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R e s u m e n : Este trabajo muestra porqué la teoría n o - l i n e a l 
i n c l u y e n d o la del caos, es importante en economía 
y f inanzas. Se presentan dos d e f i n i c i o n e s d e n o -
l i n e a l i d a d estocástica y se arguye que s o n útiles n o 
sólo en pruebas de n o - l i n e a l i d a d , s ino t a m b i é n e n 
l a c o n s t r u c c i ó n d e u n a n u e v a clase d e m o d e l o s 
d e v a l u a c i ó n d e ac t ivos . T a m b i é n se m u e s t r a 
c ó m o la teoría d e s is temas de par t í cu las e n 
interacción p u e d e ser u s a d a para hacer m o d e l o s 
estructurales de valuación d e activos que convier 
ten procesos lineales d e ganancias e n procesos 
no-l ineales de rendimientos e n equi l ibr io . 

A b s t r a c t : T h i s p a p e r : (1) G i v e s a g e n e r a l a r g u m e n t w h y 
research o n n o n l i n e a r sc ience i n g e n e r a l a n d 
chaos i n p a r t i c u l a r is i m p o r t a n t i n e c o n o m i c s 
a n d f inance . (2) P u t s f o r t h t w o d e f i n i t i o n s o f 
stochast ic n o n l i n e a r i t y ( I ID-Linear i ty a n d M D S -
L i n e a r i t y ) for n o n l i n e a r t i m e series a n a l y s i s a n d 
argues for their use fu lness as o r g a n i z i n g c o n 
cepts n o t o n l y for d i s c u s s i o n of n o n l i n e a r i t y 
tes t ing b u t also for b u i l d i n g a n e w class of s t ruc 
t u r a l asset p r i c i n g m o d e l s . (3) S h o w s h o w to use 
ideas f r o m i n t e r a c t i n g par t i c l e sys tems t h e o r y to 
b u i l d s tructural asset p r i c i n g m o d e l s that t u r n 
H D - L i n e a r or M D S - L i n e a r earnings processes in to 
n o n M D S - L i n e a r e q u i l i b r i u m returns processes. 
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4 ESTUDIOS ECONÓMICOS 

1. I n t r o d u c t i o n 

In the pas t f e w y e a r s a l a rge l i t e r a t u r e o n chaos a n d n o n l i n e a r sc ience has 
a p p e a r e d i n e c o n o m i c s . W h i l e the e c o n o m i c s l i t e ra ture is l a rge i t is d w a r f e d 
b y the p a r a l l e l l i t e r a t u r e o n c h a o s a n d n o n l i n e a r sc ience i n the o t h e r sciences. 
H e r e w e w i l l use the t e r m " n o n l i n e a r s c i e n c e " to refer to the b r o a d e r s t u d y 
of n o n l i n e a r d y n a m i c a l s y s t e m s , n o t jus t chaot ic ones . M o r e w i l l be s a i d a b o u t 
the d o m a i n of " n o n l i n e a r s c i e n c e " w h e n w e d i s c u s s j o u r n a l s a n d o t h e r out le t s 
i n the area. 

A loose d e f i n i t i o n is this : " N o n l i n e a r s c ience" s t u d i e s s tochast ic a n d 
d e t e r m i n i s t i c d y n a m i c a l s y s t e m s that l e a d to " c o m p l e x " d y n a m i c s . A deter
m i n i s t i c d y n a m i c a l s y s t e m generates " c o m p l e x d y n a m i c s " w h e n " m o s t " 
trajectories of the d y n a m i c a l s y s t e m d o n o t c o n v e r g e to rest p o i n t s or l i m i t 
cyc les . H e r e , i n the s tochast ic case, " the d y n a m i c a l s y s t e m " refers to the 
u n d e r l y i n g d e t e r m i n i s t i c d y n a m i c a l s y s t e m , i.e. the s y s t e m o n e o b t a i n s w h e n 
the u n d e r l y i n g s tochast ic f o r c i n g is s h u t off. 

T h e m a i n tasks of the c u r r e n t p a p e r are three: i ) G i v e a g e n e r a l a r g u m e n t 
w h y research o n n o n l i n e a r sc ience i n g e n e r a l a n d chaos i n p a r t i c u l a r i s 
i m p o r t a n t i n e c o n o m i c s a n d f inance , i i ) P u t f o r t h t w o d e f i n i t i o n s o f s tochast ic 
n o n l i n e a r i t y ( I I D - L i n e a r i t y a n d M D S - L i n e a r i t y ) for n o n l i n e a r t i m e series 
a n a l y s i s a n d a r g u e f o r t h e i r u s e f u l n e s s as o r g a n i z i n g c o n c e p t s n o t o n l y for 
d i s c u s s i o n o f n o n l i n e a r i t y t e s t i n g i n t i m e s e r i e s e c o n o m e t r i c s b u t a l s o 
f o r b u i l d i n g a n e w class of s t r u c t u r a l asset p r i c i n g m o d e l s . Hi) S h o w h o w to 
use i d e a s f r o m i n t e r a c t i n g p a r t i c l e s y s t e m s theory to b u i l d s t r u c t u r a l asset 
p r i c i n g m o d e l s that t u r n I I D - L i n e a r o r M D S - L i n e a r e a r n i n g s processes i n t o 
n o n M D S - L i n e a r e q u i l i b r i u m re turns processes . 

