u t 

/Mw}=exp[BG]/yc0)/Z, 

G = t7(co) + (1 / 2 ) £ ^ J i j a f O j + , 
< (0 

(7(a)) . 5 > , ) , (4.1.1) 

w h e r e X is o v e r / = 1, 2 , . . . , N, X is o v e r " n e i g h b o r s of i " , /V{co} d e n o t e s 
(0 

p r o b a b i l i t y of s o c i a l state co, «((0,) is o w n u t i l i t y to agent i o f c h o i c e w i e £2, 
Z = Zexp[BG(v)]/yv), X i s o v e r a l l v , a n d B is a p a r a m e t e r w h o s e r o l e w i l l be 
e x p l a i n e d later . H e r e / y v) denotes the p r o d u c t p r o b a b i l i t y o n Q N i n d u c e d b y 
the c o m m o n d i s t r i b u t i o n f u n c t i o n F o n i l W e w i l l c o n c e n t r a t e o n the case 
w h e r e Q is f i n i t e a n d F is a s u m of " D i m e d e l t a s " b u t use X a n d j i n t e r c h a n ­
g e a b l y to sugges t the n a t u r a l e x t e n s i o n to a c o n t i n u o u s state space. 

T h e best w a y to th ink about this structure is to th ink of (4.1.1) as g i v i n g the 
j o i n t d i s t r i b u t i o n of soc ia l states co of a society of N i n d i v i d u a l s , each f a c i n g a 
c h o i c e f r o m a set of a l ternat ives , £2. H e r e 7.. is a m e a s u r e of the s t r e n g t h of 
i n t e r a c t i o n b e t w e e n i n d i v i d u a l s i J loca ted at sites i J. W e w i s h to e x p o s i t a 
d i sc re te c h o i c e ( M a n s k i a n d M c F a d d e n , 1981) i n t e r p r e t a t i o n of (4.1.1) because 
this w i l l be i m p o r t a n t to o u r d e v e l o p m e n t . 

C o n s i d e r the discrete choice m o d e l 

V(co) = G(co) + U£(C0), [£(.)} IIDEV. (4.1.2) 
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H e r e "IIDEV" d e n o t e s I n d e p e n d e n t a n d I d e n t i c a l l y D i s t r i b u t e d E x t r e m e 
V a l u e . T h e m o d e l (4.1.2) r e p r e s e n t s a s t o c h a s t i c s o c i a l u t i l i t y m o d e l w h e r e 
the e r r o r s e(.) are IID e x t r e m e v a l u e ( W e i b u l l ) o v e r co i n Q N . M a n s k i a n d 
M c F a d d e n (1981, p p . 198-272) s h o w that the p r o b a b i l i t y that a p a r t i c u l a r 
s o c i a l s tate co is s o c i a l u t i l i t y m a x i m i z i n g is g i v e n b y (4.1.1) w i t h B = l /u. , 
w h e r e B is c a l l e d the " i n t e n s i t y of c h o i c e . " N o t e that B = 0 g i v e s t h e m o s t 
r a n d o m m e a s u r e across s o c i a l states, i .e., each s o c i a l state has p r o b a b i l i t y 
1 / \QN\ = 1 / IQI^, w h e r e O denotes the c a r d i n a l i t y of the f in i te set Q . 

A n d e r s o n , d e P a l m a , a n d T h i s s e (1993), C h a p t e r 2, hereafter " A D T , " 
r e v i e w resul ts i n the discrete c h o i c e l i terature that s h o w 

£{maxG(co)} =(1 /B)ln(Z) 

w h e r e In d e n o t e s the n a t u r a l l o g a r i t h m a n d max is o v e r co e nN. T h i s g i v e s 
a n i c e c o n n e c t i o n b e t w e e n the w e l f a r e m e a s u r e , £{maxG(co)), o f d i s c r e t e 
c h o i c e t h e o r y a n d the f ree e n e r g y f u n c t i o n of s t a t i s t i c a l m e c h a n i c s . T h e y 
are the s a m e e x c e p t f o r a c h a n g e i n s i g n . See K a c (1968) for the f ree e n e r g y 
f u n c t i o n . A D T a l s o s h o w h o w (1 /B) is r e l a t e d to m e a s u r e s of d i v e r s i t y i n 
d i f f e r e n t i a t e d p r o d u c t m o d e l s as w e l l as to the CES p a r a m e t e r i n C o n s t a n t 
E l a s t i c i t y of S u b s t i t u t i o n d i f f e r e n t i a t e d p r o d u c t m o d e l s . It is h e l p f u l to 
k e e p these p o s s i b l e i n t e r p r e t a t i o n s of (1 /B) i n m i n d w h i l e r e a d i n g the 
s e q u e l a n d to k e e p i n m i n d that it d o e s n o t h a v e to be i n t e r p r e t e d as 
" i n v e r s e t e m p e r a t u r e " w h i c h is the s t a n d a r d i n t e r p r e t a t i o n i n s t a t i s t i c a l 
m e c h a n i c s . 

W e w i s h to relate i n d i v i d u a l choices to aggregate s o c i a l choice . W e w i s h 
to c o m p u t e l o n g r u n averages a n d locate c o n d i t i o n s for e r g o d i c i r y f a i l u r e for 
p r o b a b i l i t y s y s t e m s l i k e (4.1.1) a n d (4.1.2). T h e i n t e r a c t i n g par t i c les sys tems 
theory, hereafter "IPS", d i s c u s s e d b y D u r l a u f (1989a, b ; 1991a, b) , E l l i s (1985) 
a n d the i r references is the tool w e use. D u r l a u f ' s w o r k locates su f f i c i en t 
c o n d i t i o n s for e r g o d i c i t y f a i l u r e for m o d e l s w i t h g e n e r a l L U . W e s p e c i a l i z e 
h e r e to a ra ther coarse l e v e l of a p p r o x i m a t i o n , c a l l e d " m e a n f i e l d t h e o r y , " 
w h i c h replaces the joint probab i l i ty d i s t r ibut ion i n (4.1.1) w i t h a n a p p r o x i m a t i n g 
p r o d u c t p r o b a b i l i t y . 

T h i s l e v e l o f a p p r o x i m a t i o n is accurate e n o u g h to ( i ) u n c o v e r suf f i c i en t 
c o n d i t i o n s for p h a s e t rans i t ions w h i c h p r e d i c t p h a s e t r a n s i t i o n b e h a v i o r i n 
the m o r e general case, ( i i ) g i v e use fu l parameter izat ions for economic m o d e l l i n g 
that y i e l d e c o n o m e t r i c a l l y tractable m o d e l s , (Hi) g i v e the s a m e e q u a t i o n s for 
l i m i t v a l u e s of c e r t a i n b u l k quant i t i e s s u c h as m e a n s as m o r e g e n e r a l s truc­
tures . W e s h a l l e x p l a i n b e l o w . 

Let < co,. > denote expected v a l u e c o m p u t e d w i t h respect to the probabi l i ty 
structure(4.1.1). A s s u m e " t r a n s l a t i o n " i n v a r i a n c e , - j ) a > j = ^J(k - j ) ( H j , 

(0 « 
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for a l l /, k. T h i s i m p l i e s m =• < co(.) = ( co t ) fo r a l l i , L C o n s i d e r the c o m p o n e n t 
o f s o c i a l u t i l i t y i n (4.1.1) that is g e n e r a t e d b y agent /, 

V,-(co(.; co_,) = u(co;.) + -;)co ;.]co (. + hoai + ne(to(.), {£(0),.)} I I D E V (4.1.3) 
(0 

W e r e m a r k that i n later a p p l i c a t i o n s , as i n D u r l a u f (1991a, b) , w e s h a l l in terpre t 
CCL , as the p r e v i o u s p e r i o d choices of agents other t h a n i . F u r t h e r m o r e the ut i l i ty 
f u n c t i o n «( . ) , the parameters J{i -J), h , \i, a n d the d i s t r i b u t i o n of e(.) can d e p e n d 
u p o n the past. F o r the m o m e n t w e proceed i n a n a tempora l setting 

M e a n f i e l d theory, hereaf ter d e n o t e d M F T , replaces £ / ( / - » > . b y 
(0 

E { ^ J ( i - f i f O j ) = m£j{i - f ) s mJ 
(0 (0 

i n e x p r e s s i o n (4.1.3) to o b t a i n , 

V/CCK , m) = w(co,.) + J m m i + + ux(co(.), {e(co()} I I D E V . (4.1.3') 

S i n c e m s ( ( o t ) , m e a n f i e l d t h e o r y c o m p u t e s the a v e r a g e < co^) ' w i t h respect 
to the p r o b a b i l i t i e s (4.1.3') a n d i m p o s e s the self c o n s i s t e n c y c o n d i t i o n , 

( m k ) ' = m . (4.1.4) 

E q u a t i o n (4.1.4) is a f i x e d p o i n t p r o b l e m for m . 
W e s h a l l see b e l o w h o w u s e f u l the M F T p r o c e d u r e c a n be to a p p r o x i m a t e 

q u a n t i t i e s o f interest . T h e p r o c e d u r e is m u c h m o r e g e n e r a l a n d c a n be c a r r i e d 
o u t to h i g h e r l eve l s o f a p p r o x i m a t i o n s i n m a n y di f ferent types of m o d e l s . See 
M e z a r d e t a l . (1987), E l l i s (1985), K a c (1968) a n d the i r references. H o w e v e r , the 
l i n k a g e of M F T a n d discrete choice t h e o r y p r e s e n t e d b e l o w a p p e a r s n e w to 
th i s p a p e r . 

B e f o r e w e g o f u r t h e r w e w i s h to e x h i b i t a c o n n e c t i o n b e t w e e n a N a s h 
t y p e n o t i o n of e c o n o m i c e q u i l i b r i u m i n a M a n s k i - M c F a d d e n w o r l d o f in ter ­
c o n n e c t e d discrete choosers a n d the M F T p r o c e d u r e . 

E q u a t i o n (4.1.3') l eads to p r o b a b i l i t i e s , 

P { ( 0 ] = Y l P r i a i ) , P r l ^ } = exp{B[M(co(.) + ( J m + h ) e > , ] } /Z, . . (4.1.5) 

H e r e Z j = Zexp{B[W(v(.) + {Jm + h ) v $ , w h e r e X i s o v e r v,. 6 £2,. = Q.. N o t e that 
w h e n J = X . = 0, a l l i J, then the probabilities given by (4.1.1) are identical to those 
given by (4.1.5). A l s o note, in our context, M F T m a y b e v i e w e d as the e q u i l i b r i u m 
g e n e r a t e d b y a g r o u p of i n d i v i d u a l agents i f o r m i n g c o m m o n expec ta t ions 
o n the c h o i c e ( co t> = m of the i r ne ighbors , m a k i n g their stochastic choices 
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a c c o r d i n g to (4.1.3'), a n d h a v i n g the i r e x p e c t a t i o n s c o n f i r m e d v i a t h e self 
c o n s i s t e n c y c o n d i t i o n (4.1.4). W e s h a l l see e x a m p l e s b e l o w w h e r e t h e exact 
l a r g e s y s t e m v a l u e of m i s a s o l u t i o n to (4.1.4). T h e K a c m e t h o d , w h i c h is 
e x p o s i t e d b e l o w , w i l l g i v e a t h e o r y of s o l u t i o n c h o i c e w h e n there are m u l t i p l e 
s o l u t i o n s to (4.1.4). 

C o n s i d e r the s p e c i a l case of (4.1.1) w h e r e Jij = J / N . I n this case the 
i n t e r a c t i o n s t r e n g t h goes to z e r o a s W - > » o , b u t e v e r y site has i n t e r a c t i o n 
s t r e n g t h J / N w i t h e v e r y o ther site, n o mat ter h o w dis tant . H e n c e , w e h a v e 
w e a k l o c a l i n t e r a c t i o n , b u t l o n g r a n g e i n t e r a c t i o n . 

F o r f u t u r e use , for e x a m p l e , as i n p u t s to f o r m a t i o n of d e m a n d f u n c t i o n s 
for r i s k y assets, w e w a n t to f i n d the l i m i t i n g v a l u e of the f o l l o w i n g stat ist ic : 
t n = M / N , w h e r e M = £ c o ( . T h e reader m a y w i s h to g l a n c e a h e a d at the next 
sec t ions of the p a p e r i n o r d e r to see the k e y ro le that the " o r d e r p a r a m e t e r " 
m p l a y s i n the asset p r i c i n g m o d e l s . W e s h a l l s h o w , 

< m > - » m * , N - » ~ , (4.1.6) 

W h e r e m * s o l v e s (4.1.19a) b e l o w . H e r e < . ) denotes e x p e c t a t i o n w i t h r e s p e c t 
to the p r o b a b i l i t y (4.1.1) for the s p e c i a l case, Jij = J / N . D e t a i l s o n h o w to 
d e f i n e the object <.) w i l l f o l l o w i n d u e course . W e s h o w n o w , t h a t the 
l i m i t i n g v a l u e i n (4.1.6) is g i v e n b y a d i r e c t a p p l i c a t i o n of K a c (1968, p . 248). 

In o r d e r to see h o w the K a c m e t h o d w o r k s , let 's d o a n e x a m p l e . A g e n e r a l 
t r e a t m e n t is i n the A p p e n d i x . P u t J(i - j ) = J i n (4.1.1). L e t u s c o m p u t e Pr(co), 
Z = Z N , a n d < co,.). W e h a v e 

Z W ^ « P { P[5>(v,-) + C / 2 ) ( 5 > , . / / V > n ) 2 + A(5>,-)]} P N ( v ) , (4.1.7) 

X is o v e r v € n N . D o the f o l l o w i n g steps. F i r s t , use the i d e n t i t y 

exp[a2] = (1 /(27C)) 1 /2Jexp[- x2 /2 + 2 ' / 2 x a ] d x , (4.1.8) 

a n d , s e c o n d u s e the c h a n g e of v a r i a b l e y = x ( $ J / N ) 1 1 2 to o b t a i n 

P r { w ] = (A i /2 j tBJ ) ! / 2 J e x p [ - y 2 A V 2 B J ] n e x p [ B u ( c o , . ) + 

+ (y + B/i)co,.]</y/yco) / Z N , (4.1.9) 

Z w = ( N / 2 n $ J ) U 2 j e x p [ - y 2 N / 2 [ l J ] Y l M l ( y + pfc)Wy. (4-1.10) 

M = Jexp[z^ + B M © ] ^ F , I I is the p r o d u c t over i'= 1 , 2 , . . . , M(4 .1 .11) 
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N o t e that w e use M to d e n o t e " m o m e n t g e n e r a t i n g f u n c t i o n " for (4.1.11). 
C o m p u t e , o b s e r v i n g that ( co(.) = ( co.) for a l l i J, 

m = lim(([(l/A0(S(O1.)J>} 

= lim(_fg(pA + y) \ K ( y ) \ N d y / \ K ( $ ) N d $ ) 

^lirnfgCP/z + y ^ / y ) , (4.1.12) 

w h e r e , \ i ^ d y ) = \ K ( y ) f d y / \ m f d - d => 5 y i(i/y) , /V -> =», 

K(y) = M ( $ h + y)expL- y 2 / 2B./|, (4.1.13) 

g ( $ h + y ) = |{|cxp[^B/; + y) + pV^lr f/- '©] //W(B/i +y) 

= A/'(BA + y)/Ai(B/i + y) (4.1.14) 

A p p l y L a p l a c e ' s m e t h o d (c/. K a c , 1968, p . 248; E l l i s , 1985, p p . 38 ,50 ,51) to see 
that, as N ~ , a l l p r o b a b i l i t y m a s s is p i l e d o n t o 

y* = Argmax j M(\Sh + y ) c x p [ - y 2 / 28/ J), (4.1.15a) 

i.e., \ l N ( d y ) => SyJdy), N -> «=. H e n c e , y * so lves 

B./W'(B/i + y ) / W ( B A + y) = y, (4.1.15b) 

a n d wx* is g i v e n b y 

m* = M'(B/i + y V M ( P / i + / ) . (4.1.15c) 

N o t e three t h i n g s . F i r s t , (4.1.15a) d e m a n d s tha t y* be c h o s e n to be the so l u t ion 
o f (4.1.15b) w h i c h , i n the case «(.) = 0, has the s a m e s i g n as h w h e n h is n o t 
z e r o . S e c o n d , note that $ J m * = y * . T h i r d , o b s e r v e that 

B(Iim CjmaxC(co)) /TV) = l i m ( \ n ( Z N ) / N ) 
N - > oo 0) N -> ~ 

= max In {exp[- y 2 / (2B7) ]M(y + pA)) 
y 

= m a x l n { e x p ( - m 2 p . / / 2 M P J m + PA)), (4.1.15d) 
m 

file:///mfd-d
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hence , the K a c (1968) m e t h o d of s o l u t i o n se lec t ion a m o u n t s to c h o o s i n g the 
s o c i a l o p t i m u m s o l u t i o n of the " N a s h " c o n d i t i o n (4.1.19b) b e l o w . T h e p o i n t 
is th is : M i n i m i z i n g free e n e r g y i n the t h e r m o d y n a m i c l i m i t to f i n d the g r o u n d 
states c o r r e s p o n d s to m a x i m i z i n g e x p e c t e d s o c i a l w e l f a r e i n the l a r g e 
e c o n o m y l i m i t to f i n d the s o c i a l l y o p t i m a l states. 

N o w E l l i s (1985, p.38) s h o w s , for the case w(.) = 0, c(z) = log[M(z)] is c o n v e x 
i n z. R e p l a c e the m e a s u r e d F ( x ) b y e x p [ $ u ( x ) ] d F ( x ) , a n d f o l l o w E l l i s (1985, p . 
229) to s h o w c ( z ) is c o n v e x for g e n e r a l «( . ) , (3. Therefore c''(z) = M'(z) / M ( z ) 
n o n d e c r e a s e s i n z . M a k e the m o d e s t a d d i t i o n a l a s s u m p t i o n that c'(z) increases 
i n z . T h u s c(.) is 1-1 a n d it f o l l o w s that 

m = c'(p/m + SA) = M ' f t J m + $ h ) / M { $ J m + B/i) = 9(m). (4.1.16) 

In o r d e r to s t u d y e q u a t i o n s (4.1.15), (4.1.16) f irst l o o k at the s p e c i a l case, 
Q = (- 1, + 1 ) , w ( - 1) = u ( + 1) = 0 , d F { a ) = (1 / 2 ) £ o a , w h e r e 5 a p u t s m a s s o n e 
o n a = - 1, + 1, a n d m a s s z e r o e l sewhere . W e h a v e , r e c a l l i n g the d e f i n i t i o n s of 
h y p e r b o l i c cos ine , s ine , a n d tangent , 

E q u a t i o n (4.1.18) is E l l i s ' s C u r i e - W e i s s m e a n f i e l d e q u a t i o n (E l l i s , 1985, p p . 
180,182) . T u r n n o w to the d i s c u s s i o n of this k e y e q u a t i o n . 

F o l l o w i n g E l l i s it is easy to g r a p h (4.1.18) a n d s h o w that for h = 0, there 
is o n l y o n e s o l u t i o n , m = 0; b u t , t w o s o l u t i o n s , m _ = - m + , a p p e a r as s o o n as 
p7 b e c o m e s greater t h a n one . F o r h not zero , (4.1.15a) requires the o n e w i t h 
the s a m e s i g n as h be c h o s e n . A " p h a s e t r a n s i t i o n " or " s p o n t a n e o u s m a g ­
n e t i s a t i o n " is s a i d to a p p e a r w h e n (37 becomes greater t h a n one. T u r n n o w to 
the g e n e r a l case w h i c h i n c l u d e s the case, « ( - 1) rj(+ 1). 