A l t h o u g h w e g i v e a sneak p r e v i e w here the reader m a y w i s h to g l a n c e 
a h e a d at S e c t i o n three for the concepts of I I D - L i n e a r i t y a n d M D S - L i n e a r i t y . W e 
c a l l s tochast ic process {K,} I I D - L i n e a r ( M D S - L i n e a r ) if 

y , - * = l w - j > XP7<~' 
w h e r e the i n n o v a t i o n s , a lso c a l l e d s h o c k s , N t are I n d e p e n d e n t a n d I d e n t i c a l l y 
D i s t r i b u t e d , a b r e v i a t e d IID, ( f o r m a M a r t i n g a l e D i f f e r e n c e Sequence , ab
b r e v i a t e d M D S ) . A s w e shal l see i n Section three, M D S - L i n e a r i t y corresponds to 
the case w h e r e the c o n d i t i o n a l expectat ion of Yl + l g i v e n [Y,, Yt _, , . ..) is a 
l inear f u n c t i o n of {Yt, y , _ , , . . .}. T h e concept of I ID-Linear is m o r e str ingent t h a n 
M D S - L i n e a r . N o i s y chaos is a s t r i k i n g e x a m p l e o f a process that is not M D S - L i n e a r . 

T h i s p a p e r is o r g a n i z e d as f o l l o w s . Sec t ion one c o n t a i n s a b r i e f i n t r o d u c 
t i o n . S e c t i o n t w o uses this p a p e r as a " b u l l y p u l p i t " to m a k e a p l e a for m o r e 
research o n n o n l i n e a r sc ience i n g e n e r a l a n d chaos i n p a r t i c u l a r i n e c o n o m i c s 
a n d f i n a n c e . D u r i n g th i s p l e a w e g i v e a v e r y br ie f s k e t c h of the l i terature . 
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T h e r e i s a s i z a b l e l i t e ra ture i n e c o n o m i c s o n stat is t ical tes t ing for the p r e s e n c e 
of c h a o s a n d other n o n l i n e a r i t y i n t i m e series da ta . S ince that has b e e n c o v e r e d 
e l s e w h e r e b y art ic les i n B e n h a b i b (1992), as w e l l as b y B r o c k a n d D e c h e r t 
(1991), B r o c k , H s i e h a n d L e B a r o n (1991), Sayers 's ar t ic le i n K r a s n e r (1990), 
a n d S c h e i n k m a n (1990), w e s h a l l s a y l i t t le a b o u t i t here, except to s a y that 
m a n y a p p l i c a t i o n s of the t e c h n i q u e s f o u n d s t r o n g e v i d e n c e against l i n e a r 
m o d e l s d r i v e n b y H D shocks a n d w e a k e r evidence against a subclass of M D S -
L i n e a r m o d e l s d r i v e n b y certain parameter ized forms of heteroscedastic shocks . 

T h e t e c h n i q u e s of Sec t ion three are p u r e l y stat is t ical t e c h n i q u e s for 
t e s t i n g w h e t h e r a ti me series s a m p l e c o m e s f r o m a l i n e a r process or w h e t h e r 
a t i m e series c o m e s f r o m a chaot ic process . W h i l e stat ist ical t e c h n i q u e s are 
u s e f u l they are n o subs t i tu te for a s t r u c t u r a l m o d e l i n g i v i n g i n s i g h t s i n t o the 
e c o n o m i c forces that m a y generate n o n l i n e a r i t y or chaos . 

S e c t i o n f o u r d e v e l o p s s t r u c t u r a l m o d e l s w h i c h c a n generate " e n 
d o g e n o u s " d i s c o n t i n u o u s changes i n e q u i l i b r i u m asset pr ices . I n p a r t i c u l a r 
w e s t u d y a c lass of asset p r i c i n g m o d e l s that generate re turns p e r share 
processes that are n o t l i n e a r processes . T h e in tent of these e x a m p l e s is to s h o w 
h o w the t h e o r y of S e c t i o n three c a n be u s e d to b u i l d a p a r s i m o n i o u s l y 
p a r a m e t e r i z e d e c o n o m e t r i c a l l y a n d a n a l y t i c a l l y t rac tab le c lass of asset 
p r i c i n g m o d e l s w h i c h a l l o w re turns d a t a to speak to the presence of e c o n o m i c 
forces c a u s i n g a b r u p t changes i n v o l a t i l i t y a n d re turns . T h e m o d e l s are also 
s t r u c t u r e d to h a v e the p o t e n t i a l i t y of g e n e r a t i n g e q u i l i b r i u m re turns that 
d i s p l a y G A R C H effects (cf. B o l l e r s l e v e t a t , 1992) as w e l l as "excess v o l a t i l i t y " 
r e l a t i v e to m e a s u r e d f u n d a m e n t a l s . 

2. T h e o r e t i c a l O v e r v i e w 

W e s h a l l d e a l w i t h the theoret ica l p a r t of the l i tera ture f irst . T h e j o u r n a l s ( i ) 
I n t e r n a t i o n a l J o u r n a l of B i f u r c a t i o n a n d C h a o s (IJBC), ( i i ) J o u r n a l of N o n l i n e a r 
Science, ( H i ) P h y s i c a D , ( i v ) C h a o s , a n d ( v ) N o n l i n e a r i t y g i v e a g l i m p s e of i m p a c t 
t h a t r e s e a r c h o n c h a o s i n p a r t i c u l a r a n d n o n l i n e a r science i n g e n e r a l h a s h a d 
i n sc iences o t h e r t h a n e c o n o m i c s . I n d e e d the t e r m " n o n l i n e a r s c i e n c e " c o u l d 
b e w e l l d e f i n e d to be the subject mat ter t reated i n the a b o v e j o u r n a l s . A g o o d 
p l a c e for the r e a d e r to v i e w this t y p e of w o r k i n e c o n o m i c s is the v o l u m e 
e d i t e d b y B e n h a b i b (1992). 