F o r this case w e h a v e , f r o m (4.1.15), d e n o t i n g the o p t i m u m m b y m * , 

M ( z ) = cosh(z), M'(z) = sinh(z), c'(z) = tanh(z), (4.1.17) 

m = tanh(P7m + p/i). (4.1.18) 

m* = A r g m a x f j e x p t c i p A + p/m) + p M ( ^ ) ] d F ( ^ e x p [ - P7m 2 /2] ) 

= A r g m a x { T ( m ) ) . (4.1.19a) 

H e n c e m* so lves , m = 0(m) w h e r e 9(m) is g i v e n b y 

J«jexpfc(pA + P7m) + M ^ ) W & /Jexp[^(PA + Pirn) + $ u & ) W & , (4.1.19b) 
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b u t (4.1.19a) g i v e s the s e l e c t i o n r u l e for the s o l u t i o n of (4.1.19b). W e s u m ­
m a r i z e the d i s c u s s i o n to th i s p o i n t i n t o 

P R O P O S I T I O N 4.1. F o r t h e s p e c i a l case o f ( 4 . 1 . 1 ) w i t h J^J/N, 
<(1 //V)5\>>/) m " , =°, w h e r e m * solves ( 4 . 1 . 1 9 a ) . T h e s o l u t i o n set to t h e f i r s t 

o r d e r necessary c o n d i t i o n s f o r a m a x i m i m u m i n ( 4 . 1 . 1 9 a ) i s t h e s a m e as t h e s o l u t i o n 
set t o t h e M F T e q u a t i o n s ( 4 . 1 . 3 ' ) , ( 4 . 1 . 4 ) , ( 4 . 1 . 5 ) . H o w e v e r t h e l i m i t i n g b e h a v i o r o f 
( 4 . 1 . 1 ) gives a s e l e c t i o n r u l e ( 4 . 1 . 1 9 a ) w h e r e a s t h e M F T e q u a t i o n s do n o t . 

W e r e m a r k that the v a l u e of ( CO,.) w i t h respect to the M F T p r o b a b i l i t i e s 
is e a s y to ca lcu la te u s i n g the p r o d u c t s t ruc ture of the M F T p r o b a b i l i t i e s . T h e 
c a l c u l a t i o n is s i m i l a r to , b u t s i m p l e r t h a n , the o n e c a r r i e d o u t a b o v e . T u r n n o w 
to the p o s s i b i l i t y of p h a s e t r a n s i t i o n for the e c o n o m i c s case h = 0, « ( - 1) n o t 
e q u a l to u ( + 1). 

T h e i n t u i t i o n of the a n a l y s i s of (4.1.18) suggests p, J l a rge s h o u l d l e a d to 
a b r u p t changes i n m * i f du = u ( + l ) - w ( - l ) c h a n g e s s i g n . L e t u s s t u d y (4.1.19a) 
to i n v e s t i g a t e th i s p o s s i b i l i t y . O u r a p p r o a c h a d a p t s Pearce (1981, p . 312-313). 

P u t k = $ h + P7m a n d r e w r i t e (4.1.19b) t h u s 

0(m) = « * ) = + P „ ( c j « / Jexpft* + W & l d F © 

= {exp[jfe+ f i d u ] - e x p [ - k ] ) / { c x p [ k + f l d u ) +exp[-*]} 

= tanh[P(7m + h % h'^h + d u / 2 . (4.1.20) 

W e s h a l l d o a f a i r l y c o m p l e t e a n a l y s i s for the case, 

d F = ( \ / 2 ) (8_, + 5 + 1 ) , 

a n d content o u r s e l v e s w i t h s u g g e s t i n g p o s s i b l e ex tens ions f o r g e n e r a l h , dF. 
N o t e that the r i g h t - h a n d s i d e of (4.1.20) s h o w s u s that r e p l a c i n g h b y H r e d u c e s 
(4.1.20) to a n a p p l i c a t i o n of (4.1.18). 

It is n o w s t r a i g h t f o r w a r d to use (4.1.20) to check the f o l l o w i n g : ( i ) W h e n 
du = 0, <t>(k) i s g i v e n b y (4.1.18), J= f i J > 1 i m p l i e s there is a p h a s e t r a n s i t i o n , 
i .e. , a p o s i t i v e a n d a n e g a t i v e root to (4.1.18) w i t h the root h a v i n g the s a m e 
s i g n as h c h o s e n b y (4.1.19a). ( i i ) F o r f i x e d d u , ®(K) -> + 1, K - > °°; <i>(k) -> - 1, 
k -> - oo. (iff) F o r p > 0, fo r du > 0 (< 0) b u t c lose e n o u g h to z e r o a n d y = PJ > 1, 
the f u n c t i o n Y (m) i n (4.1.19a) has t w o l o c a l m a x i m a a n d o n e l o c a l m i n i m u m . 
T h e p o s i t i v e (negat ive) o n e is the g l o b a l m a x i m u m . T h e g l o b a l m a x i m u m 
m * = m * ( h ' , i ) i s d i s c o n t i n u o u s at h ' = 0 for y > 1. A l l s o l u t i o n arcs m ( h ' ) are 
a n t i - s y m m e t r i c w i t h the l o c a l m i n i m a r i s i n g i n h ' a n d the l o c a l m a x i m a f a l l i n g 
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i n h ' . T h e l o c a l m i m i m u m arc s t a r t i n g at h ' = 0 sat isf ies m ( 0 , 7 ) = 0 a n d 
decreases i n h ' . 

U n d e r r e g u l a r i t y c o n d i t i o n s the s o l u t i o n p r o p e r t i e s o u t l i n e d a b o v e c a n 
be g e n e r a l i z e d to the case w h e r e d F ( y ) = fly)dy,j{- y) = f l y ) . L e t 

d u ( x ) = u ( x * ) - u ( x ) , 

w h e r e x* = A r g m a x ( M ( t o ) } . I n th i s case, for du s 0, o n e c a n s h o w 

c ' ( - z ) = - c ' ( z ) , M'(0) = jc//F=0, 

M " ( 0 ) = j l ~ 2 d F , c'(0) = M " ( 0 ) , 

so for h = 0 t w o s o l u t i o n s m _ = - m + a p p e a r for p7M"(0) > 1, a n d m = 0 i s the 
s o l u t i o n f o r P 7 M " ( 0 ) < 1. S o m e c o n d i t i o n s are n e e d e d o n F to m a k e c'(z) 
d i s p l a y the q u a l i t a t i v e p r o p e r t i e s of tanhfe) w h i c h w e r e u s e d a b o v e . W e 
s u m m a r i z e : 

P R O P O S I T I O N 4.1.2. F o r t h e case d F = ( \ / 2 ) (8_, + 8 + 1 ) phase t r a n s i t i o n b e h a v i o r 
w i l l a p p e a r , i . e j h e m a x i m u m o f ( 4 . 1 . 1 9 a ) w i l l change d i s c o n t i n u o u s l y f r o m 
n e g a t i v e t o p o s i t i v e as d u = u ( + l ) - « ( - 1) changes s i g n f r o m n e g a t i v e t o p o s i t i v e 
p r o v i d e d t h a t p/> 1. U n d e r r e g u l a r i t y c o n d i t i o n s t h i s r e s u l t c a n be g e n e r a l i z e d 
t o g e n e r a l F ( . ) . 

L e t =>, a n d ^ d e n o t e c o n v e r g e n c e i n d i s t r i b u t i o n a n d i n p r o b a b i l i t y . 
F o r u s e i n f u r t h e r s e c t i o n s w e n e e d to s h o w that m = > m " , N -> °o. A n a t u r a l 
s t r a t e g y is to u s e the l a r g e d e v i a t i o n s a p p r o a c h of E l l i s (1985, cf. h i s 
r e f e r e n c e s to t h e j o i n t w o r k o f E l l i s a n d N e w m a n ) , b u t «(.) c a u s e s a n 
o b s t a c l e i n r e w r i t i n g P r { m e A ) as a f u n c t i o n o f tn a n d u s i n g l a r g e d e v i a ­
t i o n s t h e o r y to o b t a i n a l a w o f l a r g e n u m b e r s (cf. f o r e x a m p l e E l l i s , 1985, 
p . 99). T h i s o b s t a c l e s e e m s to be a p r o b l e m e v e n i f m * i s a u n i q u e g l o b a l 
m a x i m u m o f (1.19a) w i t h l o c a l l y s t r o n g l y c o n c a v e b e h a v i o r n e a r m * (cf. 
E l l i s a n d N e w m a n , 1 9 7 8 b , d c i t e d i n E l l i s , 1985, p . 342). H o w e v e r , i t is n o t 
d i f f i c u l t to o b t a i n a l a w of l a r g e n u m b e r s , 

P R O P O S I T I O N 4.1.3. A s s u m e m * i s a u n i q u e g l o b a l m a x i m u m of ( 1 . 1 9 a ) w i t h l o c a l l y 
s t r o n g l y c o n c a v e b e h a v i o r n e a r m * . T h e n m = > m * . 

P R O O F . L e t e > 0 . W e use C h e b y s h e v ' s i n e q u a l i t y to p r o v e m = > P w * . B y 
L u k a c s (1975, p . 33 ,37 ) , i n =*P m * i m p l i e s m = > m * . B y C h e b y s h e v ' s i n e q u a ­
l i t y (Lukacs , 1975, p . 9), 
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Pr{\m-m*\>£} < Var {m - m * ) / e 2 , (4.1.21) 

so i t i s s u f f i c i e n t to p r o v e V a r \ m - m * ) 0, N -> ~ . W e m u s t s h o w , 

U ( l / A O X w ; - m * ] 2 > - > 0 , 

It is s u f f i c i e n t to s h o w ( £ ^ t o , . ^ . ) / N 2 —> / n * 2 . H e n c e , i t is s u f f i c i e n t to s h o w 
(co(.coy ) m * 2 , N - > o o , for ; n o t e q u a l t o j . S h o w this b y a r g u i n g as i n (4.1.12), 

(4.1.14), (4.1.15) to s h o w (to,. to / ) -> g(BA + y * ) 2 = m * 2 , /V -> ~ . 

W e h a v e b r i e f l y s k e t c h e d the theory w e n e e d a n d h a v e d o n e a f a i r l y 
c o m p l e t e job for the t w o state case, Q. = {- 1, + 1). T u r n n o w to a v e r y b r i e f 
s k e t c h of the E s t a t e case for K > 2 . 

T h e issue c o n c e r n s c o n s t r u c t i o n of a n IPS s t ruc ture that is flexible e n o u g h 
to y i e l d a " l a n d s c a p e " that is tunab le to each of K choices . To see the p r o b l e m 
l o o k at the e x p r e s s i o n (4.1.7) c o p i e d b e l o w , 

z ^ = X e x p ( M X " ( v / ) + ( y / 2 ) ( X v / / y v l / 2 ) 2 + / i ( X v / ) ] } * y v ) > ( 4 - L 2 2 ) 

a n d n o t e h o w the c o n v e x t e r m (J/2) ( ^ v / T V 1 / 2 ) 2 r e w a r d s g o i n g to the 
e x t r e m e s of the c h o i c e set £2. H e n c e , this c o n v e x t e r m p l a y s a k e y ro le i n 
d e t e r m i n i n g the l i m i t v i a (4.1.19a), therefore p l a c i n g m o r e e lements i n t o £2 is 
n o t l i k e l y to g i v e u s the f l e x i b i l i t y w e d e s i r e e v e n i f w e m o v e the m a s s p o i n t s 
o f F a r o u n d at w i l l . 

A s a tentat ive p r o p o s a l to be i n v e s t i g a t e d i n m o r e d e t a i l i n a f u t u r e p a p e r 
w e e n c o d e each of the K e lements i n t o a " b i t s t r i n g " of ± 1 's. O n e c a n e n c o d e 
2 L e l e m e n t s u s i n g b i t s t r i n g s of l e n g t h L . L e t to,. = (to,., , . . . , to, x) € (- 1, + 1 }L. 
D e f i n e u : {- 1, + 1 \L -> R . D e f i n e u = - ~ f o r s o m e b i t s t r i n g s i n o r d e r to 
d e a l w i t h cases w h e r e K i s n o t e q u a l to 2 L for s o m e L . D e f i n e Z N b y r e p l a c i n g 
t h e t e r m , (7/2) ( ^ v / T V 1 / 2 ) 2 w i t h 

Jj(J]/2)(£lv'i/N1/2)2 , 

w h e r e the s u m r u n s f r o m l = \ , . . . , L . P r o c e e d as i n the case L = 1 to d e v e l o p 
the l i m i t t h e o r y . 

T h e s o l u t i o n t h e o r y p r e s e n t e d a b o v e w i l l be u s e d i n the a p p l i c a t i o n s 
b e l o w . T h e a p p l i c a t i o n s w i l l i n d u c e d y n a m i c s o n the s o l u t i o n for 
m s m ( p y , B / i ; « ( . ) ) b y i n d u c i n g p a r s i m o n i o u s l y p a r a m e t e r i z e d f u n c t i o n a l 
f o r m s for «( . ) , 7 as a f u n c t i o n of p a s t i n f o r m a t i o n . T h i s , i n t u r n w i l l g i v e u s 
f l e x i b l e f u n c t i o n a l f o r m s of d y n a m i c s o n v o l u m e a n d stock re turns , w h i c h 
w i l l b e o n e of o u r k e y a p p l i c a t i o n s . 
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4 . 2 . A p p l i c a t i o n s 

In th is s e c t i o n w e d e l i v e r o n the p r o m i s e d a p p l i c a t i o n s of the m a t h e m a t i c a l 
t e c h n o l o g y i n Sec t ion 4.1. B u t be fore w e get i n t o deta i l s o f the e x a m p l e s w e 
s h o u l d b e c lear a b o u t the g o a l s w e w i s h t h e m to serve. 

In p a r t i c u l a r w e w a n t the m o d e l s to h a v e the p o t e n t i a l to c o n t r i b u t e to 
e x p l a n a t i o n of the f o l l o w i n g s t y l i z e d facts l a i d o u t n i c e l y b y the p a p e r of 
H a u g e n , T a l m o r , T o r o u s (1991) (hereafter, " H T T " ) . ( i ) H T T (1991, p . 987) p o i n t 
o u t the f i n d i n g of R o l l , S c h w e r t , C u t l e r , Poterba , S u m m e r s as w e l l as their 
o w n w o r k that i t is d i f f i c u l t to relate " v o l a t i l i t y , changes i n v o l a t i l i t y , a n d 
s i g n i f i c a n t p r i c e m o v e m e n t s to rea l e c o n o m i c events " , ( i i ) H T T (1991, p . 985) 
f i n d " A m a j o r i t y of o u r v o l a t i l i t y c h a n g e s c a n n o t be associated w i t h the release 
of s igni f i cant i n f o r m a t i o n " . (Hi) In s t u d y i n g the reaction of returns to changes i n 
v o l a t i l i t y H T T (1991, p . 1001) f i n d there is a n a s y m m e t r y i n the "react ion of prices 
a n d subsequent m e a n returns ( w h i c h is) consistent w i t h non-l inear risk avers ion . 

( i v ) H T T (1991, p . 1003) stress the resul t of R o l l that " m u c h of the v a r i a n c e 
i n the e q u i t y r e t u r n series m a y be re la ted to e i ther p r i v a t e i n f o r m a t i o n or 
o c c a s i o n a l " f r e n z y " u n r e l a t e d to concrete i n f o r m a t i o n . " ( v ) H T T (1991, p . 1003) 
stress S c h w e r t ' s f i n d i n g : " S c h w e r t (1989), i n a n e x h a u s t i v e s tudy , f i n d s that 
the v o l a t i l i t y o f stock re turns are not c lose ly re lated to the v o l a t i l i t y of o ther 
e c o n o m i c v a r i a b l e s s u c h as l o n g a n d shor t t e r m interest rates, the m o n e y 
s u p p l y , a n d i n f l a t i o n rates . " ( v i ) H T T (1991, p . 1004) stress " . . the fact that w e 
f i n d a h i g h l y s i g n i f i c a n t , p o s i t i v e p r i c e react ion to v o l a t i l i t y decreases. . . the 
fact that the p r i c e a d j u s t m e n t s are f o l l o w e d b y d i r e c t i o n a l l y consis tent adjust­
m e n t s i n m e a n r e a l i z e d re turns . . . fur ther re inforce o u r c o n f i d e n c e that, o n 
a v e r a g e o v e r a l l events , w e are see ing a reac t ion to changes i n r i s k as o p p o s e d 
to expected cash f l o w " . W i t h this factual b a c k g r o u n d i n p lace let us r e t u r n to 
the e x a m p l e s . 

E x a m p l e s 4.2.1-4.2.3 c o n c e r n e q u i l i b r i u m asset p r i c i n g m o d e l s w h e r e a l l 
t raders h a v e m e a n v a r i a n c e d e m a n d s a n d s o m e traders h a v e biases i n their 
expec ta t ions . E x a m p l e 4.2.1 c o n t a i n s t raders w i t h b i a s e d expecta t ions w h e r e 
IPS t h e o r y is u s e d to p a r a m e t e r i z e i n t e r d e p e n d e n c e across biases a n d to locate 
suf f i c i en t c o n d i t i o n s for a n effect o f b i a s e d traders to r e m a i n i n the large 
e c o n o m y l i m i t . T h e e x a m p l e suggests uses of IPS t h e o r y to p a r s i m o n i o u s l y 
p a r a m e t e r i z e i n t e r d e p e n d e n c e o f b i a s e d expectat ions i n s u c h a w a y that 
e c o n o m e t r i c t e c h n i q u e s based u p o n o r t h o g o n a l i t y c o n d i t i o n s m a y be u s e d to 
es t imate the p a r a m e t e r s a n d test for the presence of b iased traders . E x a m p l e s 
4.2.2 a n d 4.2.3 are v a r i a t i o n s o n this theme. 

S e c t i o n 4.3 e x p o s i t s a n e x a m p l e w h i c h s h o w s h o w i n t e r d e p e n d e n c e 
across agents i n c o r r e l a t i o n s of their o w n - i n c o m e w i t h the m a r k e t l eads to a n 
a d j u s t m e n t i n c o n v e n t i o n a l asset p r i c i n g f o r m u l a e as w e l l as a source of 
e q u i l i b r i u m t r a d i n g v o l u m e . Sect ion 4.4 conta ins a v e r s i o n of C a m p b e l l , 
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G r o s s m a n , a n d W a n g ' s (1991) m o d e l w i t h i n t e r d e p e n d e n c e i n t r a d e r r i s k 
t o l e r a n c e s w h e r e the degree of i n t e r d e p e n d e n c e m a y d e p e n d u p o n the pas t . 
T h e f i f t h sec t ion , 4.5, c o n t a i n s a v e r s i o n of H e l l w i g ' s (1980) m o d e l w i t h 
i n d e r d e p e n d e n c e i n s i g n a l q u a l i t y . S t e p h e n D u r l a u f has stressed t h e p o i n t 
that th is k i n d o f m o d e l c a n s h o w h o w a b r u p t m a r k e t m o v e m e n t s c a n b e 
c a u s e d b y c h a n g e s i n the d e g r e e of c o r r e l a t i o n o f i n f o r m a t i o n b e t w e e n agents 
r a t h e r t h a n b y l a r g e c h a n g e s i n i n f o r m a t i o n . 

S e c t i o n 4.6 b r i e f l y s h o w s h o w i n t e r d e p e n d e n t f i r m s i n the L u c a s (1978), 
B r o c k (1982) asset p r i c i n g m o d e l s c a n l e a d to la rge m o v e m e n t s i n asset p r i c e s . 
T h e e x a m p l e s are a l l u n i f i e d b y s h o w i n g h o w p a r a m e t e r i z a t i o n of the d e g r e e 
o f i n t e r d e p e n d e n c e b y IPS m o d e l i n g l eads to a n a l y t i c a l l y t ractable e q u i ­
l i b r i u m d y n a m i c s i n the la rge e c o n o m y l i m i t w h i c h are s u g g e s t i v e o f p a t h ­
w a y s t h r o u g h w h i c h s m a l l c h a n g e s c a n h a v e large i m p a c t s . T u r n to d e s c r i b i n g 
d e m a n d f u n c t i o n s . 

T h e d e m a n d f u n c t i o n s stress three c h a n n e l s o f he terogene i ty : ( i ) D i f f e r i n g 
r i s k a v e r s i o n parameters , ( i i ) d i f f e r i n g expectations or beliefs, (Hi) d i f f e r i n g 
c o v a r i a n c e structure of o w n - i n c o m e w i t h the marekt . Le t trader i h a v e d e m a n d 

D f p ) = X ( . £ , y / V i t ( q ' ) - C o v i t ( 9 ' , w [ ) / V ^ q 1 ) , (4.2.1) 

w h e r e p i s asse t p r i c e , x i s r i s k t o l e r a n c e , Eif Vie C o \ i t a r e c o n d i t i o n a l 
m e a n , v a r i a n c e , c o v a r i a n c e o n i n f o r m a t i o n a v a i l a b l e to i a t d a t e /, 
l' = P , + i + y, + i - R p , = excess r e t u r n at t + l , p t + , , y t + , are asset p r i c e a n d 
asset d i v i d e n d (or net c a s h f l o w ) at date t + 1, R = 1 + r i s r e t u r n o n a r i s k free 
asset, w [ = w t t + , is o ther s o u r c e s o f i n c o m e to / at date t + 1. W e s h a l l o f t e n 
d e n o t e x = x(',' x' = x, + , , for a n y q u a n t i t y , x, to save t y p i n g . 

T h e d e m a n d f u n c t i o n (4.2.1) c a n be o b t a i n e d f r o m a t w o p e r i o d o v e r l a p ­
p i n g g e n e r a t i o n s s e t u p w h e r e each t rader gets f irst p e r i o d i n c o m e w h i c h is 
a l l o c a t e d b e t w e e n the r i s k y asset a n d the r i s k free asset. U t i l i t y is o b t a i n e d 
f r o m c o n s u m p t i o n of a l l w e a l t h i n the s e c o n d p e r i o d . W e a l t h c o m e s f r o m ( i ) 
o t h e r sources o f i n c o m e , ( i i ) e a r n i n g s o n the t w o assets. T h e d e m a n d f u n c t i o n 
(4.2.1) is d e r i v e d b y m a x i m i z i n g c o n d i t i o n a l e x p e c t a t i o n o f m e a n - v a r i a n c e 
u t i l i t y or, u n d e r n o r m a l l y d i s t r i b u t e d r e t u r n s , b y m a x i m i z i n g c o n d i t i o n a l 
e x p e c t a t i o n of e x p o n e n t i a l u t i l i t y . 

T h e a s s u m p t i o n of t w o p e r i o d l i v e d t raders is res t r ic t ive , b u t i t s h o u l d 
b e c lear that the m e t h o d s l a i d o u t here c a n be g e n e r a l i z e d to h a n d l e t raders 
w i t h a r b i t r a r y l i v e s . 

I n (4.2.1) there are three c h a n n e l s b y w h i c h t rader character is t ics c o u l d 
b e r e l a t e d : ( i ) E x p e c t a t i o n a l d i f ferences ; ( i i ) r i s k tolerances; ( H i ) c o v a r i a n c e s o f 
excess r e t u r n s w i t h o w n - i n c o m e . 

F i r s t w e d e a l w i t h Eiv Vir N e l s o n (1992) has s h o w n , i n a d i f f u s i o n context , 
that f r e q u e n t s a m p l i n g w i t h i n a p e r i o d c a n p r o d u c e a n e s t i m a t o r o f the 
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c o n d i t i o n a l v a r i a n c e that i s m u c h m o r e p r e c i s e t h a n t h e b e s t e s t i m a t o r 
o f the c o n d i t i o n a l m e a n . F o r th is r e a s o n a n d for s i m p l i c i t y w e s h a l l a s s u m e 
Vu = Vt, i s i n d e p e n d e n t o f i . It w i l l b e a p p a r e n t as w e i l lus t ra te o u r m e t h o d s 
that t h i s a s s u m p t i o n c a n b e r e l a x e d at tne cost o f c o n s i d e r a b l e c o m p l e x i t y . 

A s s u m e , w ? = p f p ' + y ) + e/, a n d e/ c o n d i t i o n a l l y i n d e p e n d e n t of p ' + y', 
d i v i d e b o t h s ides of (4.2.1) b y N , s u m o v e r i to o b t a i n ( c o n d i t i o n a l o n the 
h i s t o r y of the e c o n o m y at date t ) , s u p p r e s s i n g t fo r ease of n o t a t i o n , 

(1 / A o X f \ E i q ' / V { q ' ) - p f} => (1 / V ( q ' ) [ ^ { x ^ q ' } ] - E * p i , N ^ =°, (4.2.2) 

w h e r e E* denotes e x p e c t a t i o n w i t h respect to the m e a s u r e , i i * (4) , d e f i n e d b y 

H e r e d e n o t e s the i n f o r m a t i o n set o f t r a d e r i at date t, A is a set o f a g e n t 
charac ter i s t i c s ( w h i c h i n c l u d e s choices) , 7/(x;. , /,., p() 6 A is the i n d i c a t o r f u n c ­
t i o n of the e v e n t [(x,. , , p(.) 6 A ) w h i c h is u n i t y i f (x (., , p(.) e A , z e r o o t h e r ­
w i s e , a n d => d e n o t e s w e a k c o n v e r g e n c e . T h e t h e o r y of S e c t i o n 4.1 locates 
s u f f i c i e n t c o n d i t i o n s f o r the w e a k c o n v e r g e n c e of (4.2.3). W e s h a l l a s s u m e 
w i t h o u t f u r t h e r m e n t i o n that these suf f i c i en t c o n d i t i o n s h o l d . 

S u p p o s e there are x shares o u t s t a n d i n g p e r trader. T h e n e q u i l i b r a t i o n of 
d e m a n d a n d s u p p l y p e r t r a d e r y i e l d s , i n the large e c o n o m y l i m i t , b y (4.2.2), 

W e s h o w the v a l u e of the m o d e l l i n g of S e c t i o n 1 b y a p p l y i n g i t to a 
sequence of e x a m p l e s b a s e d o n the above . 

E x a m p l e 4,2.1 

C o n s i d e r the " n o i s e t r a d e r " t h e o r y o f D e L o n g , Shle i fer , S u m m e r s , a n d 
W a l d m a n (1990), hereaf ter " D S S W . " L e t u s use the t h e o r y of S e c t i o n 4.1 to 
locate s u f f i c i e n t c o n d i t i o n s for n o i s e t r a d e r r i s k to mat te r i n the la rge e c o n o m y 
l i m i t a n d to s u g g e s t a m e t h o d of e s t i m a t i n g the effect o f n o i s e t raders u s i n g 
the m e t h o d o l o g y o f H a n s e n a n d S i n g l e t o n (1982). 

F o r s i m p l i c i t y a s s u m e h o m o g e n e o u s c o n d i t i o n a l e x p e c t a t i o n s o n 
v a r i a n c e a n d a n e s t i m a t i o n p r o c e d u r e for the c o n d i t i o n a l m e a n w i t h the 
f o l l o w i n g s t r u c t u r e of e r r o r s across the set o f n o i s e t r a d e r s , Q. = {bear, 
b u l l ) 2 = { - l , + l ) 2 , 

(1 / i V ) ] T ; [(T,. , , p ;) G A ] => u*(A), N - > ». (4.2.3) 

{ \ / V ( q ' ) [ E * { X i E j q ' ) } - E " p i = x (4.2.4) 

E i t ( p ' + y ) = V o 0 , . ( + [1 + ^ U l ] E t ( p ' + / ) , (4.2.5) 
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w h e r e at each date t, £ > ' + /) is c o n d i t i o n a l e x p e c t a t i o n o n a c o m m o n 
i n f o r m a t i o n set a v a i l a b l e to a l l N t raders , {«>,.,== (co0 /.,, CO,,,)} is d i s t r i b u t e d 
a c c o r d i n g to a p r o d u c t f o r m ( l ike E x a m p l e 4 2 . 3 b e l o w ) of (4.1.3'), (4.1.5) 
w h e r e «(co, t) is p a r a m e t e r i z e d a c c o r d i n g to a m e a s u r e of h o w w e l l be l i e f co 
p r o d u c e d r i s k a d j u s t e d p r o f i t s (u t i l i ty ) i n the past . 

I n DSSW (1990) the b i a s i n e x p e c t a t i o n is a d d i t i v e IID so bx = 0 c a p t u r e s 
the flavor o f DSSW. S o let u s p u t fc, = 0 for spec i f ic i ty . But , the reader s h o u l d 
k e e p i n m i n d that w e c a n d e a l jus t as eas i ly w i t h m u l t i p l i c a t i v e e r r o r s as 
a d d i t i v e errors . P u t x = p = 0, a s s u m e constant r i s k tolerance across agents , 
b r i n g back s u b s c r i p t s for c l a r i t y i n (4.2.4) to o b t a i n , f r o m (4.1.19a,b), 

R p , = b 0 m * + E t ( p t + ] + y t + ] ) . (4.2.6) 

W r i t e (4.2.6) i n the f o r m 

£ , { V 1 * + + i + y , +1) - R p t ) = 0. (4.2.7) 

E q u a t i o n (4.2.7) c a n be u s e d to generate a set o f o r t h o g o n a l i t y res t r i c t ions s o 
that the p a r a m e t e r s b0, a n d the p a r a m e t e r s e m b e d d e d i n m * v i a (4.1.19) m a y 
b e e s t i m a t e d ( g i v e n a s p e c i f i c a t i o n of b e h a v i o r o f (B , J , h , «(.)) o v e r t ime) 
f o l l o w i n g the G e n e r a l i z e d I n s t r u m e n t a l V a r i a b l e s (GPV) u s e d b y H a n s e n a n d 
S i n g l e t o n (1982). W e s p e c u l a t e that the p a r a m e t e r s of r a t h e r e l a b o r a t e 
d y n a m i c s p e c i f i c a t i o n s c o u l d be e s t i m a t e d b y a d a p t i n g the s i m u l a t i o n es­
t i m a t o r m e t h o d s of H o t z , M i l l e r , S a n d e r s , a n d S m i t h (1992). In this w a y 
r e t u r n s d a t a c a n s p e a k to tes t ing for the presence of n o i s e t raders w i t h , for 
e x a m p l e , a d d i t i v e e r r o r s i n f o r m a t i o n of c o n d i t i o n a l e x p e c t a t i o n s b y t e s t i n g 
H 0 ; b0 = 0 a g a i n s t the a l t e rna t ive H a : b0 n o t z e r o . 

O f c o u r s e s o m e c o n d i t i o n s m u s t be i m p o s e d f o r the G I V p r o c e d u r e to 
" i d e n t i f y " the p a r a m e t e r s o f interes t . A m o r e s e r i o u s p r o b l e m w i t h t e s t i n g 
(4.2.7) c o n c e r n s c o n f u s i o n o f m o v e m e n t s o f the m a r g i n a l rate of s u b s t i t u ­
t i o n i n the C C A P M ( L u c a s (1978)) c o n t e x t tes ted b y H a n s e n a n d S i n g l e t o n 
w i t h p r e s e n c e o f n o i s e t r a d e r s i n the c o n t e x t (4.2.7). B u t t h i s p r o b l e m c o u l d 
b e d e a l t w i t h b y a n o i s e t r a d e r c o m p o n e n t i n t o the C C A P M s e t u p o f H a n s e n 
a n d S i n g l e t o n (1982), f o l l o w i n g a p r o c e d u r e a n a l o g o u s to the a b o v e a n d 
d e r i v i n g a g e n e r a l set o f o r t h o g o n a l i t y c o n d i t i o n s i n w h i c h b o t h the 
" p u r e " H a n s e n a n d S i n g l e t o n C C A P M a n d the " p u r e " n o i s e t r a d e r m o d e l s 
are " n e s t e d . " 

E x a m p l e 4.1 s h o w s h o w a r i c h class of m o d e l s m a y be f o r m u l a t e d that 
( i ) are e c o n o m e t r i c a l l y tractable to GPV m e t h o d o l o g y , ( i i ) c a n be u s e d to locate 
s u f f i c i e n t c o n d i t i o n s for no ise trader effects to s u r v i v e the w a s h i n g o u t effect 
o f the l a w of large n u m b e r s , (There m u s t be aggregate s h o c k s to the u(., f) o r 
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p7 > 1), ( i n ) c a n be u s e d to locate suf f i c i en t c o n d i t i o n s for the a d d i t i v e IID 
errors o f DSSW (1990) to a p p e a r i n the large e c o n o m y l i m i t , ( i v ) c a n be e n r i c h e d 
b y d i f f e r e n t p a r a m e t e r i z a t i o n s of the u(., t) i n (4.1.3'). W e p o i n t o u t i n p a s s i n g 
that the presence of n o i s e t r a d i n g effects i n the context (4.2.6) c a n be tested b y 
u s i n g the W e s t (1987) test. H i s p r o c e d u r e tests for the presence of t e r m s l i k e 
b0 i n l i n e a r present v a l u e m o d e l s (4.2.6). 

T h i s is a g o o d p o i n t to a d d a f e w w o r d s about j u s t i f i c a t i o n for s t u d y of 
m o d e l s w i t h d i s p e r s i o n of be l ie fs . A n t o n i e w i c z (1992) i n h e r w o r k o n v o l u m e 
r e v i e w s r e c e i v e d w o r k o n v o l u m e d y n a m i c s . T h e consensus of this w o r k is 
that t r a d i n g v o l u m e i s a v e r y pers i s tent series that is d i f f i c u l t to r e d u c e to 
w h i t e n o i s e b y s t a n d a r d " d e t r e n d i n g " m e t h o d s . 

Sargent (1992) s h o w s h o w h a r d it is to p r e s e r v e v o l u m e pers i s tence i n 
set t ings w h e r e the n o - t r a d e t h e o r e m b e c o m e s o p e r a t i v e t h r o u g h l e a r n i n g . 
T h e r e f o r e it a p p e a r s that pers is tence i n bel ie f d i s p a r i t y w i l l be n e e d e d i f o n e 
is to get v o l u m e pers is tence o u t of bel ie f d i s p a r i t y . W h i l e w e s h a l l e x h i b i t 
m o d e l s b e l o w that generate v o l u m e d y n a m i c s f r o m heterogene i ty i n r i s k 
a v e r s i o n a n d c o r r e l a t i o n s o f o w n i n c o m e w i t h the m a r k e t these m o d e l s d o 
n o t s e e m r i g h t for e x p l a i n i n g h i g h f r e q u e n c y v o l u m e d y n a m i c s . 

O n e j u s t i f i c a t i o n for pers is tence i n be l ie f d i s p a r i t y is the w o r k of K u r z 
(1990,1991 a n d 1992) w h o d e v e l o p s a theory w h e r e a l l t raders see the s a m e 
d a t a , f o r m b u l k quant i t i e s s u c h as t i m e averages , a l l t i m e averages c o n v e r g e 
for each trader, ye t d i s p a r i t y i n l i m i t i n g quant i t i es r e m a i n . There is e n o u g h 
s t a t i o n a r i t y i n K u r z ' s se t t ing so that t i m e averages c o n v e r g e , yet there is 
e n o u g h n o n s t a t i o n a r i t y that each agent m a y not c o n v e r g e o n t o the s a m e 
p r o b a b i l i t y (the t rue p r o b a b i l i t y ) . F o r the context of pers is tence of be l i e f 
d i s p a r i t y it m a y b e u s e f u l to t h i n k o f K u r z ' s se t t ing as a m e t a p h o r for a 
s i t u a t i o n w h e r e d a t a is a r r i v i n g fast e n o u g h for each i n d i v i d u a l t r a d e r ' s 
e s t i m a t o r s u s i n g t i m e averages to c o n v e r g e b u t w h e r e the u n d e r l y i n g s y s t e m 
d y n a m i c s is c h a n g i n g s l o w l y b u t fast e n o u g h that t raders d o n o t " l o c k o n t o " 
c o m m o n a g r e e m e n t about the u n d e r l y i n g p r o b a b i l i t y . I.e. the i r es t imators d o 
n o t c o n v e r g e o n t o c o m m o n l i m i t s . 

O u r t y p e of m o d e l i n g m a y h a v e use i n the f u t u r e as a w a y o f l o c a t i n g 
s u f f i c i e n t c o n d i t i o n s o n the d e g r e e of d e p e n d e n c e of i n d i v i d u a l b e l i e f s s o 
that a n a g g r e g a t i v e effect r e m a i n s i n the c ross s e c t i o n a l l a r g e e c o n o m y 
l i m i t . K u r z (1992) uses h i s t h e o r y to a r g u e that the D o w w a s g r o s s l y 
o v e r v a l u e d i n 1966. T h i s a r g u m e n t r e q u i r e s that b e l i e f b i a s r e m a i n i n the 
l a r g e e c o n o m y l i m i t . It i s b e y o n d the s c o p e of o u r p a p e r to s a y m o r e a b o u t 
K u r z ' s s t i m u l a t i n g w o r k h e r e . S u f f i c e i t to s a y that w e b e l i e v e t h a t b e l i e f 
d i s p a r i t y p l a y s a n i m p o r t a n t r o l e i n v o l u m e d y n a m i c s a n d s t u d y o f s u c h 
m o d e l s is j u s t i f i e d . T h e d y n a m i c s of s u c h m o d e l s m a y b e u s e f u l l y d i s ­
c i p l i n e d b y e v o l u t i o n a r y m o d e l i n g as i n B l u m e a n d E a s l e y (1992). T u r n 
n o w to a r e l a t e d c lass o f e x a m p l e s . 
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E x a m p l e 4.2.2 

B r o c k (1991a, p . 136-137) sketches a m o d e l w h e r e each t r a d e r has a c h o i c e o f 
t w o s trategies : - 1 e q u a l s a char t i s t " t r e n d c h a s i n g " s t ra tegy a n d + 1 e q u a l s a 
" f u n d a m e n t a l i s t " s t ra tegy . E a c h o f these strategies is a r e c i p e for u p d a t i n g 
the i r es t imate E i t ( p ' + /) at e a c h date t. T r a d e r s k e e p a r e c o r d o f the p r o f i t s 
e a r n e d b y the t w o strategies . B r o c k (1991a, p . 136-137) u p d a t e d the " f i e l d " 
p a r a m e t e r h t i n (4.1.7) as a f u n c t i o n of r e l a t i v e p r o f i t s at t. W e i m p r o v e o n th i s 
b y u s i n g the t h e o r y i n S e c t i o n 4.1. 