A n i n f o r m a l d e f i n i t i o n of chaos is this . A d e t e r m i n i s t i c d y n a m i c a l s y s t e m 
is c h a o t i c if i t d i s p l a y s s e n s i t i v e dependence u p o n i n i t i a l c o n d i t i o n s i n the sense 
t h a t s m a l l d i f ferences i n i n i t i a l c o n d i t i o n s are m a g n i f i e d b y i t e ra t ion of the 
d y n a m i c a l s y s t e m . A stochast ic d y n a m i c a l s y s t e m is n o i s y chaos i f i t is chaot i c 
w h e n the c o n d i t i o n a l v a r i a n c e of the stochastic d r i v e r (the u l t i m a t e source of 
the u n c e r t a i n t y ) i s set i d e n t i c a l l y e q u a l to zero . 
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T h e B e n h a b i b b o o k g i v e s a g u i d e to the l i terature o n f o r m a l d e f i n i t i o n s 
o f c h a o s as w e l l as a m u l t i t u d e of theoret ic e c o n o m i c m o d e l s that s h o w chaot ic 
e q u i l i b r i a are theore t i ca l ly p o s s i b l e a n d are n o n p a t h o l o g i c a l . I n d e e d , i n 
economies w i t h m a n y sectors sufficient condit ions needed to obtain chaotic equili¬
b r i a are n o t v e r y s t r o n g w h e n e v a l u a t e d b y the s t a n d a r d s of g e n e r a l 
e q u i l i b r i u m theory. 

G r a n d m o n t a r g u e s i n a recent p a p e r (1992) that : ( i ) T h e e c o n o m i c t i m e 
s e r i e s that d i s p l a y the m o s t v o l a t i l i t y , e.g., i n v e s t m e n t , i n v e n t o r i e s , 
d u r a b l e g o o d s , f i n a n c i a l a n d s t o c k m a r k e t s , a r e t h o s e f o r w h i c h i t 
a p p e a r s that e x p e c t a t i o n s p l a y a n i m p o r t a n t r o l e i n g e n e r a t i n g t h e m , 
( u ) m a r k e t s w h e r e expecta t ions p l a y a n i m p o r t a n t role are m o s t l i k e l y to be 
e x p e r i e n c e l e a r n i n g - i n d u c e d l o c a l d y n a m i c ins tabi l i ty , (Hi) p l a u s i b l e c a p i t a l 
m a r k e t i m p e r f e c t i o n s , a d j u s t m e n t l ags a n d l i m i t e d s u b s t i t u t a b i l i t y c a n 
genera te c o m p e x e n d o g e n o u s e x p e c t a t i o n s - d r i v e n bus iness cyc les . H e argues 
that it is i m p o r t a n t to i n c o r p o r a t e n o n l i n e a n t i e s to s t u d y s u c h f l u c t u a t i o n s . 

T h e recent b o o k b y H o m m e s (1991) s h o w s h o w easy i t is to p r o d u c e c h a o s 
i n H i c k s i a n type m o d e l s w i t h lags i n i n v e s t m e n t a n d c o n s u m p t i o n . M a j u m -
d a r a n d M i t r a (1992) locate suf f i c i en t c o n d i t i o n s for r o b u s t e r g o d i c chaos to 
a p p e a r i n g r o w t h m o d e l s . T h e s tudies c i t e d a b o v e raise the k e y i s s u e of the 
p l a u s i b i l i t y of chaos as a g e n e r a t i n g m e c h a n i s m of f l u c t u a t i o n s i n the rea l 
e c o n o m y . 

Before w e g o further , I w i s h to d i s c u s s s o m e issues, e s p e c i a l l y three 
c o m m o n m i s u n d e r s t a n d i n g s , that h a v e b e e n r e p e a t e d l y r a i s e d to m e w h i l e 
l e c t u r i n g o n the area of n o n l i n e a r science i n g e n e r a l a n d chaos i n p a r t i c u l a r . 

I d o n ' t b e l i e v e there is a n y d i s a g r e e m e n t a m o n g s t e c o n o m i s t s o n w h e t h e r 
e x o g e n o u s s h o c k s p l a y a n i m p o r t a n t role i n astute m o d e l i n g of e c o n o m i c 
f l u c t u a t i o n s . T h e issue of c o n t e n t i o n concerns the re la t ive v a l u e of m o d e l i n g 
e n d o g e n o u s f l u c t u a t i o n s d i r e c t l y to m o d e l l i n g a s y s t e m d r i v e n b y e x o g e n o u s 
f l u c t u a t i o n s , i .e., e x o g e n o u s s h o c k s . T h e issue w h e t h e r chaos is a n i m p o r t a n t 
s o u r c e of e n d o g e n o u s f luc ta t ions is e s p e c i a l l y content ious for the case of 
a g g r e g a t i v e m a c r o e c o n o m i c s (c/. B o l d r i n a n d W o o d f o r d ' s d i s c u s s i o n of 
S i m s ' s c o m m e n t o n G r a n d m o n t i n B e n h a b i b , 1992). 

" C a l i b r a t i o n i s t s " h a v e c r i t i c i sed s o m e theoretic m o d e l s w h i c h p r o d u c e 
c h a o t i c e q u i l i b r i a for r e q u i r i n g p a r a m e t e r v a l u e s that conf l i c t w i t h k n o w n 
m e a s u r e m e n t s . E m p i r i c a l w o r k o n tes t ing for the presence o f s ta t i s t i ca l ly 
detectable c h a o s i n f i n a n c i a l a n d m a c r o e c o n o m i c t i m e series data has n o t b e e n 
v e r y s u p p o r t i v e of the h y p o t h e s i s (cf. R a m s e y , Sayers , a n d R o t h m a n , 1988). 
T h i s c o n t r o v e r s y has l e a d to s o m e m i s u n d e r s t a n d i n g s o n the i m p o r t a n c e of 
research o n c h a o t i c a n d other n o n l i n e a r p h e n o m e n a i n e c o n o m i c s . 