It is m o r e n a t u r a l to p u t h , = 0 i n (4.1.7) a n d d e f i n e n(to , t) to b e the 
e s t i m a t e d p r o f i t fo r s t ra tegy to e Q = {- 1, + 1 (, w h e r e the es t imate i s b a s e d 
u p o n the c o m m o n i n f o r m a t i o n /, a v a i l a b l e to t raders at date t. 

W e d e f i n e the f u n d a m e n t a l s t rategy b y p u t t i n g 

£+1 ,(/>' + y ' ) = E t y ' + E l P ' F , + , 

w h e r e { p F t ) i s the f o r w a r d r a t i o n a l expec ta t ions s o l u t i o n p r o c e s s of t h e e q u a ­
t i o n R p , = E { p l + ] + y t + ] \ /,}. A s i n B r o c k (1991a, p . 136), fo r s t ra tegy to = - 1, 
p u t , q, = p , + y t , 

E ~ \ , t c < t + \ = P F t / R + b < > b t = b
t - \ + U q , - , - M A ( 1, t - 1)), (4.2.8) 

M A ( / , / - \) = [ q , _ i + . . . + <?,_] / ' = m o v i n g a v e r a g e w i t h / lags . (4.2.9) 

S u p p o s e X > 0 . N o t e that q,_ , > M A ( Z , t- 1) causes the b ias o v e r the f u n ­
d a m e n t a l to be i n c r e a s e d ; v i c e v e r s a for " < " . 

A s s u m e , fo r c l a r i t y that x,. = x, C o v i ( = 0, x = 0. C l o s e the m o d e l b y u s i n g 
the e x p e c t a t i o n Ea ( q t + ,) , to,, e {- 1, + 1} to f o r m the d e m a n d s (4.2.1). A s s u m e , 
at e a c h d a t e t, the p r o b a b i l i t y t rader / chooses to,., i s g i v e n b y the M F T - d i s c r e t e 
c h o i c e m o d e l (4.1.3'), (4.1.5). 

W e h a v e a m i x e d d i s c r e t e / c o n t i n u o u s cho ice p r o b l e m w h e r e (4.1.3') 
serves as the discrete cho ice m o d e l fo r w h i c h strategy ( c o n d i t i o n a l expecta ­
t ion) to use i n f o r m i n g d e m a n d s . T h e c o n t i n u o u s cho ice p r o b l e m is the cho ice 
of o p t i m u m q u a n t i t y o f s tock a n d b o n d to p u r c h a s e g i v e n the c o n d i t i o n a l 
e x p e c t a t i o n (strategy). F o r each f i x e d date t, the ~ e q u i l i b r i u m (4.2.4) 
m a y b e r e w r i t t e n 

R p , = [(1 - m p / 2 ] £ _ , ,(?,+ ,) + [(1 + m * ) / 2 ] E + h , ( q ] + t ) , (4.2.10) 

w h e r e w e c h o o s e m * to be the largest ( in abso lute v a l u e ) s o l u t i o n w i t h the 
s a m e s i g n as d u to, 
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m = {expfBJm + f i d u ] - e x p [ - P7m]) / {expfPJm + pV«] + e x p [ - pV]} 

= tanh[P(y« + A ' ) ] / (4.2.11) 

w h e r e A ' = </h /2, rfu s M (+ 1, i) - tt(- 1, /) a n d « ( 0 ) , t) are m e a s u r e s of h o w w e l l 
f o l l o w i n g s t ra tegy co has g e n e r a t e d u t i l i t y for the t rader h a d he f o l l o w e d it i n 
the p a s t . W e a s s u m e this m e a s u r e is a mat ter of p u b l i c r e c o r d a v a i l a b l e to a l l 
t r a d e r s , b u t c h o i c e of co is g o v e r n e d b y (4.1.3'). O n e m a y n o w s t u d y the 
d y n a m i c s g e n e r a t e d b y (4.2.10). U n f o r t u n a t e l y w e m u s t l eave i t to f u t u r e 
r e s e a r c h . 

E x a m p l e 4.2.3 ( B a s e d o n A r t h u r , 1 9 9 2 ) 

B r i a n A r t h u r h a s w r i t t e n a n i n t e r e s t i n g p a p e r w h e r e he argues for r e p l a c i n g 
the d e d u c t i v e m o d e of t h e o r i z i n g b y a n i n d u c t i v e m o d e of t h e o r i z i n g . H e 
s h o w s that i n d u c t i v e m o d e s are a n a l y t i c a l l y tractable b y c o n s i d e r i n g a s tock 
m a r k e t w h e r e t r a d e r s take p o s i t i o n s b y m o n i t o r i n g a c o l l e c t i o n of p r e d i c t o r s 

H p . S u p p o s e w e e n c o d e these u s i n g b i t s t r i n g s co e {- 1, + 1 ) L o f 
l e n g t h L as s u g g e s t e d at the e n d of S e c t i o n 4.1. I n t r o d u c e s o c i a l i n t e r a c t i o n 
t e r m s f o r each s l o t o f the b i t s t r i n g a n d i n t r o d u c e a r e c o r d for each p r e d i c t o r 
o n h o w w e l l i t h a s d o n e i n the past . Base the u t i l i t y «(co, f) o n this r e c o r d at t. 
Let , at e a c h date t, d i scre te cho ice o c c u r a c c o r d i n g to the n a t u r a l g e n e r a l i z a t i o n 
of the d i scre te c h o i c e m o d e l (4.1.3'). T h e n j o i n A r t h u r ' s a p p r o a c h a n d E x ­
a m p l e 4.2.2 to d e v e l o p the d y n a m i c s . O u r m o d i f i c a t i o n of A r t h u r a l l o w s 
" h e r d i n g " w h i c h i s i n d u c e d b y the i n t e r a c t i o n t e r m s {J,}. 

T h e d y n a m i c s o f t h i s m o d i f i e d A r t h u r m o d e l s h o u l d b e v e r y r i c h . 
It w o u l d be i n t e r e s t i n g to s i m u l a t e i t a n d see h o w e a s y i t i s to f i n d 
p a r a m e t e r s s u c h that the o u t p u t of r e t u r n s a n d v o l u m e r e p l i c a t e the 
s t y l i z e d fac ts r e p o r t e d b y H I T w h i c h w e r e d i s c u s s e d a b o v e . I n p r i n c i p l e 
the p a r a m e t e r s o f t h i s m o d i f i e d A r t h u r m o d e l c o u l d b e f i t t e d to a s u b s e t 
of d a t a to r e p l i c a t e re levant m o m e n t s i n s a m p l e . T h e n i t c o u l d b e e v a l u a t e d 
b y tests o u t - o f - s a m p l e . T u r n n o w to a n e x a m p l e that genera tes t r a d i n g 
v o l u m e v i a h e t e r o g e n e i t y i n c o r r e l a t i o n s of o w n i n c o m e w i t h the m a r k e t 
p o r t f o l i o . 

4.3. A M o d e l w i t h V o l u m e a n d P r i c e D y n a m i c s 

T h e v o l u m e d y n a m i c s are c o m p l i c a t e d i n the g e n e r a l m o d e l (4.2.4), b u t t h e y 
c a n be w o r k e d o u t a n d v o l u m e d a t a m a y be u s e d i n e s t i m a t i o n . H o w e v e r , 
s i m p l e v o l u m e d y n a m i c s m a y be o b t a i n e d f r o m (4.2.4) w i t h 

w/ = P,(p' + /) + e/, (4.3.1) 
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w h e r e {p,} has the p r o b a b i l i t y s t r u c t u r e (4.1.1), £,' is i n d e p e n d e n t of//, / a n d 
sat i s f ies ( l / y V ) X e / = > 0 . 

A s s u m e there is s u p p l y of x shares p e r trader. A s s u m i n g h o m o g e n e o u s 
e x p e c t a t i o n s o n c o n d i t i o n a l m e a n a n d v a r i a n c e i n (4.2.4), e q u a t i n g d e m a n d 
to s u p p l y of shares for N t raders y i e l d s , i n t r o d u c i n g a f irst type o f t rader 
w h i c h has a l l p (. e q u a l to a constant , w e h a v e , 

x = (1 / N ) J p f p ) = (1 W W ) ] " P/l 

= "[£,<?'/K, ( < / ) - « ! P i - « 2 P 2 < ( 4 - 3 - 2 ) 

where 

P2 = Z P ; / y v
2 = > p 2 ( m ) , / v - > < » , N k = n k N ' n k f ixed, fc= 1 , 2 . (4.3.3a) 

i 

N o t e that </' d e p e n d s u p o n N b u t w e abuse n o t a t i o n b y n e g l e c t i n g this 
d e p e n d e n c e i n the n o t a t i o n . H e r e w e s u p p o s e p, is cons tant across the N , t y p e 
o n e t raders , p2(co (- ;) is the state of c o r r e l a t i o n for type t w o traders w h e r e 
Pr{<a\ i s g i v e n b y (4.1.5). 

T h i s ra ises a n i s s u e of i n t e r p r e t a t i o n . O n e i n t e r p r e t a t i o n is to p u t 
«(.) = 0 a n d s i m p l y treat (4.1.5) as a c o n v e n i e n t w a y to p a r s i m o n i o u s l y 
p a r a m e t e r i z e cross d e p e n d e n c e of p i n g r o u p t w o . E q u a t i o n (4.1.5) m a y be 
m o t i v a t e d b y p l a c i n g the t raders o n a D u r l a u f (1991a,b) type latt ice w i t h 
p r o b a b i l i t y s t r u c t u r e (4.1.3) o n the p's of (4.3.1). T h e latt ice captures the 
re la tedness of t rader o w n i n c o m e s to e a c h other. E q u a t i o n (4.1.5) is a n M F T 
a p p r o x i m a t i o n to (4.1.3) that is r o u g h , b u t is accurate e n o u g h to suggest 
s u f f i c i e n t c o n d i t i o n s for p h a s e t r a n s i t i o n t y p e b e h a v i o r to take p l a c e (cf. 
Pearce , 1981). In a n y event this p a r a m e t r i z a t i o n forces o n e to r e a l i z e thatsome 
m e a s u r e of cross d e p e n d e n c e p l a y s a k e y r o l e i n p r e v e n t i n g the l a w of l a rge 
n u m b e r s f r o m " w a s h i n g o u t " the p-effect, i.e, p r e v e n t i n g p 2 f r o m c o n v e r g i n g 
to 0, as N -> <*> u n l e s s this is " f o r c e d " b y p u t t i n g h not e q u a l to zero . S m a l l 
c h a n g e s i n h (or «(.)) c a n l e a d to l a rge effects o n l y w h e n some m e a s u r e o f cross 
d e p e n d e n c e is b i g e n o u g h . E q u a t i o n (4.1.5) seems as at tract ive a w a y to 
c a p t u r e this k i n d of effect as any. 

A n o t h e r i n t e r p r e t a t i o n is to i m a g i n e a discrete m e n u of f u n d s w i t h the 
s a m e c o n d i t i o n a l v a r i a n c e b u t v a r y i n g c o r r e l a t i o n w i t h o w n i n c o m e for g r o u p 
t w o t raders . C o n s i d e r the s p e c i a l case of a l o w c o r r e l a t i o n f u n d , - 1 a n d a h i g h 
c o r r e l a t i o n f u n d +1 L e t a m e a s u r e of p a s t p e r f o r m a n c e of e a c h f u n d 
u{ ± 1, 0 be a v a i l a b l e at each date t. T h e n each m e m b e r of g r o u p t w o p i c k i n g 
w h i c h f u n d to b u y shares i n a c c o r d i n g to the discrete choice m o d e l (4.1.3) w i l l 
l e a d to (4.1.5). 
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In this t w o state case, at each p o i n t i n t ime, the l i m i t i n g v a l u e of p 2 w i l l be 

p 2 (m) = [(1 - m ) / 2 ] p 2 ( - 1) + [(1 + m ) / 2]p 2 (+ 1). (4.3.3b) 

S o l v e (4.3.2) for E , q ' / V , { q ' ) to o b t a i n 

E f l ' / V r ( q ' ) = l x + n l p ] + n 2 p 2 ( m ) ] / t = z t . (4.3.4) 

In o r d e r to s i m p l i f y the v o l u m e d y n a m i c s w e i g n o r e t r a d i n g w i t h i n 
g r o u p t w o a n d m e a s u r e t r a d i n g across g r o u p s o n e a n d t w o . D e n o t e b y D k l 

the e q u i l i b r i u m d e m a n d b y trader g r o u p Jk = 1,2. W i t h this q u a l i f i c a t i o n a 
n a t u r a l m e a s u r e of t r a d i n g p e r cap i ta p e r share c a n be genera ted f r o m the 
f o l l o w i n g , w h i c h m u s t h o l d i n e q u i l i b r i u m , 

D \ t - D \ , , - \ = n \ ^ r h - 0 ( 4 - 3 - 5 ) 

M o t i v a t e d b y (4.3.5) w e d e f i n e the t u r n o v e r m e a s u r e o v e r the p e r i o d 
[ f - 1,/], d e n o t e i t b y V,, 

V , S « , T ( Z , - Z , _ , ) / X (4.3.6) 

E q u a t i o n (4.3.6) c a n be t u r n e d i n t o a u s e f u l e q u a t i o n b y p a r a m e t e r i z i n g 
the v o l u m e d y n a m i c s v i a p a r a m e t e r i z a t i o n of {« , ( . ) , 7 , , h , ) as f u n c t i o n s of , for 
e x a m p l e , past y - i n n o v a t i o n s a n d past v o l u m e . G i v e n a p r o b a b i l i t y s t ruc ture 
o n {y,|, for e x a m p l e , A u t o r e g r e s s i v e w i t h I n d e p e n d e n t a n d I d e n t i c a l l y D i s ­
t r i b u t e d (IID) or M a r t i n g a l e D i f f e r e n c e Sequence (MDS) i n n o v a t i o n s , a n d a 
d e r i v e d d y n a m i c s for {m,|, w h e r e m, s (7, , h , ; «( .)) ; e q u a t i o n (4.3.4) m a y be 
s o l v e d b y f o r w a r d i t e r a t i o n . T h i s c a n be w r i t t e n as the c o n d i t i o n a l e x p e c t a t i o n 
of a c a p i t a l i z e d s u m of " a d j u s t e d " e a r n i n g s w h e r e the c a p i t a l i z a t i o n factor is 
1 / R . B o t h t h e p r i c e a n d v o l u m e d y n a m i c s c a n d i s p l a y a b r u p t c h a n g e s 
to s m a l l changes i n « , ( . ) , h t w h e n (37, > 1. W e bel ieve it w o u l d be interest ing to 
" c a l i b r a t e " m o d e l s l i k e E x a m p l e s 4.1-4.3 a n d see h o w m a n y of the s t y l i z e d 
facts l i s ted b y H T T c a n be r e p l i c a t e d . M o r e w i l l be s a i d a b o u t th is a n d other 
a p p l i c a t i o n s b e l o w . 

4.4. A R a t i o n a l E x p e c t a t i o n s M o d e l s of T r a d i n g V o l u m e a n d L i q u i d i t y P r o v i d e r s 

C a m p b e l l , G r o s s m a n , a n d W a n g (1991) h a v e d e v e l o p e d a r a t i o n a l expecta­
t i o n s m o d e l w i t h t w o t y p e s o f t raders . T y p e A h a v e constant r i s k a v e r s i o n 
p a r a m e t e r a a n d t y p e B h a v e s tochast ic r i s k a v e r s i o n p a r a m e t e r bt at t i m e t. 
W e u s e the p r o b a b i l i t y s t r u c t u r e o f S e c t i o n 1 to " d e r i v e " a s tochast ic d y n a m i c s 
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f o r b,. W e o u t l i n e h o w the m o d e l m a y be " s o l v e d " for a c l o s e d f o r m s o l u t i o n 
b y a d y n a m i c v a r i a t i o n a l a p p r o x i m a t i o n a n a l y s i s . 

W e use s i m i l a r n o t a t i o n as C G W . P u t R = 1 + r, r > 0 e q u a l to r e t u r n o n 
the r i s k - f r e e asset w h i c h is i n p e r f e c t l y elast ic s u p p l y . Le t X be s u p p l y p e r 
c a p i t a of stock, e a c h share p a y s D , = D + d,, d, = a d , _ , + u,, 0 < a < 1, u, IID 
(0 , a 2 ) . There are t w o t y p e of i n v e s t o r s A , B w i t h m e a n v a r i a n c e d e m a n d s , 

X k , = E \ Q , + | I /,] / V|/ tVar[g, + , I /,], yA = a , \ ] i B = br I , = ( P , , D , , 5,), (4.4.1) 

w h e r e Q , + ] = P , + ] + D , + [ - R P , = excess r e t u r n s , M ( + , = 5 , + e , + ,, ( 5 f , e , + | | 

i s j o i n t l y IID w i t h b o t h m e a n s z e r o , E [ u , + , I S,] = S,, V a r [ M , + 1 I S,] = a 2 , 
Var[5,] = CT2. P u t 

Z , = a b , / [ ( \ - w ) a + m b , I co = f rac t ion type A , (4.4.2) 

a s s u m e \Z,) s a t i s f i e s E [ Z t + , I Z,] = y0 + y , Z , , 0 < y, <1 , V a r [ Z , + , IZ,] = rj|, a s 

s u m e o | < ( R - y, )2(/f - a ) 2 / 4 X 2 ( / ? 2 o 2 + a 2 ) . T h e n C G W s h o w there i s a n e q u i ­
l i b r i u m p r i c e f u n c t i o n of the f o r m , 

P r = p Q + p ] C l , + p 2 Z , + p^S,, / J , , / ? 3 > 0 , p 2 < 0, (4.4.3) 

P ] = a / ( R - a ) , />3= 1 / ( R - a ) , p 0 = ( \ / { R - 1)) [ D + y 0 p 2 ] , (4.4.4) 

/ J 2 = (1 /(2Xo|)){ - ( / ? - y , ) + [ ( ( / ? - y , ) 2 -

- 4(1 /(/? - a ) ) 2 ( X o 2 ) (/c 2o 2 + a 2 ) ] 1 / 2 }, (4.4.5) 

Q I + \ = ( D - r p 0 ) + p 2 [ Z , + ] - R Z , ] + ( \ / ( R - a ) ) S , + i + ( R / ( R - a))e, + , . (4.4.6) 

A d d the d e m a n d s , use the m a r k e t c l e a r i n g c o n d i t i o n a n d the f o r m of the 
s o l u t i o n p r i c e f u n c t i o n to o b t a i n 

E [ Q , + ,!/,] = ( X a 2
Q ) Z , , Var(G, + , I /,) = o 2 = (1 + P ] )2o2 + p j a 2 + p 2 a 2 . (4.4.7) 

N o t e that (4.4.7) says that excess r e t u r n s are p o s i t i v e w i t h the s i z e i n c r e a s i n g 
as the m e a s u r e of a v e r a g e r i s k a v e r s i o n , Z , increases . Excess r e t u r n s a l so 
i n c r e a s e as the c o n d i t i o n a l v a r i a n c e increases . H o w e v e r , note that c o n d i t i o n a l 
v a r i a n c e is constant . H e n c e the C G W m o d e l is n o t able to e x p l a i n the w e l l 
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k n o w n ser ia l corre la t ion structure of c o n d i t i o n a l variance, i.e. the A u t o r e g r e s s i v e 
C o n d i t i o n a l H e t e r o s c e d a s t i c i t y ( A R C H ) d o c u m e n t e d b y the s t u d i e s c i t e d b y 
B o l l e r s l e v , C h o u , a n d K r o n e r (1992). T h i s is because the C G W m o d e l is a l i n e a r 
m o d e l . T u r n n o w to a n o n l i n e a r m o d e l w h i c h nests the C G W m o d e l . 