T h e f i rs t m i s u n d e r s t a n d i n g is this . Jus tbecause e v i d e n c e for chaos i n t i m e 
series d a t a is w e a k does n o t m e a n that chaos is n o t a u s e f u l lens t h r o u g h w h i c h 
to v i e w e c o n o m i c ac t iv i ty . T h e jo in t p r o b l e m of d a t a q u a l i t y a n d w e a k n e s s of 
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s ta t i s t i ca l tests m a k e the p o w e r of s u c h tests to detect chaos i n e c o n o m i c d a t a 
p a r t i c u l a r l y w e a k . 

I n d e e d a recent p a p e r b y Barnett , G a l l a n t , H i n i c h , a n d Jensen (1992) 
a p p l i e d three tests for n o n l i n e a r i t y a n d chaos to m o n e t a r y data and f o u n d 
i n c o n s i s t e n t resul ts across the three tests. T h e y state: " G i v e n the w e a k n a t u r e 
of that h y p o t h e s i s a n d the i m p l a u s i b l e na ture of the a l t e rna t ive - t h a t the 
e x p l a n a t i o n of f l u c t u a t i o n s l ies i n s u p e r n a t u r a l shocks to a l inear u n i v e r s e -
w e f i n d the degree of c o n t r o v e r s y r e g a r d i n g the existence of n o n l i n e a r i t y or 
c h a o s i n economic : data to be s u r p r i s i n g . " T h i s statement seems to m e to be 
r i g h t o n target. E v e n if the reader does not agree w i t h Barnet t el a l . it seems 
m o r e p r o d u c t i v e to a d o p t a sc ient i f ic research p r o g r a m that directs one to 
s e a r c h for a m e c h a n i s m that generates the o b s e r v e d m o v e m e n t s in t i m e series 
data w h i c h m i n i m i z e s the role of " e x o g e n o u s s h o c k s . " 

T h e s e c o n d m i s u n d e r s t a n d i n g is to c o n c l u d e that w e a k e v i d e n c e for 
c h a o s i m p l i e s w e a k e v i d e n c e for n o n l i n e a r i t y i n genera l . C h a o s is a v e r y 
s p e c i a l species of n o n l i n e a r i t y . M e t h o d s i n s p i r e d b y the a t tempt to detect 
c h a o s h a v e t u r n e d o u t to be u s e f u l i n de tec t ing other types of n o n l i n e a r i t y . 
T h e r e is a n o t h e r r e a s o n to be n e r v o u s about the use of l inear m e t h o d s i n 
m a c r o e c o n o m i c s . 

T h e reader s h o u l d be r e m i n d e d that the c u r r e n t l y a v a i l a b l e suf f i c i en t 
c o n d i t i o n s o n s tochast ic m u l t i s e c t o r m o d e l s for c o n v e r g e n c e to a u n i q u e 
s tochast ic s t e a d y state are severe (cf. M a r i m o n , 1989). M u c h of m o d e r n m a c r o 
e c o n o m i c s , i n c l u d i n g rea l b u s i n e s s cyc le theory, is b u i l t u p o n the f o u n d a t i o n s 
o f m o d e l s that h a v e a u n i q u e g l o b a l l y a s y m p t o t i c a l l y stable stochast ic s t e a d y 
state. T h e cases w h e r e l inear a p p r o x i m a t i o n m e t h o d s (after a p p r o p r i a t e 
t r a n s f o r m a t i o n s ) w o r k w e l l are, for the m o s t part , the cases w h e r e attractors 
are s i m p l e p o i n t s or cycles ( w h e n the d r i v i n g noise is s h u t off). So t h e o r y is 
n o refuge for the l inear is t . 

T h e t h i r d , a n d p r o b a b l y the m o s t i m p o r t a n t m i s u n d e r s t a n d i n g is to 
c o n c l u d e that n o n l i n e a r i t y is u n i m p o r t a n t i n m a c r o e c o n o m i c s a n d f i n a n c e 
because o u t - o f - s a m p l e p r e d i c t i o n of n o n l i n e a r m o d e l s does not a p p e a r to be 
better t h a n l i n e a r m o d e l s s u c h as r a n d o m w a l k m o d e l s i n f inance . P r o m i n a n t 
e x a m p l e s of s tudies that f i n d n o out-of -sample forecast i m p r o v e m e n t for n o n 
l inear m o d e l s are D i e b o l d a n d N a s o n (1990), Meese a n d Rose (1991). Perhaps , 
because of these negative results o n forecasting, some are lead to ques t ion the 
v a l u e of research o n nonl inear econometric m o d e l s i n the times series area. 

H o w e v e r , L e B a r o n (1992a, b) has f o u n d re l iable o u t - o f - s a m p l e n o n l i n e a r 
forecast i m p r o v e m e n t s i n s tock re turns b y c l e v e r l y c o n d i t i o n i n g o n loca l 
i n f o r m a t i o n s u c h as loca l v o l a t i l i t y . H e s h o w s that measures of near f u t u r e 
p r e d i c t a b i l i t y increase w h e n measures of near p a s t l o c a l v o l a t i l i t y f a l l . 
A n t o n i e w i c z (1992) obta ins forecast i m p r o v e m e n t s o n re turns for i n d i v i d u a l 
s tocks b y c o n d i t i o n i n g o n loca l v o l u m e b y use of c e r t a i n t r a d i n g strategies. 
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T h e m a i n p o i n t is this . E a r l i e r s t u d i e s e x a m i n e d u n c o n d i t i o n a l measures of 
o u t - o f - s a m p l e forecast i m p r o v m e n t . E s t i m a t e s of these measures are a n 
a v e r a g e o v e r the s a m p l e o v e r p e r i o d s w h e r e the forecast m a y be d o i n g w e l l 
a n d w h e r e it m a y be d o i n g p o o r l y . L e B a r o n s h o w s that this a v e r a g i n g c a n 
m a k e i t d i f f i c u l t to d i s c o v e r c o n d i t i o n i n g i n f o r m a t i o n w h i c h c o u l d h e l p 
i d e n t i f y p e r i o d s w h e n o u t - o f - s a m p l e forecast i m p r o v e m e n t is p o s s i b l e . 