L e t there be three types of i n v e s t o r s , A , B , C. T y p e s A , B are as i n C G W . A t 
date t, m e m b e r i o f t y p e C has r i s k to lerance g i v e n b y 7 c(co, (). P a s s i n g to the 
l i m i t as the n u m b e r of t raders , N , goes to i n f i n i t y b u t h o l d i n g the f r a c t i o n s 
n k , k = A , B , C f i x e d w e h a v e , e q u a t i n g d e m a n d to s u p p l y , 

E [ Q t + ] I = ( X a 2
Q r ) Z r , o| , = V a r ( g ( + 1 I /,), Z f = 1 / [ n a x a + n h i h t + n c x c ( m t ) } (4.4.8) 

w h e r e 

T,(m) = [ ( l - m ) / 2 ] T c ( - + + m ) / 2 ) ] T c ( + 1), 

m , = m(J,, h , ) , \ , = \Jbv b, = r i s k a v e r s i o n of t y p e B as i n C G W . If ((/,, h,)} i s a 
s tochas t i c p r o c e s s s u c h that {Z,| sa t i s f i ed E { Z I + , IZ,] = y 0 + y , Z , , 0 < y, < 1, 
V a r [ Z , + , I Z,] = c | w e c o u l d s i m p l y c o p y C G W a n d f i n d the i r e q u i l i b r i u m 
p r i c e f u n c t i o n . 

B u t w e w a n t to p a r a m e t e r i z e {(J,, h , ; «(.))} as a f u n c t i o n of p a s t v o l u m e 
a n d p a s t r e t u r n s i n s u c h a w a y that w e h a v e the p o t e n t i a l to repl ica te the 
s t y l i z e d facts c o l l e c t e d b y H T T . T h i s requires a n o n c o n s t a n t o | a n d a n a t u r a l 
w a y to i n t r o d u c e this is to p a r a m e t e r i z e 7, , h , as f u n c t i o n s of the past . F o r 
e x a m p l e , a large "aggregate d i v i d e n d s u r p r i s e " , D t - E , _ L D L , m a y b e as­
s o c i a t e d w i t h a c h a n g e i n the degree of d e p e n d e n c e of r i s k tolerances i n the 
f u t u r e , i .e . , a c h a n g e i n J, + ,. 

W h i l e i t is b e y o n d the s c o p e of th is art ic le to d e v e l o p t h e m , there are t w o 
routes to d e a l i n g w i t h the t h i r d class of t raders i n the C G W m o d e l . T h e f i rs t 
o n e is to take a p a r a m e t e r l i k e n a n d e x p a n d the e q u i l i b r i u m i n a T a y l o r series 
i n n c a r o u n d the v a l u e n c = 0. I n this w a y o n e c a n e x p l o i t the k n o w n C G W 
s o l u t i o n ( n c = 0) to b u i l d u p a n a p p r o x i m a t i o n to the u n k n o w n s o l u t i o n for 
p o s i t i v e n c . T h e s e c o n d r o u t e is to s o l v e T p e r i o d p r o b l e m s b y b a c k w a r d s 
" d y n a m i c C p r o g r a m m i n g " f r o m a k n o w n t e r m i n a l v a l u e p T at T. A t y p i c a l 
v a l u e for p T is z e r o . 

4.5. A n A s y m m e t r i c I n f o r m a t i o n R a t i o n a l E x p e c t a t i o n s M o d e l 

H e l l w i g (1980) is a w e l l k n o w n p a p e r that d e r i v e s a c l o s e d f o r m s o l u t i o n for 
the l a r g e e c o n o m y l i m i t for a r a t i o n a l expec ta t ions m o d e l w h e r e N t r a d e r s 
e a c h r e c e i v e s i g n a l s a b o u t the f u t u r e e a r n i n g s of a n asset. T h e s o l u t i o n s h o w s 
h o w i n f o r m a t i o n is a g g r e g a t e d b y the r a t i o n a l expecta t ions p r i c e f u n c t i o n i n 
a c o m p e t i t i v e m a r k e t . 
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F i x da te t, s u p p r e s s " t " i n the n o t a t i o n , a n d a p p e n d to H e l l w i g ' s m o d e l 
the f o l l o w i n g p r o b a b i l i t y s t ruc ture of s i g n a l q u a l i t y across the set of N t raders . 
If t r a d e r i i s i n state - 1, let h e r s i g n a l v a r i a n c e be S2 > s2 w h i c h is h e r s i g n a l 
v a r i a n c e i n state + 1. L e t co = (to, , . . . , < a N ) , to,, e {- 1, + 1} d e n o t e a c o n f i g u r a ­
t i o n a n d let c o n f i g u r a t i o n p r o b a b i l i t i e s be g i v e n b y the C u r i e - W e i s s p r o b ­
a b i l i t i e s treated i n (4.1.17), (4.1.18) above . W e h a v e p o s i t i o n e d o u r s e l v e s to u s e 
S e c t i o n 5 of H e l l w i g (1980) w h e r e he d e r i v e s the f o r m of the e q u i l i b r i u m p r i c e 
f u n c t i o n i n the large e c o n o m y l i m i t . 

D e f i n e a t rader to be " i n f o r m e d " i f she is i n state + 1 so that h e r s i g n a l 
v a r i a n c e , s2 is s m a l l . T r a d e r s i n state " - 1" are " u n i n f o r m e d " . N o w c h e c k that 
H e l l w i g ' s A s s u m p t i o n s B.1-B.4 are sa t i s f i ed a n d take the la rge e c o n o m y l i m i t . 
A s s u m e { X , Z , e, , . . . , eN) i s G a u s s i a n c o n d i t i o n a l o n to w i t h the s a m e 
d i a g o n a l v a r i a n c e c o v a r i a n c e s t ruc ture as H e l l w i g . L e t /_, / + d e n o t e the 
l i m i t i n g f rac t ions of u n i n f o r m e d a n d i n f o r m e d traders . 

L o o k at H e l l w i g ' s e q u a t i o n s (1980, p . 492), w h e r e w e u s e h i s n o t a t i o n 
e x c e p t w e s u p p r e s s t h e " u p p e r * " , w r i t e r a n d o m v a r i a b l e s as c a p s , p u t 
A e q u a l to r i s k t o l e r a n c e , a n d B = A [ f _ / S 2 + f + / s 2 ] , w h e r e , b y (4.1.17), 
(4.1.18), 

/_ = (1 - m ) / 2 , / + = ( l + m ) / 2 , m = 6(m) = tanh(pVm + BA), (4.5.1) 

for u(.) = constant , 

P = n Q + n X - y Z , (4.5.2) 

n Q = [ X A 2 A + a 2 Z A B ] / D , (4.5.3) 

71 = [ c 2 B A 2 + a 2 A B 2 ] / D , (4.5.4) 

y = [ a 2 A 2 + C S 2 A B ] / D , (4.5.5) 

D = a 2 B A 2 + a 2 A B 2 + A A 2 (4.5.6) 

C o n c e n t r a t e f i r s t o n the case w(.) = constant . If the m e a n f i e l d e q u a t i o n , 

m = tanh(B7m + BA), (4.5.7) 

h a s t w o s o l u t i o n s , choose the o n e w i t h the s a m e s i g n as h to b e c o m p a t i b l e 
w i t h (4.1.19a). 

T h e f o l l o w i n g f o u r p o i n t s m a y be m a d e a b o u t th is v e r s i o n of H e l l w i g ' s 
m o d e l . F i r s t , the corre la tedness of the t rader s i g n a l q u a l i t y states m a y l e a d to 
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a " p h a s e t r a n s i t i o n " w h e r e the e q u a l i b r i u m p r i c e r e l a t i o n s h i p m a k e s a n 
a b r u p t s h i f t i n r e p o n s e to s m a l l changes i n (J , h ) . S t e p h e n D u r l a u f has m a d e 
the i m p o r t a n t p o i n t that this k i n d of m o d e l c a n be u s e d to s h o w h o w large 
m a r k e t m o v e m e n t s m a y be c a u s e d b y changes i n the degree of c o r r e l a t i o n of 
i n f o r m a t i o n b e t w e e n agents ra ther t h a n b y large changes i n the i n f o r m a t i o n 
itself. 

S e c o n d , the m o d e l raises issues of h o w to m e a s u r e factors that m i g h t 
effect the c o r r e l a t i o n s t r e n g t h of s i g n a l q u a l i t y across agents. T h i s i n t u r n 
i m p a c t s o n h o w r a p i d l y the p r i c e f u n c t i o n i m p o u n d s i n f o r m a t i o n a n d i m ­
pacts o n the l i k e l i h o o d of a b r u p t changes i n re turns w h i c h m a y a p p e a r to be 
b l o w o f f s a n d crashes . 

G e n n o t t e a n d L e l a n d (1990) s t u d y h o w the s e n s i t i v i t y of d e m a n d o f each 
t rader t y p e d e m a n d s u p o n re la t ive q u a l i t y of s i g n a l s a n d h o w this feeds i n t o 
a b o v e c h a n g e s i n the p r i c e r e l a t i o n s h i p p r o v i d e d their o u t s i d e h e d g i n g 
f u n c t i o n is u p w a r d s l o p i n g . T h e f o r m u l a a b o v e s h o w s h o w s i m i l a r b e h a v i o r 
c a n be o b t a i n e d w i t h o u t the n e e d for s u c h a n o u t s i d e h e d g i n g f u n c t i o n . A l s o 
note that i t m a y be p o s s i b l e to " e n d o g e n i z e " the o u t s i d e s u p p l y o f shares , Z , 
b y a c o m m u n i t y of no ise t raders m o d e l l e d as i n Sec t ion t w o a b o v e . A 
g e n e r a l i z a t i o n of H e l l w i g (1980) to a l l o w a p r o b a b i l i t y s t ruc ture o n s i g n a l s 
t h e m s e l v e s , ra ther t h a n just s i g n a l v a r i a n c e s , l i k e that i n S e c t i o n 1 w o u l d 
a l l o w m o r e a b r u p t changes i n the l e v e l o f pr i ces to a s m a l l a m o u n t of " n e w s " , 
b u t that a t t e m p t m u s t a w a i t f u t u r e research. 

T h i r d , note the q u a l i t a t i v e ro le of the c o r r e l a t i o n s t ruc ture of s i g n a l 
rece ipts of i n d u c i n g a b r u p t changes i n the e q u i l i b r i u m p r i c e f u n c t i o n , a n d , 
hence , i n e q u i l i b r i u m r e t u r n s . T h i s feature is l i k e l y to r e m a i n i n m o r e 
e laborate m o d e l s . 

A f o u r t h p o i n t is this . W e m a y i n t r o d u c e a discrete choice d e c i s i o n i n t o 
the m o d e l w h e r e w e a l l o w agents to choose h i g h s i g n a l q u a l i t y strategy, 
co = + 1, (for w h i c h a fee of F is p a i d each p e r i o d ) or choose l o w s i g n a l q u a l i t y 
s t rategy co = - 1, ( w h i c h is free). A t each date t, cho ice is c o n d u c t e d a c c o r d i n g 
to the discrete cho ice m o d e l (4.1.3') w h e r e «(co , t) is b a s e d u p o n a m e a s u r e of 
p a s t p e r f o r m a n c e of s t rategy cho ice co e {- 1, + 1}. T w o separate cases c a n b e 
treated: ( i ) w(co, i) is u p d a t e d a c c o r d i n g to a p u b l i c a l l y k e p t r e c o r d of ex­
p e r i e n c e w i t h s t ra tegy co; ( i i ) w(co , /) is u p d a t e d a c c o r d i n g to each i n d i v i d u a l 
t r a d e r ' s e x p e r i e n c e w i t h co. Discre te cho ice m o d e l (4.1.3), (4.1.3') g o v e r n s the 
p r o b a b i l i t y s t r u c t u r e i n b o t h cases. 

A v e r s i o n o f th is m o d e l u n d e r research p a r a m e t e r i z e s c o r r e l a t i o n 
s t r e n g t h J as a f u n c t i o n of pas t v o l u m e a n d past " s u r p r i s e s " at the t i m e s lot 
f requency . T h i s is a n a t tempt to c a p t u r e the i d e a that h i g h i n f o r m a t i o n c h a n n e l 
c o n g e s t i o n forces t raders to c o n d i t i o n o n " c o a r s e " i n f o r m a t i o n sets s u c h as 
p a s t p r i c e s w h i c h s h o u l d l e a d to h i g h e r J w h i c h leads to h i g h e r v o l a t i l i t y , i.e., 
l a r g e r c h a n g e s i n response to v i b r a t i o n s i n h , «( . ) . D u r i n g p e r i o d s of l o w 
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c o n g e s t i o n t raders s h o u l d be able to get better q u a l i t y s ignals o n X f r o m m o r e 
i n d e p e n d e n t sources so that J s h o u l d be l o w e r . Regard less of the loose 
h e u r i s t i c s , the i d e a is to p a r a m e t e r i z e J, h , «(.) a f u n c t i o n s of past p r i c e 
b e h a v i o r , pas t v o l u m e , a n d past " s u r p r i s e s " (a m e a s u r e of m o d u l u s o f pas t 
forecast errors) i n s u c h a w a y that the d a t a c a n speak to the f o r m o f th is 
r e l a t i o n s h i p . O n e v e r s i o n of this m o d e l that w e h a v e f o r m u l a t e d l eads to 
u n p r e d i c t a b l e f i rs t c o n d i t i o n a l m o m e n t s of re turns b u t s o m e w h a t p r e d i c t a b l e 
h i g h e r o r d e r c o n d i t i o n a l m o m e n t s of re turns . 

T h e s ix a p p l i c a t i o n s a b o v e h a v e b e e n to f i n a n c i a l m o d e l s . W e h a s t e n to 
c a u t i o n the reader that t w o p e r i o d m o d e l s a n d i n c o m p l e t e m a r k e t s m o d e l s , 
w h i c h w e use to i l lus t ra te the use fu lness of IPS m e t h o d s are d a n g e r o u s to 
a p p l y i n prac t i ce . T h i s is p a r t l y because w e h a v e a r b i t r a r i l y a s s u m e d that 
m a r k e t s are i n c o m p l e t e i n the A r r o w - D e b r e u sense w i t h o u t g i v i n g a t h e o r y 
of w h y these m a r k e t s are m i s s i n g . 

W e h a v e s a i d n o t h i n g a b o u t the p o t e n t i a l i t y of o p t i o n s m a r k e t s a n d 
o t h e r d e r i v a t i v e s e c u r i t y m a r k e t s to a m e l i o r a t e the p o t e n t i a l i t y for a b r u p t 
c h a n g e s i n r e t u r n s i n r e s p o n s e to s m a l l e v e n t s . L o n g e r h o r i z o n m o d e l s 
t y p i c a l l y w i l l l e a d to m o r e s m o o t h i n g b e h a v i o r . M o r e r e a l i s t i c m o d e l s t h a n 
those treated a b o v e w i l l n e e d to be i n v e s t i g a t e d before it c a n be c l a i m e d that 
a n y t h i n g s a i d i n this p a p e r p e r t a i n s to f i n a n c i a l reality. T h e p o i n t m a d e i n the 
f i n a n c i a l s e c t i o n of t h i s p a p e r is s i m p l e : M o d e l s of th i s t y p e are t r a c t a b l e 
to e c o n o m e t r i c m e t h o d s s u c h as H a n s e n a n d S i n g l e t o n (1982), a n d H o t z et 
a l . (1992). I n d e e d T s i b o u r i s (1992) has e s t i m a t e d a v e r s i o n of a n IPS m o d e l 
a n d tes ted the o r t h o g o n a l i t y r e s t r i c t i o n s w i t h a d e g r e e of success c o m ­
p a r a b l e to r e c e i v e d C C A P M theory . IPS m o d e l s l i k e those s k e t c h e d a b o v e 
h a v e t h e p o t e n t i a l to h e l p s h e d l i g h t o n the p u z z l i n g s t y l i z e d facts o f H T T . 
T u r n n o w to a v e r y b r i e f s k e t c h h o w M F T / I P S / d i s c r e t e c h o i c e m e t h o d s 
m a y be u s e f u l i n g e n e r a t i n g a n e w c lass of c l o s e d f o r m s o l u t i o n s for s i m p l e 
m a c r o / f i n a n c e m o d e l s . 

4.6. A M a c r o - F i n a n c e E q u i l i b r i u m A s s e t P r i c i n g M o d e l w i t h I n t e r a c t i n g A g e n t s 

W e s h o w off the flexibility of the a p p r o a c h to in terac t ive s y s t e m s m o d e l i n g 
a d v e r t i s e d a b o v e b y e x h i b i t i n g a m a c r o - f i n a n c e asset p r i c i n g m o d e l w i t h a 
c l o s e d f o r m s o l u t i o n . C o n s i d e r B r o c k (1982, E x a m p l e 1.5) w h e r e a r e p r e ­
s e n t a t i v e " s t a n d - i n " c o n s u m e r s o l v e s 

M a x £ 0 { ] £ û ' ~ ' l o g ( c ( r ) ) } s . t . c ( + i ( = j , ^ / l r f . ,, Jjcu_ , < x , _ , , (4.6.1) 
1 = 0 

w h e r e c,, xv xiv A i t , yv B, cc, d e n o t e c o n s u m p t i o n , c a p i t a l s tock, c a p i t a l s tock 
a l l o c a t e d to p r o c e s s i , p r o d u c t i v i t y s h o c k to process i, total o u t p u t p l u s tota l 
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c a p i t a l s t o c k c a r r y o v e r (a l l at date /), d i s c o u n t factor o n f u t u r e u t i l i t y , a n d 
e l a s t i c i t y o f p r o d u c t i o n f u n c t i o n . It is easy to see that the o p t i m a l s o l u t i o n of 
(4.6.1) is x, = txBy,, c, = (1 - aP)y, , X j l = r^x,, w h e r e the (n,.,) s o l v e 

M a x E , l o g ( ] » X , + | T i X ) , s.t. Jj]jt = 1 (4.6.2) 

N o t e that (4.6.2) i m p l i e s the ( n . l d o n o t d e p e n d u p o n x,. W e h a v e n o w l a i d 
the f o u n d a t i o n for b u i l d i n g a n d s o l v i n g a n i n t e r a c t i n g s y s t e m s m o d e l . 