S i n c e B r o c k (1991b) g a v e a n h e u r i s t i c a r g u m e n t that tests i n the f a m i l y 
s t u d i e d b y B r o c k , D e c h e r t , S c h e i n k m a n , L e B a r o n (1990) a n d de L i m a 
(1992a,b) are g o o d at e x p l o r i n g the w h o l e space for loca l pockets of p r e d i c t 
a b i l i t y therefore a re ject ion of I I D - L i n e a r i t y b y o n e of these tests suggests that 
effort s h o u l d be m a d e to detect p o t e n t i a l pocke ts of p r e d i c t a b i l i t y . L e B a r o n ' s 
w o r k c a n be v i e w e d as a success fu l l o c a t i o n of s u c h pocke ts of p r e d i c t a b i l i t y . 
T h e t r a d i n g r u l e s p e c i f i c a t i o n tests of Brock , L a k o n i s h o k , a n d L e B a r o n (1992) 
are a l s o d e s i g n e d to locate z o n e s w h e r e p r e d i c t i o n m i g h t be poss i b l e . 

S i n c e L e B a r o n is w o r k i n g i n the area of f inance w h e r e the E f f i c i ent 
M a r k e t s H y p o t h e s i s g i v e s a s t r o n g a r g u m e n t that a n y p r e d i c t a b i l i t y is g o i n g 
to h a v e to be subt le to p r e v e n t t raders f r o m e x p l o i t i n g i t , therefore success at 
f i n d i n g p r e d i c t i o n p o s s i b i l i t i e s i n this area suggests that search i n o ther areas 
of e c o n o m i c s m i g h t b e e v e n m o r e f r u i t f u l . H a v i n g deal t w i t h s o m e concer ns 
a b o u t t e c h n i q u e s i n s p i r e d b y n o n l i n e a r science i n e c o n o m i c s a n d f i n a n c e let 
m e t u r n to a n o v e r v i e w of interest i n n o n l i n e a r sc ience i n d i s c i p l i n e s o ther 
t h a n e c o n o m i c s a n d f inance . 

M y r e a d i n g of n a t u r a l science l i terature suggests , after i n i t i a l debate o n 
the c l a i m s of h a v i n g f o u n d ac tua l e v i d e n c e for chaos i n N a t u r e , that n a t u r a l 
sc ience accepts the use fu lness of n o n l i n e a r science i n genera l . E v i d e n c e for 
this v i e w f o l l o w s . 

F i r s t , a U n i t e d States N a t i o n a l A c a d e m y of Sciences repor t states, " A s a 
c o n s e q u e n c e of its f u n d a m e n t a l in te l l ec tua l a p p e a l a n d p o t e n t i a l t e c h n o l o g i 
c a l a p p l i c a t i o n s , n o n l i n e a r sc ience is c u r r e n t l y e x p e r i e n c i n g a p h a s e of v e r y 
r a p i d g r o w t h . . . . I n a n y effort to g u i d e this research, h o w e v e r , i t is i m p e r a t i v e 
that n o n l i n e a r sc ience be r e c o g n i z e d for w h a t it is: A n i n h e r e n t l y i n t e r d i s c i p l i 
n a r y e f for t . . . " ( N A S , 1987, p . 14). T h e r e p o r t w o r r i e s a b o u t the d i f f i c u l t y of 
s u p p o r t i n g research i n this area w i t h i n the conf ines of the b a l k a n i z e d U.S. 
u n i v e r s i t y d e p a r t m e n t s y s t e m w h o s e r e w a r d s t ruc ture tends to d i s c o u r a g e 
b o l d i n t e r d i s c i p l i n a r y research. T h e y also w o r r y a b o u t the large a m o u n t s of 
s u p p o r t of the area i n other c o u n t r i e s re la t ive to the s u p p o r t i n the U n i t e d 
States. T h e y c o n c l u d e that n o n l i n e a r science has " . . .a r e m a r k a b l e b r e a d t h of 
a p p l i c a t i o n a n d the p o t e n t i a l to i n f l u e n c e b o t h o u r bas ic u n d e r s t a n d i n g of the 
w o r l d a n d o u r d a i l y l i f e " . 

A s e c o n d p iece of e v i d e n c e is a d r a m a t i c b a r g r a p h i n C a s t i (1992, V o l . I, 
p . v i i i ) w h e r e he p l o t s the n u m b e r of art icles o n chaos a n d fractals b y y e a r 
f r o m 1974-1990. T h e b a r g r a p h s h o w s a n e x p l o s i o n of interest s t a r t i n g i n 1983 
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w h i c h is r a p i d l y g r o w i n g to a l e v e l of a l m o s t f o u r t h o u s a n d art ic les i n 1990. 
S ince n o n l i n e a r sc ience covers the g e n e r a l species of c o m p l e x n o n l i n e a r i t y 
a n d s i n c e chaos a n d fractals are subsets of the area, C a s h ' s b a r g r a p h u n d e r 
states the t rue extent of a c t i v i t y i n this area. 