F i r s t , note that the s o l u t i o n f o r m x, = cxPy, does n o t depend u p o n the 
d y n a m i c s t r u c t u r e of \ A i t ) , h e n c e w e m a y preserve the same f o r m of s o l u t i o n 
b y i n t r o d u c i n g a n y p a t t e r n of external i t ies w e w i s h a n d a n y n u m b e r of agents 
w e w i s h , so l o n g as a l l of t h e m are l o g u t i l i t y m a x i m i z e r s f a c i n g p r o b l e m s 
w i t h the s a m e s t r u c t u r e as (4.6.1), a n d a l l of t h e m face the external i t ies 
p a r a m e t r i c a l l y w h e n they s o l v e their o p t i m i z a t i o n p r o b l e m s . H o w e v e r , w e 
w i s h to b e able to c o m p u t e statistics f r o m aggregate quant i t i e s i n o r d e r to 
m a k e contact w i t h D u r l a u f ' s (1991a, b) w o r k o n d i s p a r i t i e s a m o n g i n c o m e 
a n d w e a l t h across sites. 

T h e s o l u t i o n for the \r\it) i n (4.6.2) is easy to f i n d u n d e r the a s s u m p t i o n 
that Pr|co () is i n v a r i a n t to p e r m u t a t i o n s w i t h i n co( for each t. In this case w e 
h a v e 

v h = \ / N , fo r a l l i , t , (4.6.3) 

x, = a P ^ , - , ( 1 / AO"*"- | • (4.6.4) 

G i v e n (4.6.3), (4.6.4) there are n o w t w o routes to o b t a i n i n g a class of 
c l o s e d f o r m s o l u t i o n s i n the large e c o n o m y l i m i t , N -> °°. F i r s t note that S e c t i o n 
1 locates su f f i c i en t c o n d i t i o n s o n the M F T / I P S p r o b a b i l i t y s t ruc ture for, 

£ A 1 / AO => E * A i r N -> cc, (4.6.5) 

so there i s n o p r o b l e m for a = 1. S e c o n d , i n o r d e r to d e a l w i t h a < 1, c o n s i d e r 
a n e c o n o m y w h e r e A i t = N s " < M 0 / , . W i t h this s c a l i n g (4.6.4) r e d u c e s to 

* , = « P X A o ; < ( 1 / A K - i - (4.6.6) 

O n e m a y n o w inves t iga te asset pr i ces f o l l o w i n g B r o c k (1982) for spec i f i c 
e x a m p l e s s u c h as s i m p l e M F T p a r a m e t e r i z a t i o n s of A i t = A ( a ^ w i t h co = - 1 
for l o w A , co = + 1 f o r h i g h A u s i n g the s i m p l e e q u a t i o n s (4.1.17), (4.1.18). I n 
this w a y o n e c a n s h o w h o w p i > 1, a n d a n IID process for {h,} w i t h m e a n z e r o 
a n d s m a l l v a r i a n c e c a n l e a d to b i g m a c r o e c o n o m i c f luca t ions . 
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A c l o s e l y re la ted t y p e of e x a m p l e w o u l d be to replace the p r o b a b i l i t y 
s t r u c t u r e i n D u r l a u f (1991a,b) w i t h o n e of the M F T / I P S p r o b a b i l i t y s t r u c t u r e s 
t reated i n th is p a p e r . T h e " C u r i e / W e i s s " s t ruc ture l e a d i n g to (4.1.18) is s i m p l e 
e n o u g h to generate c l o s e d f o r m s o l u t i o n s . T h e v e r s i o n of the discrete c h o i c e 
m o d e l r e p o r t e d b y P r o p o s i t i o n 4.1.2 is s i m p l e e n o u g h to a p p l y to D u r l a u f ' s 
f i r m s ' c h o i c e of t w o technologies . W h i l e the r e s u l t i n g m o d e l w o u l d g i v e 
s o m e t h i n g c loser to a " c l o s e d f o r m " s o l u t i o n , w e d o u b t that it w o u l d b e as 
r i c h as D u r l a u f ' s m o d e l . 

5. Summary, Further Remarks, and Conclusions 

T h i s p a p e r has t r i e d to i l l u s t r a t e the u s e f u l n e s s of M F T / I P S m e t h o d s as a n 
i n p u t m o d u l e i n t o p r o d u c i n g e c o n o m e t r i c a l l y a n d a n a l y t i c a l l y t rac t ib le 
m o d e l s of use to f i n a n c e a n d m a c r o e c o n o m i c s . W e c o n c e n t r a t e d o n f i n a n c e 
a n d s t ressed the p o t e n t i a l l y of M F T / I P S m o d e l s of a d d r e s s i n g s t y l i z e d facts 
w h i c h stress the a p p a r e n t lack of c o n n e c t i o n of m o v e m e n t of s tock r e t u r n s 
a n d v o l u m e to " f u n d a m e n t a l s " . T h i s is a n a t u r a l p lace to a r g u e for the 
p r o m i s e o f this t y p e of m o d e l i n b e i n g able to d e a l w i t h s t y l i z e d facts s u c h as 
H T T ( 1 9 9 1 ) . 

H I T (1991, p . 1006) state: " T h e large n u m b e r of v o l a t i l i t y shif ts that w e 
detect , a n d the fact that w e are u n a b l e to f i n d s ign i f i cant , rea l e c o n o m i c events 
i n the n e i g h b o r h o o d of a m a j o r i t y of these shif ts , l e a d us to the c o n c l u s i o n that 
w e m a y be o b s e r v i n g i n s t a b i l i t y i n the n o i s e c o m p o n e n t of v o l a t i l i t y s t e m ­
m i n g f r o m the m i c r o s t r u c t u r e of the s tock m a r k e t . T h u s w h i l e o u r f i n d i n g s 
s u p p o r t the n o t i o n that c h a n g e s i n r i s k p r e m i a m a y serve to p a r t i a l l y e x p l a i n 
the excess v o l a t i l i t y o b s e r v e d i n s tock p r i c e s , the a p p a r e n t l y e x c e s s i v e 
v o l a t i l i t y of v o l a t i l i t y w h i c h w e o b s e r v e o n l y serves to raise fur ther q u e s t i o n s 
r e g a r d i n g o u r a b i l i t y to a c c o u n t f u l l y for the b e h a v i o r of s tock p r i c e s t h r o u g h 
c u r r e n t f i n a n c i a l m a r k e t s p a r a d i g m s " . 

N o t e that H T T stress the lack of a l i n k a g e b e t w e e n real e c o n o m i c events 
a n d the v o l a t i l i t y shi f ts , a n d the asset p r i c i n g m o d e l s s k e t c h e d above generate 
l a r g e c h a n g e s i n response to s m a l l changes i n du o r h p r o v i d e d B/> 1. T h e 
p a r a m e t e r B is easy to i n t e r p r e t i n the m o d e l s b u i l t o n the f o u n d a t i o n of 
d i sc re te c h o i c e s u c h as (4.1.3). It is s i m p l y the i n t e n s i t y of choice a n d is a 
m e a s u r e of the l e v e l of sharpness i n cho ice . T h e p a r a m e t e r J is a m e a s u r e of 
the s t r e n g t h of " t i e s " to a re levant "reference g r o u p " for each agent. N o t e that 
i f in tens i ty of choice is h i g h w e d o not need m u c h " s o c i o l o g y " for By to be greater 
t h a n one. It is also p l a u s i b l e to th ink of p a r a m e t e r i z i n g B, J as funct ions of the 
past h i s t o r y of the e c o n o m y a n d es t imat ing the parameters u s i n g , for example , 
the G e n e r a l i z e d Ins t rumenta l Var iab le procedure ( H a n s e n a n d Singleton, 1982). 
T h i s is a g o o d t ime to address a s ide issue that arises i n IPS m o d e l i n g . 
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IPS m o d e l i n g is s o m e t i m e s c r i t i c i z e d i n e c o n o m i c s because it is s a i d that 
there is n o n a t u r a l i n t e r p r e t a t i o n of the " i n v e r s e t e m p e r a t u r e " p a r a m e t e r B 
a n d e v e n i f there w e r e the i n v e r s e t e m p e r a t u r e B is set e x o g e n o u s l y s u c h as 
c o n t r o l l i n g i n a l a b o r a t o r y e x p e r i m e n t or c o n t r o l l i n g b y o u t s i d e c o o l i n g or 
h e a t i n g . Per B a k e t a l . (1992a, b) a r g u e that s a n d p i l e m o d e l s are s u p e r i o r to 
IPS m o d e l s b e c a u s e the m o v e to c r i t i c a l i t y is " s e l f - o r g a n i z i n g " r a t h e r t h a n 
b e i n g f o r c e d e x o g e n o u s l y . 

W h i l e th is a r g u m e n t has m e r i t w e b e l i e v e that b o t h types of m o d e l s 
s h o u l d be s t u d i e d for the f o l l o w i n g reasons , ( i ) W h e n IPS m o d e l s are g i v e n a 
f o u n d a t i o n i n discrete c h o i c e r a n d o m u t i l i t y t h e o r y the i n t e r p r e t a t i o n of B 
b e c o m e s n a t u r a l a n d w e c a n i m a g i n e p a r a m e t e r i z i n g i t to c a p t u r e e c o n o m i c 
i n c e n t i v e s to m a k e s h a r p o r loose choices , ( i i ) T h e p a r a m e t e r s Ji} b e c o m e a 
tractable w a y to c a p t u r e s t r o n g a n d w e a k ties b e t w e e n agents . 

( i n ) S ince discrete cho ice e c o n o m e t r i c theory a n d IPS t h e o r y are w e l l 
e s t a b l i s h e d w e c a n d r a w o n it to generate b r o a d classes of e c o n o m e t r i c a l l y 
t rac tab le m o d e l s as i l l u s t r a t e d b y the s ix e x a m p l e s above . F u r t h e r m o r e 
A n d e r s o n , d e P a l m a , a n d T h i s s e (1993), s h o w h o w there is a p a r a l l e l b e t w e e n 
CES p r o d u c t i o n f u n c t i o n s a n d discre te choice t h e o r y a n d , hence , (3 is re la ted 
to the e las t i c i ty o f s u b s t i t u t i o n i n their C E S p r o d u c t i o n f u n c t i o n . T h e y s h o w 
h o w w e l f a r e m e a s u r e s i n discrete choice t h e o r y relate to p r o d u c t i o n f u n c t i o n s . 
T h e w e l f a r e m e a s u r e s treated i n discrete choice t h e o r y are essent ia l ly the s a m e 
as free e n e r g y e x p r e s s i o n s i n IPS theory. T h i s p a r a l l e l i s m b e t w e e n e c o n o m i ­
c a l l y i n terpretable quant i t i e s a n d p h y s i c a l l y in terpre tab le quant i t i e s is b e a u t i ­
f u l a n d u s e f u l , ( i v ) S a n d p i l e - b a s e d m o d e l s s t i l l n e e d a n o u t s i d e s o u r c e (e.g. 
f a l l i n g s a n d ) to d r i v e the p i l e to cr i t ical i ty . ( v ) T h e s a n d p i l e t h e o r y is n o t yet 
d e v e l o p e d e n o u g h to c o n d u c t e s t i m a t i o n a n d h y p o t h e s i s test ing w h i c h is 
f a i r l y s t r a i g h t f o r w a r d to d o i n the s ix e x a m p l e s l a i d o u t above . W e c o n c l u d e 
that i t i s w i s e to p u r s u e b o t h a p p r o a c h e s because there are a d v a n t a g e s a n d 
d i s a d v a n t a g e s to each. 

A p p e n d i x 

G e n e r a l P r o b a b i l i t y S t r u c t u r e w i t h K T y p e s of I n t e r a c t i n g A g e n t s 

T h e i n t e r a c t i o n s w i l l be c o n s i d e r e d o v e r d i s j o i n t sets A , , . . ., A K w h e r e types 
are h o m o g e n e o u s w i t h i n e a c h set b u t h e t e r o g e n e o u s across each set. T h e large 
s y s t e m l i m i t (as N = total n u m b e r -> °°) w i l l b e t a k e n b y h o l d i n g the f r a c t i o n 
of e a c h t y p e k = \ , 2 . . . , K constant . T o f o r m a l i z e this let Q. be a set o f rea l 
n u m b e r s , let Q ^ b e its A ' - f o l d C a r t e s i a n p r o d u c t , to e Q . N , 

P r { ( 0 } = exp[PG]/yco) / Z , G = (1 / 2 ) £ JjMkJk£N)Ml + ~^Jik M k , (1) 
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w h e r e M k = Xco; w h e r e X i s o v e r i i n A j . a n d Z = XexptGiv^/yv) o v e r a l l v . 
H e r e P N ( v ) d e n o t e s the p r o d u c t p r o b a b i l i t y o n « N i n d u c e d b y the c o m m o n 
d i s t r i b t i o n f u n c t i o n F o n Q . W e w i l l concentra te o n the case w h e r e Q i s f i n i t e 
a n d F i s a s u m of " d i r a c d e l t a s " b u t use X a n d / i n t e r c h a n g e a b l y to s u g g e s t 
the n a t u r a l e x t e n s i o n to a c o n t i n u o u s state space . W e s h a l l a lso a s s u m e the 
u t i l i t y f u n c t i o n s «(.) t reated i n S e c t i o n 4 are constant . O n c e o n e sees h o w to 
g e n e r a l i z e S e c t i o n 4 for th is case i t w i l l b e s t r a i g h t f o r w a r d to d o i t for u t i l i t y 
f u n c t i o n s . 

T h e best w a y to t h i n k a b o u t this s t ruc ture is to p a r t i t i o n the vector co t h u s : 
L i s t f i r s t the c o m p o n e n t s i i n A , , s e c o n d the c o m p o n e n t s i i n A 2 , etc. T h e 
p r o b a b i l i t y s t ruc ture c a p t u r e s h o m o g e n e o u s in terac t ions w i t h i n each set o f 
ent i t ies i e A k a n d c a p t u r e s h e t e r o g e n e o u s in terac t ions a m o n g entit ies across 
sets A , , . . . , A K . T h e s t r e n g t h of in terac t ions w i t h i n A k (across A k , A , ) i s 
m e a s u r e d b y J k k ( N ) ( b y J k l ( N ) ) w h e r e the i n t e r a c t i o n s t rength w i l l decrease 
l i n e a r l y w i t h N i n th is p a p e r . T h a t is to s a y the i n t e r a c t i o n s t rength b e c o m e s 
u n i f o r m l y w e a k e r across a n d w i t h i n a l l sets of enti t ies as N increases. 

F o r f u t u r e use , w e w a n t to f i n d l i m i t i n g v a l u e s of the f o l l o w i n g stat ist ics : 

m k = M K / N k => (co ; ) , i e A k , (2) 

w h e r e N k = # of e l e m e n t s of A k , N k / N = n k , a n d , N k , N -> ~ w i t h n k f i x e d . H e r e 
<.) d e n o t e s e x p e c t a t i o n w i t h respect to the l i m i t i n g p r o b a b i l i t y , as N -» «, 
d e f i n e d b y (1) a n d => denotes c o n v e r g e n c e i n d i s t r i b u t i o n . D e t a i l s o n h o w 
to d e f i n e the object, ( . ) , w i l l f o l l o w i n d u e course . W e s h o w n o w , that i f w e 
p u t J k , ( N ) = l a / N , I k l cons tant , the l i m i t i n g v a l u e of (2) is g i v e n b y a s m a l l 
g e n e r a l i z a t i o n of K a c (1968). 

A t the r i s k of r e p e a t i n g m a t e r i a l i n the text, i n o r d e r to see the K a c m e t h o d 
w i t h a m i n i m u m of c lutter , d e a l f irst w i t h the case K = \ , L , = J, h ( A ) = h , 
N k = N , m k = m . C o m p u t e P r [ a } , Z = Z N . W e h a v e 

Z N = 2 > P f p [ ( y / 2 ) (Xv/A" / 2 ) 2 + /!(][>,.)]} P N ( V ) (3) 

X i s o v e r v e Q r D o the f o l l o w i n g steps. P u t p = 1 to ease n o t a t i o n . F i r s t , use 
the i d e n t i t y 

exp[a2] = ( l /(27c)) l / 2 Jexp[-x 2 /2 + 2 1 / 2 xa]f&, (4) 

a n d , s e c o n d use the c h a n g e of v a r i a b l e y = x ( J / N ) 1 1 1 to o b t a i n 

P r { a ) = ( N / 2 n J ) U 2 j e x p [ - y 2 N / 2 J ] Y l e x p [ ( y + h ) w i ] d y P N ( ( 0 ) / Z N , (5) 
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Z N EE ( A V 2717)1 /2Jexp[- y 2 N / 2 J ] Y [ l W y + h ) ] d y , (6) 

M ( z ) = ]Texp[ztJi/F, II is p r o d u c t o v e r i = \ , 2 , . . . , N . (7) 

N o t e that w e use M to d e n o t e " m o m e n t g e n e r a t i n g f u n c t i o n " for (7). C o m p u t e 

m = lim{< [ ( I / * ) £ > , . ) ] > } 

= i im { j g ( h + y ) [ K { y ) ] N d y / jwfdò] 

= j g ( h + y ) H N ( d y ) , (8) 

w h e r e , \ i N ( d y ) => 8 (tìfy), /V -> ~ , 

AT(y) — + y)exp[ - y 2 / 27 ], (9) 

g ( h + y ) EE } { £exp£(/ i + y)]</F© ) / M ( h + y) = M ' ( h + y ) / M ( h + y ) . (10) 

A p p l y L a p l a c e ' s m e t h o d (cf. E l l i s , 1985) to see that, as N -> ~ , a l l p r o b a b i l i t y 
m a s s is p i l e d o n t o y* == Argmax(W(/!+y)exp[-y 2 /y]), i.e., p ^ d y ) S v „ ( d y ) , 
N -> oo. H e n c e , 

y * s o l v e s J M \ h + y ) / M { h + y ) = y , m = M ' { h + y * ) / M ( h + y * ) . (11) 

N o w , E l l i s ( 1 9 8 5 , p . 3 8 ) s h o w s c(z) = log[A/(z)] i s c o n v e x , t h e r e f o r e 
c'(z) = M'(z) /M(z) n o n d e c r e a s e s i n z. M a k e the m o d e s t a d d i t i o n a l a s s u m p t i o n 
that c ' ( z ) increases i n z- T h e n i t is 1-1 a n d it f o l l o w s that 

m = c{Jm + h ) = M \ J m + h ) / M { J m + h ) (12) 

In o r d e r to s t u d y e q u a t i o n s (11), (12) l o o k at the s p e c i a l case, 
Q. = {- 1, + 1 ), d F ( a ) EE ( 1 / 2 ) £ S f l , w h e r e & a p u t s mass o n e o n a = - 1, + 1, m a s s 
z e r o e l s e w h e r e . W e h a v e , r e c a l l i n g the d e f i n i t i o n s of h y p e r b o l i c cos ine , s ine , 
a n d tangent , 

M ( z ) = cosh(z), M \ z ) = sinh(z), c \ z ) = tanh(z), (13) 

m = tanh(7m + h ) (14) 
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E q u a t i o n (14) is E l l i s ' s C u r i e - W e i s s m e a n f i e l d e q u a t i o n (E l l i s , 1985, p . 180, p . 
182) w h e r e w e a b s o r b e d h i s (3 i n t o /, h. T u r n n o w to the d i s c u s s i o n of th i s k e y 
e q u a t i o n . 

F o l l o w i n g E l l i s it is easy to g r a p h (14) a n d s h o w that for h = 0, there is 
o n l y o n e s o l u t i o n , m = 0; b u t , t w o s o l u t i o n s , = - m + , a p p e a r as s o o n as J 
b e c o m e s greater t h a n o n e . F o r h not zero the one w i t h the s a m e s i g n as h is 
c h o s e n . A " p h a s e t r a n s i t i o n " or " s p o n t a n e o u s m a g n e t i s a t i o n " is s a i d to 
a p p e a r w h e n J b e c o m e s greater t h a n one. 