H e r e is m y a t t e m p t at d i s t i l l a t i o n of a g e n e r a l v i e w w h i c h has e m e r g e d 
f r o m a h u g e l i t e ra ture i n n a t u r a l science. N a t u r a l science w o r k o n chaos l eads 
to the v i e w that d y n a m i c a l s y s t e m s w h i c h are c o m p o s e d of m a n y l o c a l l y 
a n d / o r g l o b a l l y i n t e r a c t i n g par t s w i t h a v a r i e t y of l a g lengths d u e to adjust
m e n t d y n a m i c s o r o t h e r sources of d e l a y e d react ion are q u i t e l i k e l y to be 
c h a o t i c w h e r e " l i k e l y " is m e a s u r e d r e l a t i v e to a p o p u l a t i o n of g e n e r a l 
d y n a m i c a l sys tems. 

In prac t i ce m e a s u r e m e n t s taken o n the o u t p u t of s u c h sys tems are u s u a l l y 
a g g r e g a t i v e a n d c o r r u p t e d b y no i se . Therefore e v e n t h o u g h the u n d e r l y i n g 
g e n e r a t i n g m e c h a n i s m m a y be chaot ic the m e a s u r e m e n t s taken o n the s y s t e m 
a p p e a r to be s tochast ic or p u r e l y r a n d o m . In o r d e r to see h o w t o u g h it c a n be 
for s ta t i s t ica l tests to detect pat terns i n s o m e d e t e r m i n i s t i c d y n a m i c a l s y s t e m s 
take a l o o k at G r i f f e a t h ' s c o m m e n t (especia l ly h i s reference to W o l f r a m ' s w o r k 
o n c e l l u l a r automata ) i n B e r l i n e r (1992). 

A p r o t o t y p i c a l e x a m p l e i n n a t u r a l sc ience is f l u i d f l o w d y n a m i c s (cf. V a n 
A t t a ' s a r t i c le i n K r a s n e r , 1990). F o r a n e c o n o m i s t f l u i d f l o w d y n a m i c s may , 
p e r h a p s , be u s e f u l l y v i e w e d as a c e l l u l a r a u t o m a t o n d e f i n e d o n a l a rge 
d i m e n s i o n a l state space. I n cer ta in T a y l o r - C o u e t t e f l u i d f l o w e x p e r i m e n t s 
( w h e r e the fluid is " w e a k l y " turbulent ) v e l o c i t y m e a s u r e m e n t s of a s m a l l 
c h u n k of fluid a p p e a r stochast ic to m a n y stat is t ical tests b u t s tat is t ica l tests 
b a s e d u p o n chaos theory detect e v i d e n c e of l o w d i m e n s i o n a l chaos . 

S tudies i n e p i d e m i o l o g y are d i s c u s s e d b y Schaffer i n K r a s n e r (1990). 
H e r e , m u c h as i n e c o n o m i c s , the c o n t r o v e r s y centers a r o u n d w h e t h e r , for 
e x a m p l e , the t i m e series of meas les cases is better d e s c r i b e d as a l o w o r d e r 
a u t o r e g r e s s i o n w i t h seasonal i t ies associated w i t h the o p e n i n g a n d c l o s i n g of 
s c h o o l s o r is better d e s c r i b e d b y a p e r i o d i c a l l y f o r c e d d y n a m i c a l s y s t e m w i t h 
a d e l a y s t r u c t u r e across c o m p o n e n t s , p e r h a p s a l o n g the l i n e s of K u z n e t s o v 
el a l . (1992), w h i c h c a n take the torus d e s t r u c t i o n r o u t e to chaos . T h e w o r k i n g 
c o n d i t i o n s i n e p i d e m i o l o g y a n d b i o l o g y are c loser to those i n e c o n o m i c s 
w h e r e d a t a q u a l i t y is n o t so h i g h a n d w h e r e l a b o r a t o r y e x p e r i m e n t s are 
e x p e n s i v e or i m p o s s i b l e . 

It a p p e a r s that chaos is u s e f u l as a lens t h r o u g h w h i c h to v i e w the w o r l d 
i n e p i d e m i o l o g y , b i o l o g y , a n d ecology, not because i t h e l p s so m u c h i n 
p r e d i c t i o n b u t b e c a u s e i t is suggestive of p a t h w a y s to c o m p l e x d y n a m i c s . 

T h i s t y p e of v i e w p o i n t leads to a p a r a d i g m a t i c shi f t i n t h i n k i n g a b o u t 
u s e f u l m e t h o d s of s t u d y of s u c h f i e lds . S o m e scientists h a v e b e e n t a k i n g the 
v i e w that i n m a n y cases l i n e a r i z a t i o n m e t h o d s are suspect a n d the o n l y excuse 
for u s i n g t h e m i s c o m p u t a t i o n a l cost. A d v a n c e s i n c o m p u t a t i o n h a v e 
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r e m o v e d this cons t ra int . I n d e e d s o m e n a t u r a l scientists are b e c o m i n g ra ther 
seep t ica l a b o u t l i n e a r i z a t i o n . See, for e x a m p l e , C h u a ' s e d i t o r i a l i n I n t e r n a t i o n a l 
J o u r n a l of B i f u r c a t i o n s a n d C h a o s , M a r c h , 1991. 

I n v i e w of the r a p i d increase i n n o n l i n e a r science a c t i v i t y i n the o t h e r 
sc iences , a n d , w i t h the d r a m a t i c d e c l i n e of c o m p u t e r costs m a k i n g n o n l i n e a r 
sc ience research w i t h i n the r e a l m of a n y researcher w i t h a P C , o n e m i g h t a r g u e 
that e c o n o m i c s ignores n o n l i n e a r sc ience at its p e r i l . 

I n d e e d p e o p l e o f a m o r e p r a c t i c a l sor t w i t h n o i n c e n t i v e to h a v e 
a l l e g i a n c e to a n y p a r t i c u l a r a c a d e m i c m e t h o d o l o g y h a v e b e e n r e c e n t l y 
u s i n g i d e a s f r o m n o n l i n e a r s c i e n c e s u c h as g e n e t i c a l g o r i t h m s a n d n e u r a l 
nets to d e s i g n t r a d i n g s t ra teg ies for f i n a n c i a l assets. T h r e e e x a m p l e s t h a t 
h a v e r e c e n t l y h i t the p o p u l a r m e d i a are H a w l e y el a l . (1990), L o n d o n 
E c o n o m i s t , A u g u s t 15, 1992, p . 70, a n d " T h e N e w R o c k e t Sc ience H i t s 
C o r p o r a t e F i n a n c e " , Business W e e k , N o v . 2, 1992. R e a d i n g b e t w e e n the 
l i n e s o n e c a n see that at least o n e of the s t ra tegies d i s c u s s e d b y the 
E c o n o m i s t a n d Business W e e k w a s i n s p i r e d b y H o l l a n d ' s (1992) " b o t t o m u p " 
a p p r o a c h to a r t i f i c a l i n t e l l i g e n c e b y c r e a t i o n of a n a r t i f i c i a l e c o l o g y o f 
s t r a t e g i e s e n c o d e d b y b i t s t r i n g s so t h a t e v o l u t i o n a r y D a r w i n i s t i c 
d y n a m i c s c a n b e s i m u l a t e d v i a c o m p u t e r . 

I n this s y s t e m the best strategies are those w h i c h s u r v i v e m a n y genera 
t ions of s i m u l a t e d e v o l u t i o n a r y s t ruggle . T h e Santa Fe Inst i tute has s t i m u 
l a t e d research a l o n g this l i n e i n e c o n o m i c s . P r o m i n a n t e x a m p l e s are 
A n d e r s o n , A r r o w , a n d P i n e s (1988), A r t h u r (1992), a n d Sargent (1992). A r t h u r 
(1992) a n d Sargent (1992) c o n t a i n elegant statements of th is a p p r o a c h to 
m o d e l i n g " b o u n d e d r a t i o n a l i t y " i n e c o n o m i c s . 

M o r e o n the Santa Fe theme c a n be f o u n d i n a recent Sc ient i f i c A m e r i c a n 
ar t i c le , " T h e E d g e of C h a o s : C o m p l e x i t y is a M e t a p h o r at the Santa Fe 
I n s t i t u t e " , October , 1992. T h e Santa Fe Institute s tudies c o m p l e x d y n a m i c a l 
s y s t e m s a n d uses t h e m as a n o r g a n i z i n g theme to s t u d y a ca ta logue of 
p h e n o m e n a i n c l u d i n g the e c o n o m y . See A n d e r s o n , A r r o w , a n d P i n e s (1988) 
f o r a n e a r l y s t a t e m e n t o f the S a n t a Fe a p p r o a c h . W h i l e I b e l i e v e that there 
i s a g e n e r a l c o n s e n s u s i n e c o n o m i c s that r e s e a r c h i n e c o n o m i c s i n the 
g e n e r a l area of n o n l i n e a r s c i e n c e as e x e m p l i f i e d b y the S a n t a F e I n s t i t u t e 
i s v a l u a b l e , the u s e f u l n e s s o f r e s e a r c h o n the p a r t i c u l a r area of c h a o s m a y 
n o t h a v e s u c h a consensus . 

Never the less I a r g u e d a b o v e that this k i n d of research has b e e n i m p o r t a n t . 
O t h e r reasons w h y the research is i m p o r t a n t are these. F irs t , i n m o d e l s w i t h 
m a n y sectors w i t h a v a r i e t y of a d j u s t m e n t lags it is easy to p r o d u c e chaot ic 
e q u i l i b r i a for p l a u s i b l e p a r a m e t e r v a l u e s . Yet it is easy to p r o d u c e e x a m p l e s 
w h e r e the aggregates d o n o t a p p e a r chaot ic to stat ist ical tests for chaos . So 
a g g r e g a t i o n m a y be r e s p o n s i b l e for the lack of e v i d e n c e of chaos i n m a c r o -
e c o n o m i c d a t a . 
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S e c o n d , the art ic le b y M c N e v i n a n d N e f tci i n B e n h a b i b (1992) a r g u e d that 
a set o f aggregate data is less a n t i - s y m m e t r i c t h a n the d i s a g g r e g a t e d d a t a 
u n d e r p l a u s i b l e e c o n o m i c c o n d i t i o n s . A n t i - s y m m e t r y is e v i d e n c e c o n s i s t e n t 
w i t h n o n l i n e a r i t y because s y m m e t r i c i n p u t in to a l i n e a r m a p leads to s y m 
m e t r i c o u t p u t . T h e y a r g u e that the c y c l i c a l b e h a v i o r of major c a p i t a l g o o d s 
i n d u s t r i e s is l i k e l y to be o u t of p h a s e at b u s i n e s s cyc le f requencies a n d this 
w o u l d l e a d to s y m m e t r i c aggregates e v e n t h o u g h the c o m p o n e n t s are a n t i 
s y m m e t r i c . T h e i r e v i d e n c e is cons is tent w i t h this story. 