Be fore t u r n i n g to cent ra l l i m i t theorems, w e r e m a r k that the s o l u t i o n 
p r o p e r t i e s o u t l i n e d a b o v e c a n be g e n e r a l i z e d to the case w h e r e 
d F ( y ) E E f ( y ) d y , f ( - y ) = f ( y ) a n d s o m e r e g u l a r i t y c o n d i t i o n s . I n th i s case o n e 
s h o w <:•'(- z) = - c ( z ) , Af'(0) = \\dF = 0, M " ( 0 ) = fedF, c'(0) = M " ( 0 ) , so f o r 
h = 0 t w o s o l u t i o n s m = - m a p p e a r for J M " ( 0 ) > 1, a n d m = 0 is the s o l u t i o n 
f o r J M " { 0 ) < 1. S o m e c o n d i t i o n s are n e e d e d o n F to m a k e c'(z) d i s p l a y the 
q u a l i t a t i v e p r o p e r t i e s of tanh w h i c h w e r e u s e d a b o v e . 

E l l i s (1985, p p . 187, 207, a n d reference to w o r k of E l l i s a n d N e w m a n for 
g e n e r a l J, a n d h n o t zero) g i v e s centra l l i m i t theorems . In par t i cu lar , for the 
case J<\, h = 0 w e h a v e the cent ra l l i m i t t h e o r e m 

N W 2 ( m - m ) ^ N ( 0 , c 2 ( J , 0 ) ) t a 2 ( 7 , 0 ) E E ( l -J)~ (15) 

N o t e h o w the v a r i a n c e tends to i n f i n i t y as J tends to 1 f r o m b e l o w . 
R e m a r k : It is easy to s h o w u s i n g the same type of a r g u m e n t as that a b o v e 

that the c o v a r i a n c e s ((to,. - m) (to,. + , - m ) ) = 0 i n the l i m i t for a l l integers L . 
T h a t i s w h y there are n o c o v a r i a n c e terms i n (15). T h i s a p p e a r s to be a 
c o n t r a d i c t i o n to the w h o l e theme of this p a p e r w h i c h is to s h o w h o w m o d e l s 
w i t h corre la ted character is t ics c o u l d be p a r s i m o n i o u s l y p a r a m e t e r i z e d i n 
s u c h a w a y that e c o n o m e t r i c e s t i m a t i o n is poss ib le . 

In o r d e r to e x p l a i n this a p p a r e n t c o n t r a d i c t i o n w e p o i n t o u t that K a c 
(1968, p . 258) s h o w s that the C u r i e - W e i s s p r o b a b i l i t y s t ruc ture w e are u s i n g 
here is the l i m i t as y -> 0 of a class of s t ructures i n d e x e d b y y w h i c h c o n t a i n 
l o c a l in terac t ions w h i c h do give nonzero c o r r e l a t i o n s . A s y - > 0 the range of 
i n t e r a c t i o n s b e c o m e s l o n g e r w h i l e the s t rength decreases i n s u c h a w a y that 
the C u r i e - W e i s s e q u a t i o n (14) is o b t a i n e d i n the l i m i t . In v i e w of this " K a c 
b r i d g e " b e t w e e n m o d e l s w i t h loca l s t r o n g interact ions that h a v e n o n z e r o l o c a l 
c o r r e l a t i o n s whose strength increases w i t h J a n d the C u r i e - W e i s s m o d e l s w i t h 
l o n g r a n g e w e a k in terac t ions that g i v e the same e q u a t i o n (14) for the l o n g r u n 
v a l u e of ( t o ) w e s h a l l speak of a n increase i n J as a n increase of l o c a l 
c o r r e l a t i o n of character is t ics . K a c (1968) d e v e l o p s a series o f e x p a n s i o n s i n y 
f o r s o l u t i o n s for h i s g e n e r a l m o d e l w h e r e the C u r i e - W e i s s t h e o r y a p p e a r s as 
the l o w e s t o r d e r of a c c u r a c y b u t accurate e n o u g h to d i s p l a y the p h a s e 
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t r a n s i t i o n b e h a v i o r that a p p e a r s i n the g e n e r a l m o d e l . In o u r v i e w the 
a n a l y t i c a l a d v a n t a g e o f the C u r i e - W e i s s s t ruc ture a n d the K a c B r i d g e just i f ies 
the a b u s e of l a n g u a g e w e use i n a s s o c i a t i n g a n increase i n J w i t h a n increase 
i n c o r r e l a t i o n s across character is t ics . 

T u r n n o w to the g e n e r a l case. W e s h a l l use a n i d e n t i t y e x p l o i t e d b y K a c 
(1968). I n the a p p l i c a t i o n s b e l o w , i n d u c i n g d y n a m i c s w i l l g i v e u s f lex ib le 
f u n c t i o n a l f o r m s o f d y n a m i c s o n v o l u m e a n d stock re turns , w h i c h w i l l be one 
of o u r k e y a p p l i c a t i o n s . A n o t h e r k e y a p p l i c a t i o n w i l l be d y n a m i c s of K m a c r o 
aggregates . 

G e n e r a l Case: K > I 

R e w r i t e (1) as f o l l o w s 

P r { v > ) = exp[G]/ya>) / Z , G = {\ / 2 ) £ *ZMKJki(N)M, + J ^ i K M K . (16) 

P u t N J = n j N , n\ N J K L { N ) n \ / 2 = n ]
k

n l k f i \ / 2 / N = J k , / N , JKLconstant, 

G(co) EE (1 / 2 ) £ J , ( M k / N l / 2 ) J K L ( M , / N ] / 2 ) + J,hkMk. (17) 

F o l l o w i n g K a c (1968, p . 254) use the f o l l o w i n g i d e n t i t y , 

e x p ( ( l / 2 ) Y £ £ A i & = (2* ) " * / 2 [ d e t ( A ) r 1 / 2 j e x p [ X ^ , - x ' A " ' * ] / 2 d x , (18) 

w h e r e £ i s f r o m 1 to K , b o l d face letters are vec tors a n d matr ices , 1 i s o v e r the 
AT-vector x, A is K x K . 
P u t A = J, C EE (2ic)- * / 2 [ d e t ( A ) r 1 / 2 a n d w r i t e 

P r M = C M l l " , ] ' / 2 W v & k { h k + z k ) -

-(W/2)X X A / y W f * / z 

Z . = y . / N ) n (19) 

after m a k i n g a c h a n g e of v a r i a b l e f r o m y to z, l e t t ing the p r o d u c t U r u n f r o m 
1, 2 , . . . , K , a n d p u t t i n g B = J ~ ! . A p p l i c a t i o n of K a c ' s i d e n t i t y a n d s u m m i n g 
t e r m b y t e r m a l l o w s o n e to s h o w that z i s g i v e n b y 

Z = O V r l l " ; ] 1 / 2 \ { Y [ M ( h k + z k ) n k e x p [ - (1 / 2 ) X Z V * " i V / J ^ d z ' ( 2 0 ) 
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W e are n o w i n a p o s i t i o n to c o m p u t e the l i m i t i n g v a l u e s , as N -> ~ , o f 
m o m e n t s . C o n s i d e r 

( M J / N J ) for set A y (21) 

U s e (19) a n d (20) to o b t a i n 

( M J / N J ) = 

= \ [ W j + *,•) / M { h j + ^ } { \ \ M ( h k + z k f k e x p [ - £ Y , B k f i k n l Z k z ^ / 2 ) N d z / Z (22) 

H e r e A ( y ) = J t > x p [ C > y F © = M ' { y ) . U s e L a p l a c e ' s m e t h o d ( E l l i s , 1985) to 
o b s e r v e that, as N -> ~ , a l l p r o b a b i l i t y m a s s p i l e s o n t o z* w h e r e z* m a x i m i z e s 

X ^ l o g A i ^ + ^ - d / ^ X ^ / W / - (23) 

T h e f i r s t o r d e r necessary c o n d i t i o n s for a m a x i m u m of (23) are g i v e n b y 

M ' k / M ^ B ^ f y M ^ M i h ^ z , ) . (24) 

P u t a k = M \ / M k , a = ( a v . . . , a K ) , ck = nkzk, c = ( c , , . . . , cK) a n d r e w r i t e (24) 
t h u s , 

a = Be, Ja = c. (25) 

R e c a l l that Jkl = [ n k n , ] 1 n l u , so (25) b e c o m e s 

^ [ n k n , ] 1 ' 2 I k , M ' k / M k = n ( L t , l = \ , 2 , . - . , K . (26) 

N o t e that i n the d i a g o n a l case l k l = 0 for k not e q u a l to /, a n d that n, cancels 
f r o m b o t h s i d e s of (26). In g e n e r a l the r e l a t i v e size \nk/n$ 1 1 p l a y s a k e y r o l e 
i n t r a n s m i t t i n g i n t e r a c t i o n s across d i f f e r e n t sets of ent i t ies as c a n be seen b y 
d i v i d i n g b o t h s ides of (26) b y n,. 

W e h a v e 

m k = M K / N k = $ ( ( D j ) = M \ \ x k + z * ) / M ( h k + z * k ) , i e A k . (27) 

S i m i l a r a r g u m e n t s y i e l d , r e p l a c i n g M k = ]>>, b y Xg(co,,) for a n y f u n c t i o n g, 

]Tg(G>,-) / N k => j g ( Z , ) e x p [ ( h k + z m d F { \ ) / M ( h k + z * k ) , i e A k . (28) 
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T h e s e f o r m u l a e for c o m p u t a t i o n o f l i m i t i n g m o m e n t s c a n be u s e d to e x t e n d 
the a p p l i c a t i o n s g i v e n i n the text. 

M a x i m u m E n t r o p y a n d o t h e r R a t i o n a l e s 

T h e p r o b a b i l i t y s t r u c t u r e s p u t f o r t h i n S e c t i o n 1 o f o u r p a p e r m a y a p p e a r 
a r b i t r a r y a n d c h o s e n m e r e l y for c o n v e n i e n c e . T h e r e is s o m e j u s t i f i c a t i o n for 
the p a r t i c u l a r p a r a m e t e r i z a t i o n of p r o b a b i l i t y s t r u c t u r e that w e chose to use. 
W e g i v e s e v e r a l a r g u m e n t s b e l o w . F i r s t w e d e a l w i t h the i d e a of m o d e l l i n g 
e r r o r - p r o n e o r " n o i s e " t raders . T h e n w e s h o w h o w s u c h p r o b a b i l i t i e s arise 
n a t u r a l l y f r o m discre te cho ice theory . 

A n a t u r a l w a y to m o d e l the n o t i o n of " n o i s y b e l i e f s " is to c h o o s e the 
m o s t r a n d o m p r o b a b i l i t y m e a s u r e s u b j e c t to c o n s t r a i n t s . F o r e x a m p l e 
the m o s t r a n d o m p r o b a b i l i t y m e a s u r e o n ft = {- 1, 1 f is the u n i f o r m m e a s u r e 
that ass igns P(co) = 1 /2N to each co € ft. E x p l a n a t i o n of this i d e a r e q u i r e s a 
d i g r e s s i o n i n t o the subject o f m a x i m u m e n t r o p y measures . 

M a x i m u m E n t r o p y M e a s u r e s 

T o b e p r e c i s e c o n s i d e r the f o l l o w i n g o p t i m i z a t i o n p r o b l e m 

M a x i m i z e [- £ p(co)ln(>(co))], (29) 

subject to , 

X /?(co)G(co) = G , X /'(to) = 1, (30) 

w h e r e ln(jc) d e n o t e s the n a t u r a l l o g a r i t h m of x, X is o v e r a l l co e ft, a n d G 
d e n o t e s a f i x e d l e v e l of g r o u p s e n t i m e n t . L e t A., , i t , be the L a g r a n g e m u l t i ­
p l i e r s assoc ia ted w i t h the t w o cons t ra in t s i n (29) b y o r d e r o f a p p e a r a n c e . T h e n 
it i s easy to s h o w b y d i f f e r e n t i a t i n g the L a g r a n g i a n 

£ = £ - />(co)In|p(co)] + \ { G - £ P(w)G(co)) + A 2 ( l - X />(«))> (31) 

that 

/>(co) = exp[PG(co)]/Z; Z = Xexp[PG(u)], B = " K (32) 
u e n 

U s i n g the c o n c a v i t y of the f u n c t i o n H ( x ) = - l a ( x ) x o n (0 , °o) a n d the 
l i n e a r i t y of the t w o cons t ra in ts i n p , it is s t r a i g h t f o r w a r d , u s i n g s t a n d a r d 
n o n l i n e a r p r o g r a m m i n g theory, to s h o w that P a p p r o a c h e s + ~ (- ~) as G 
a p p r o a c h e s G * ( G t ) w h e r e G* ( G J denote the m a x i m u m ( m i n i m u m ) v a l u e s 
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of G. N o t e that p ( a ) co l lapses to the m o s t u n i f o r m m e a s u r e o v e r Q , i.e., the 
IID p r o c e s s o v e r Q , w h e n (3 = 0. D e n o t e this m e a s u r e b y TC a n d n o t e that 
7t(to) = 1 /2N, for a l l cos Q , a n d that (32) m a y be e q u i v a l e n t l y w r i t t e n b y 
m u l t i p l y i n g the n u m e r a t o r b y TC(CO) a n d each t e r m of the d e n o m i n a t o r b y 
n ( v ) . T h i s is u s e f u l i n E l l i s ' s (1985) d e v e l o p m e n t of the l i m i t theory w h i c h w e 
f o l l o w . A l s o note that E l l i s ' s (3 is a b s o r b e d i n o u r J , h. To p u t i t another w a y , 
E l l i s ' s py , fih c o r r e s p o n d to o u r J, h. 

R a t i o n a l e for E n t r o p y M a x i m i z a t i o n 

A t th is p o i n t w e m u s t f u r t h e r d i g r e s s to d i s c u s s the ra t iona le for e n t r o p y 
m a x i m i z a t i o n . T h e m o t i v a t i o n of e n t r o p y m a x i m i z a t i o n s tems f r o m m y o w n 
a t t e m p t to r e f o r m u l a t e the " H a r s a n y i " d o c t r i n e or " c o m m o n p r i o r s " a s s u m p ­
t i o n i n s u c h a w a y that s o m e d i v e r s i t y of be l ie fs is a l l o w e d at a cos t of a 
m i n i m a l n u m b e r of free p a r a m e t e r s . 

T h e H a r s a n y i d o c t r i n e is c o n t r o v e r s i a l . W i t n e s s the l a b o r e x p e n d e d 
d e f e n d i n g it b y A u m a n n aga ins t the flat s tatement b y K r e p s : " T h i s a s s u m p ­
t i o n h a s v e r y s u b s t a n t i a l i m p l i c a t i o n s for e x c h a n g e a m o n g agents ; w e w i l l 
e n c o u n t e r s o m e of these later i n the b o o k . I leave it to others to d e f e n d this 
a s s u m p t i o n - see , for e x a m p l e A u m a n n (1987, sec t ion 5 ) - as I c a n n o t d o so. 
B u t the reader s h o u l d be a ler ted to this m o d e l i n g a s s u m p t i o n , w h i c h p l a y s 
a n i m p o r t a n t ro le i n par t s o f m o d e m m i c r o e c o n o m i c theory ; i t is c a l l e d b o t h 
the common p r i o r a s s u m p t i o n a n d the H a r s a n y i d o c t r i n e . " (1990, p . 111). K u r z 

(1990) , for e x a m p l e , m a k e s a s t r o n g a r g u m e n t that d i v e r s i t y o f bel iefs w i l l 
r e m a i n i n the face of l e a r n i n g i n a context w h e r e o n e w o u l d expect bel ief 
c o n v e r g e n c e . 

I n v i e w of this c o n f l i c t i n the p r o f e s s i o n w e p r o p o s e a c o m p r o m i s e . 
E n t r o p y m a x i m i z a t i o n subject to cons t ra in ts is g i v e n a v e r y s p i r i t e d defense 
as a u s e f u l w a y to d o p r e d i c t i o n i n stat is t ical m e c h a n i c s b y E . T. Jaynes (1983) 
a n d there m a y be a u s e f u l a n a l o g y i n e c o n o m i c s as d i s c u s s e d b y Z e l l n e r 

(1991) . It m a y p o s s i b l y be v i e w e d as a w a y to a l l o w s o m e d i v e r s i t y i n bel iefs 
w i t h o u t e m p t y i n g the t h e o r y of p r e d i c t i v e content a n d i n B a y e s i a n l i tera ture 
as a w a y of g i v i n g s o m e " o b j e c t i v i t y " to " s u b j e c t i v e " bel iefs . I use i t here to 
m o t i v a t e a n a n a y t i c a l l y tractable m o d e l of in terac t ive g r o u p f o r m a t i o n of 
be l i e f s or s e n t i m e n t . T h a t is to s a y the g r o u p is a s s u m e d to h a v e the m o s t 
r a n d o m set of g r o u p beliefs subject to a g i v e n m e a n l e v e l G. T h i s res t r i c t ion 
p a r s i m o n i o u s l y p a r a m e t e r i z e s the beliefs b y three p a r a m e t e r s (P , J , h ) w h e r e 
P is f i x e d b y G. 

A v e r y i n n o v a t i v e use of e n t r o p y a n d the m e t h o d o l o g y of G i b b s i a n 
s tat is t ica l m e c h a n i c s is i n S t u t z e r ' s w o r k (cf. S tutzer (1992) a n d references to 
h i s ear l i e r p a p e r s ) . H e uses this m e t h o d o l o g y to p u t f o r t h a c o n c e p t of 
f i n a n c i a l e n t r o p y w h i c h he relates to the degree of r i s k a d j u s t m e n t r e q u i r e d 
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of a n y arb i t rage- f ree asset p r i c i n g t h e o r y to e x p l a i n the r i s k p r e m i a of a g i v e n 
set of assets. H e a p p l i e s h is t h e o r y to data o n the s tock a n d b o n d m a r k e t s a n d 
p r o d u c e s e v i d e n c e consis tent w i t h a secular d e c l i n e i n the i n f l u e n c e of r i s k 
a v e r s i o n i n the s tock a n d b o n d m a r k e t s o v e r the past 65 years . W e u r g e the 
reader to s t u d y S t u t z e r ' s w o r k . 

If the r e a d e r does n o t care for the m a x i m u m e n t r o p y a r g u m e n t the s a m e 
p r o b a b i l i t i e s m a y be d e r i v e d , as i n Sec t ion 4.1, b y v i e w i n g the g r o u p of 
i n t e r a c t i v e no ise traders as s o l v i n g the " s o c i a l discrete s tochast ic c h o i c e 
p r o b l e m " 

M a x i m i z e G(co) + ue(co), B = L T 1 (33) 
C O E n 

w h e r e {e(co)) is IID e x t r e m e v a l u e d i s t r i b u t e d . It is p o i n t e d o u t i n M a n s k i a n d 
M c F a d d e n (1980) that Prob{ choose co} is exac t ly e q u a l to the l o g i t p r o b a b i l i t y 
(32). S i n c e the p r o b a b i l i t i e s are l o g i t w e h a v e access to the e x t e n s i v e 
e c o n o m e t r i c l i t e r a t u r e o n e s t i m a t i o n of l o g i t s y s t e m s . I n d e e d this is a m a i n 
p a r t o f the m o t i v a t i o n f o r the t y p e of t h e o r y w e are b u i l d i n g . M o r e w i l l be 
s a i d a b o u t e s t i m a t i o n i n f u t u r e w o r k . 

References 1 

Antoniewicz , R. (1991). " A n Empirical Anaysis of Stock Returns and V o l u m e " , P h D 
Thesis, Department of Economics, University of Wisconsin. 

Anderson, P., K . A r r o w , and D . Pines (1988). The E c o n o m y as a n E v o l o v i n g C o m p l e x 
S y s t e m , Santa Fe Institute Studies i n the Sciences of Complexity, V o l u m e V , 
Cal i fornia , A d d i s o n Wesley. 

Anderson , S., A . de Palma, and J. Thisse (1993). D i s c r e t e Choice T h e o r y of P r o d u c t 
D i f f e r e n t i a t i o n , Cambridge, MIT Press. 

A o k i , M . , and Y. Miyahara (1991). "Stochastic Aggregation and Dynamic Field Effects", 
Department of Economics, University of California-Los Angeles. 

Ar thur , B. (1992). " O n Learning and Adaptat ion in the Economy", Food Research 
Institute, Stanford University. 

Bak, P. , K . Chen, J. Scheinkman, and M . Woodford (1992a). "Self Organized Crit ical i ty 
and Fluctuations i n Economics", Santa Fe Institute W . P . N o . 92-04-018, Santa Fe, 
N e w Mexico. 

(1992b). "Aggregate Fluctuations from Independent Sectoral Shocks: Self-Or­
ganized Crit icality i n a M o d e l of Production and Inventory Dynamics" , (revised 
version of 1992a). 

1 Not all of the references are cited in the text. Since part of the purpose of this paper 
is to provide a guide to the literature, I have listed many references here. The Brock, Hsieh, 
LeBaron book cited below many references which are not cited here. 



5 2 ESTUDIOS ECONÓMICOS 

Barnett, W„ A. Gallant, M . Hinich, and M . Jensen (1992). "Robustness of Nonlinearity 
and Chaos Test to Measurement Error, Inference Method, and Sample Size", 
Department of Economics, Washington University, St. Louis, July. 

Benhabib, J., ed. (1992). Cycles and Chaos i n E c o n o m i c E q u i l i b r i u m , Princeton, Princeton 
University Press. 

Berliner, L. (1992). "Statistics, Probability, and Chaos", with comments by Cutler, 
Geweke, Granger, Griffeath, Smith, Tsay, and rejoinders by Chatterjee, Yilmaz, 
Berliner; S t a t i s t i c a l Science, vol. 7, No. 1, pp. 69-122. 

Blume, L., (1991). "The Statistical Mechanics of Strategic Interaction", Department of 
Economics, Cornell University, New York. 

and D. Easley (1992). "Evolution and Market Behavior", J o u r n a l of E c o n o m i c 
T h e o r y , vol. 5, pp. 9-40. 

Bollerslev, T., R. Chou, and K. Kroner (1992). " A R C H Modelling in Finance: A Review 
of the Theory and Empirical Evidence", J o u r n a l of E c o n o m e t r i c s , vol. 52, pp. 5-60. 

Brock, W. (1982). "Asset Prices in a Production Economy", in J. McCall (ed.), The 
Economics of I n f o r m a t i o n and U n c e r t a i n t y , Chicago, The University of Chicago Press. 

W. Dechert, J. Scheinkman, and B. LeBaron (1990). " A Test for Independence 
Based Upon the Correlation Dimension", Department of Economics, The University 
of Wisconsin, Madison, The University of Houston, and The University of Chicago. 

J. Lakonishok, and B. LeBaron (1990). "Simple Technical Trading Rules and 
the Stochastic Properties of Stock Returns", J o u r n a l of F i n a n c e (forthcoming), 
Social Systems Research Institute W.P. No. 9022, The University of Wisconsin, 
Madison. 

(1991a). "Understanding Macroeconomic Time Series Using Complex Systems 
Theory", S t r u c t u r a l Change and E c o n o m i c D y m a m i c s , vol. 2, pp. 119-141. 

(1991b). "Causality, Chaos, Explanation, and Prediction in Economics", in J. 
Casti and A. Karlqvist (eds.), Beyond Belief: Randomness, P r e d i c t i o n , and E x p l a n a t i o n 
i n Science, Boca Raton, Florida, CRC Press. 

D. Hsieh, and B. LeBaron (1991). N o n l i n e a r D y n a m i c s , Chaos, and i n s t a b i l i t y : 
S t a t i s t i c a l T h e o r y and E c o n o m i c E v i d e n c e , Cambridge, MIT Press. 

and W. Dechert (1991). "Non-Linear Dynamical Systems: Instability and Chaos 
in Economics", in W. Hildenbrand and H. Sonnenschein, H a n d b o o k of M a t h e m a t i c a l 
E c o n o m i c s , vol. IV, Amsterdam, North Holland, pp. 2209-2235. 

and S. Potter (1992). "Nonlinear Time Series and Macroeconomics", in C. R. 
Rao (ed.), H a n d b o o k of S t a t i s t i c s , New York, North Holland (forthcoming). 

Campbell, J., S. Grossman, and J. Wang (1991). "Trading Volume and Serial Correlation 
in Stock Returns", Princeton University, Wharton School, Sloan School, MIT, 
Q u a r t e r l y J o u r n a l of Economics (forthcoming). 

Casdagli, M . , and S. Eubank (1991). Proceedings of The 1 9 9 0 N a t o W o r k s h o p o n N o n l i n e a r 
M o d e l i n g and F o r e c a s t i n g , Santa Fe Institute Series, Redwood City, California, 
Addison-Wesley. 

Casti, J. (1992). R e a l i t y R u l e s , Volumes I and II, New York, John Wiley and Sons. 
Diebold, F., and J. Nason (1990). "Nonparametric Exchange Rate Prediction", J o u r n a l of 

I n t e r n a t i o n a l E c o n o m i c s , vol. 28, pp. 315-332. 
de Jong, R. (1992). "The Bierens Test Under Data Dependence", Department of 

Econometrics, Free University, Amsterdam, The Netherlands, 
de Lima, P. (1992a). "Testing Nonlinearities Under Moment Condition Failure", 

Department of Economics, Johns Hopkins University. 
(1992b). "On the Robustness of Nonlinearity Tests to Moment Condition 

Failure", Department of Economics, John Hopkins University, 
de Long, J., A. Shleifer, L. Summers, and R. Waldmann (1990). "Noise Trader Risk in 

Financial Markets", J o u r n a l of P o l i t i c a l E c o n o m y , vol. 98, No. 4, pp. 703-738. 



PATHWAYS TO RANDOMNESS IN THE ECONOMY 5 3 

Durlauf, S. (1989a). "Locally Interacting Systems, Coordination Failure, and The Be­
havior of Aggregate Activity", Department of Economics, Stanford University. 

(1989b). "Output Persistence, Economics Structure and the Choice of Stabiliza­
tion Policy", B r o o k i n g s Papers o n E c o n o m i c A c t i v i t y , vol. 2, pp. 69-116. 

(1991a). "Nonergodic Economic Growth", Review of E c o n o m i c S t u d i e s (forthcom­
ing), Stanford Institute for Theoretical Economics, TR No. 7. 

(1991b). "Path Dependence in Aggregate Output", Stanford Institue for 
Theoretical Economics, TR #8. 

and P. Johnson. "Local Versus Global Convergence Across National 
Economies", Department of Economics, Stanford University. 

(1992). " A Theory of Persistent Income Inequality", Department of Economics, 
Stanford University. 

Ellis, R. (1985). E n t r o p y , L a r g e D e v i a t i o n s and S t a t i s t i c a l M e c h a n i c s , New York, Springer-
Verlag. 

Gennotte, G., and H. Leland (1990). "Market Liquidity, Hedging, and Crashes", 
A m e r i c a n E c o n o m i c R e v i e w . 

Grandmont, J. (1992). "Expectations Driven Nonlinear Business Cycles", forthcoming 
in Proceedings of Stockholm Conference on Business Cycles organized by the 
Trade Union for Economic Research, Oxford, Oxford University Press. 

Granger, C , and T. Terasvirta (1992). M o d e l i n g D y n a m i c N o n l i n e a r R e l a t i o n s h i p s , Oxford, 
Oxford University Press. 

Hall, P., and C. Heyde (1980). M a r t i n g a l e L i m i t T h e o r y and I t s A p p l i c a t i o n s , New York, 
Academic Press. 

Hansen, L., and K. Singleton (1982). "Generalized Instrumental Variables Estimation 
of Nonlinear Rational Expectations Models", E c o n o m e t n c a , vol. 50, pp. 1269-1286. 

Haugen, R., E. Talmor, and W. Torous (1991). "The Effect of Volatility Changes on the 
Level of Stock Prices and Subsequent Expected Returns", J o u r n a l of F i n a n c e , vol. 
XLVI, No. 3, pp. 985-1007. 

Hawley, D„ J. Johnson, and D. Raina (1990). "Artificial Neural Systems: A New Tool 
for Financial Decision-Making", F i n a n c i a l A n a l y s i s J o u r n a l , November-December, 
pp. 63-72. 

Hellwig, M . (1980). " O n the Aggregation of Information in Competitive Markets", 
J o u r n a l of E c o n o m i c T h e o r y , vol. 22, No. 3 pp. 477-498. 

(1982). "Rational Expectations Equilibrium with Conditioning on Past Prices: A 
Mean-Variance Example", J o u r n a l of E c o n o m i c T h e o r y , vol. 26, No. 2, pp. 279-312. 

Hommes, C. (1991). C h a o t i c D y n a m i c s i n E c o n o m i c M o d e l s : Some S i m p l e Case-Studies, 
Groningen, The Netherlands, Wolters-Noordhoff. 

Holland, J. (1992). A d a p t a t i o n i n N a t u r a l and A r t i f i c a l Systems, Cambridge, MIT Press. 
Hotz, V., R. Miller, S. Sanders, and J. Smith (1992). " A Simulation Estimator for 

Dynamic Models of Discrete Choice", NORC W.P. No. 92-1, The University of 
Chicago. 

Hsieh, D. (1987). "Testing for Nonlinear Dependence in Daily Foreign Exchange Rates", 
J o u r n a l of Business, vol. 62, No. 3, pp. 339-368. 

(1991). "Chaos and Nonlinear Dynamics: Applications to Financial Markets", 
J o u r n a l of F i n a n c e , vol. XLVI, No. 5, pp. 1839-1877. 

(1990). "Implications of Nonlinear Dynamics for Financial Risk Management", 
Fuqua School of Business, Duke University, forthcoming i n J o u r n a l of F i n a n c i a l and 
Q u a n t d a t i v e A n a l y s i s . 

Jaynes, E. (1983). Papers o n P r o b a b i l i t y , S t a t i s t i c s , and S t a t i s t i c a l P h y s i c s , R. D. Rosenkrantz 
(ed.), Boston, D. Reidel Publishing Company. 

Kac, M . (1968). "Mathematical Mechanisms of Phase Transitions", in M . Chretien, E. 
Gross, and S. Deser (eds.), S t a t i s t i c a l P h y s i c s : Phase T r a n s i t i o n s and S u p e r f l u i d i t y , 



54 ESTUDIOS ECONÓMICOS 

vol. 1, pp. 241-305. Brandéis University Summer Institute in Theoretical Physics, 
1966. 

Kreps, D. (1990). A T e x t i n M i c r o e c o n o m i c T h e o r y , Princeton, Princeton University Press. 
Kurz, M , (1990). "On the Structure and Diversity of Rational Beliefs", Department of 

Economics, Stanford University. 
(1991). "On Rational Belief Equilibria", Department of Economics, Stanford 

University. 
(1992). "AssetPrices with Rational Beliefs", Department of Economics, Stanford 

University. 
LeBaron, B. (1992a). "Some Relations between Volatility and Serial Correlation in Stock 

Market Returns", J o u r n a l of Business, vol. LXV, pp. 199-219. 
(1992b). "Persistence of the Dow Jones Index on Rising Volume", Social Systems 

Research Institute, W.P. No. 9201, The University of Wiscinsin, Madison. 
Lucas, R. (1978). "Asset Prices in an Exchange Economy", E c o n o m e t r i c a , vol. 46, pp. 

1429-1445. 
Lukacs, E. (1975). S t o c h a s t i c Convergence, New York, Academic Press. 
Krasner, S. (ed.) (1990). The U b i q u i t y of Chaos, American Association for the Advance­

ment of Science, Publication No. 89-15S, Washington, D.C. 
Kuznetsov, Y„ S. Muratori, and S. Rinaldi (1992). "Bifurcations and Chaos in a Periodic 

Predator-Prey Model", I n t e r n a t i o n a l J o u r n a l of B i f u r c a t i o n s and Chaos, vol. 2, No. 1, 
pp. 117-128. 

Loretan, M . , and P. Phillips (1992). "Testing the Covariance Stationarity of Heavy-
Tailed Time Series: A n Overview of the Theory with Applications to Several 
Financial Datasets", SSRI Working Paper 9208, University of Wisconsin, 
Madison. 

Majumdar, M . , and T. Mitra (1992). "Robust Ergodic Chaos in Discounted Dynamic 
Optimization Models", Department of Economics, Cornell University. 

Mandelbrot, B. (1963). "The Variation of Certain Speculative Prices", J o u r n a l of Business, 
vol. 36, pp. 394-419. 

(1972). "Statistical Methodology for Nonperiodic Cycles: From the Covariance 
to R/S Analysis", A n n a l s of Economics and Social M e a s u r e m e n t , July, pp. 259-290. 

Manski, C. (1992). "Identification Problems in the Social Sciences", SSRI W.P. No. 9217, 
The University of Wisconsin, Madison. 

and D. McFadden (1981). S t r u c t u r a l A n a l y s i s of D i s c r e t e D a t a w i t h E c o n o m e t r i c 
A p p l i c a t i o n s , Cambridge, MIT Press. 

Marimon, R. (1989). "Stochastic Turnpike Property and Stationary Equilibrium, J o u r n a l 
of E c o n o m i c T h e o r y , vol. 47, pp. 282-306. 

McFadden, D. (1981). "Econometric Models of Probabilistic Choice", in C. Manski and 
D. McFadden (eds.), S t r u c t u r a l A n a l y s i s of D i s c r e t e D a t a w i t h E c o n o m e t r i c A p p l i c a ­
t i o n s , Cambridge, MIT Press. 

Méese, R., and A. Rose (1991). " A n Empirical Assessment of Non-Linearities in Models 
of Exchange Rate Determination", Review of E c o n o m i c S t u d i e s , vol. 58 (3), No. 195, 
pp. 603-619. 

Mezard, M. , G. Parisi, and M . Virasora (1987). S p i n Glass T h e o r y and Beyond, Singapore, 
World Scientific. 

Nelson, D. (1992) "Filtering and Forecasting with Misspecified ARCH Models I: Getting 
the Right Variance with the Wrong Model", J o u r n a l of E c o n o m e t r i c s , vol. 52, pp. 
61-90. 

Pearce, P. (1981). "Mean-Field Bounds on the Magnetization for Ferromagnetic Spin 
Models", J o u r n a l of S t a t i s t i c a l P h y s i c s , vol. 25, No. 2, pp. 309-320. 

Pesaran, M . , and S. Potter (1991). "Equilibrium Asset Pricing Models and Predictability 
of Excess Returns: Theory and Evidence. 



PATHWAYS TO RANDOMNESS IN THE ECONOMY 5 5 

Ramsey, J., C. Sayers, and R. Rothman (1988). "The Statistical Properties of Dimension 
Calculations Using Small Data Sets: Some Economic Applications", I n t e r n a t i o n a l 
E c o n o m i c R e v i e w , vol. 31, pp. 991-1020. 

Ruelle, D. (1989). C h a o t i c E v o l u t i o n and S t r a n g e A t t r a c t o r s , Cambridge, Cambridge 
University Press. 

Sargent, T. (1992). "Bounded Rationality in Macroeconomics", Hoover Institution, 
Stanford, CA. 

Scheinkman, J. (1990). "Nonlinearities in Economic Dynamics", E c o n o m i c J o u r n a l C o n ­
ference Papers, vol. 100, No. 400, pp. 33-48. 

Stutzer, M . (1992). "Arbistatics", Department of Finance, University of Minnesota, 
Menneapolis, Minnesota. 

Scheinkman, J., and B. LeBaron (1989). "Nonlinear Dynamics and Stock Returns", 
J o u r n a l of Business, vol. 62, pp. 311-337. 

Sugihara, G., and R. May (1990). "Nonlinear Forecasting as a Way of Distinguishing 
Chaos from Measurement Error in Time Series", N a t u r e , vol. 344, pp. 734-741. 

B. Grenfell, and R. May (1990). "Distinguishing Error from Chaos in Ecological 
Time Series", Scripps Institution of Oceanography, University of California, San 
Diego, Department of Zoology, Cambrige University, Department of Zoology, 
Oxford University. 

Theiler, J., S. Eubank, A. Longtin, B. Galdrikian, and ]. Farmer (1992)."Testing for 
Nonlinearity in Time Series: The Method of Surrogate Data", P h y s i c a D, vol. 58, 
pp. 77-94. 

Tong, H . (1990). N o n - L i n e a r T i m e Series: A D y n a m i c a l Systems A p p r o a c h , Oxford, Oxford 
University Press. 

Tsibouris, G. (1992). PhD Thesis, Department of Economics, The University of Wiscon­
sin, Madison. 

United States National Academy of Sciences (1987). "Report of the Research Briefing 
Panel on Order, Chaos, and Patterns: Aspects of Nonlinearity", Washington, D. 
C , National Academy Press. 

Vaga, T. (1990). "The Coherent Market Hypothesis", F i n a n c i a l A n a l y s t s J o u r n a l , Novem­
ber/December, pp. 36-49. 

Varian, H . (1985). "Divergence of Opinion in Complete Markets: A Note", J o u r n a l of 
F i n a n c e , vol. XL, No. 1, pp. 309-317. 

(1986). "Differences of Opinion in Financial Markets", in Courtenav Stone (ed.), 
F i n a n c i a l R i s k : T h e o r y , E v i d e n c e and I m p l i c a t i o n s , Boston, Kluwer Academic Pub­
lishers. 

Wang, J. (1989). " A Model of Intertemporal Asset Prices Under Asymmetric Informa­
tion", forthcoming Review of E c o n o m i c S t u d i e s , Sloan School of Management, MIT. 

(1991). " A Model of Competitive Stock Trading Volume", Sloan School of 
Managmet,MIT. 

Weidlich, W., (1991). "Physics and Social Science: The Approach of Synergetics", P h y s i c s 
R e p o r t s , vol. 204, No. 1, May, pp. 1-163. 

West, K. (1987). " A Specification Test for Speculative Bubbles", Q u a r t e r l y J o u r n a l of 
E c o n o m i c s , August, pp. 553-580. 

Zellner, A. (1991). "Bayesian Methods and Entropy in Economics and Econometrics", 
in W. Grandy and L. Schick, (eds.), M a x i m u m E n t r o p y and Bayesian M e t h o d s , 
Kluwer Academic Publishers, pp. 17-31. 