T h i s s i t u a t i o n is rather s i m i l a r to the w o r k of S u g i h a r a a n d M a y (1990). 
T h e y e x h i b i t e v i d e n c e consis tent w i t h the v i e w that aggregate d a ta o n meas les 
l o o k s l i k e a n AR(2) w i t h seasonal i t ies assoc ia ted w i t h the o p e n i n g a n d c l o s i n g 
of s c h o o l s is c o m p o s e d of c o m p o n e n t s w h i c h b e h a v e i n a m a n n e r m o r e 
cons i s tent w i t h c h a o s (Sugihara , G r e n f e l l , a n d M a y , 1990). I n d e e d w h e n 
S u g i h a r a , G r e n f e l l , a n d M a y (1990) d i s a g g r e g a t e d the d a t a they f o u n d 
e v i d e n c e that there w a s a l a g s t ruc ture i n p r o p a g a t i o n of the disease f r o m area 
to area w h i c h g e n e r a t e d d y n a m i c a l i n f o r m a t i o n c o n s i s t e n t w i t h c h a o s . 
N o t e t h a t w e are n o t s a y i n g t h e y s h o w e d the d a t a w a s c h a o t i c . W e are o n l y 
s a y i n g that the d i s a g g r e g a t e d data e x h i b i t e d b e h a v i o r cons is tent w i t h chaos . 

T h i r d , research o n chaos has s e n s i t i z e d scholars to p a t h w a y s for e m e r 
gent s t r u c t u r e s u c h as e m e r g e n t n o n l i n e a r i t y . It is i m p o r t a n t to r e c a l l that 
chaos i s a v e r y s p e c i a l f o r m of n o n l i n e a r i t y a n d , hence, the set o f n o n l i n e a r 
data generat ing processes is m u c h larger than the set of chaotic data generat ing 
processes . 

3. T e s t i n g f o r C h a o s a n d G e n e r a l N o n l i n e a r i t y 

A c o m m o n m e t h o d , b u t c e r t a i n t l y n o t the o n l y one , of tes t ing for " n e g l e c t e d 
s t r u c t u r e " of a n y f o r m is to es t imate a best f i t t i n g m o d e l i n a g i v e n n u l l 
h y p o t h e s i s c lass a n d pass the e s t i m a t e d r e s i d u a l s t h r o u g h a tes t ing p r o c e d u r e 
d e s i g n e d to detec t " n e g l e c t e d s t r u c t u r e " . If the n u l l h y p o t h e s i s class is the 
l i n e a r class this g i v e s a p r o c e d u r e to test for n o n l i n e a r i t y . 

In o r d e r to d i s c u s s this subject w e n e e d s o m e d e f i n i t i o n s w h i c h w e take 
f r o m B r o c k a n d Pot ter (1992). F o r b r e v i t y w e concentrate o n scalar v a l u e d 
processes a n d q l ags i n the l a w of m o t i o n ( l .b) b e l o w . 

DEFINITION 1. W e s a y the o b s e r v e d data process { A ( t ) } i s generated b y a n o i s y 
d e t e r m i n i s t i c a l l y chaot ic e x p l a n a t i o n , " n o i s y c h a o t i c " for short , if 

A , = h ( X t , M , ) , (3.1.a) 

X t = G ( X , _ i , . . . , X V , ) , (3.1.b) 
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w h e r e [ X , } ( w h e n V, = 0) is g e n e r a t e d b y the d e t e r m i n i s t i c d y n a m i c s , 

x t = G ( x , _ ] , . . . , x t _ i / , 0 ) , (3.1 .c) 

w h i c h i s c h a o t i c , that is to say the largest L y a p u n o v e x p o n e n t ( d e f i n e d b e l o w ) 
exists , i s cons tant a l m o s t s u r e l y w i t h respect to the a s s u m e d u n i q u e n a t u r a l 
i n v a r i a n t m e a s u r e of G(.) , a n d is p o s i t i v e . 

H e r e |M,1, {V,) are m u t u a l l y i n d e p e n d e n t m e a n zero , f in i te v a r i a n c e , 
I n d e p e n d e n t a n d I d e n t i c a l l y D i s t r i b u t e d (IID) processes . H e r e {M,} represents 
m e a s u r e m e n t error , h ( x , m ) is a n o i s y observer f u n c t i o n of the state X t , a n d 
{V,} is d y n a m i c a l no ise . 

W e w a r n the reader that p o s i t i v e largest L y a p u n o v e x p o n e n t of the 
u n d e r l y i n g d e t e r m i n i s t i c m a p is not the o n l y d e f i n i t i o n of chaos w h i c h 
a p p e a r s i n the l i t e ra ture . H o w e v e r this d e f i n i t i o n , a n d a l l d e f i n i t i o n s w e h a v e 
seen, share the f o l l o w i n g h a l l m a r k of chaos : Sens i t ive D e p e n d e n c e u p o n 
I n i t i a l C o n d i t i o n s ( S D K ) . T u r n n o w to a d e f i n i t i o n of the l a r g e s t L y a p u n o v 
e x p o n e n t . 

D E F I N I T I O N . L a r g e s t L y a p u n o v E x p o n e n t of m a p F ( x ) . Le t F: R " -> R " . T h e 
largest L y a p u n o v e x p o n e n t , X, is d e f i n e d b y 

X = l i m ln[D F'. v] / 1 , (3.2) 

w h e r e D ,"." , v , In , F > , d e n o t e d e r i v a t i v e w i t h respect to i n i t i a l c o n d i t i o n 
x0 at t i m e z e r o , m a t r i x p r o d u c t w i t h d i r e c t i o n v e c t o r v, n a t u r a l l o g a r i t h m , m a p 
F a p p l i e d t t i m e s (the i - t h i terate of F ) , a n d m a t r i x n o r m r e s p e c t i v e l y . 

T h e f o l l o w i n g w e l l k n o w n scalar v a l u e d e x a m p l e , c a l l e d the tent m a p , 

F ( x ) = 1 - I 2 x - II , (3.3) 

is a d e t e r m i n i s t i c c h a o s w i t h the f o l l o w i n g p r o p e r t i e s : F ( x ) m a p s [0, 1 ] to itself , 
a n d f o r a l m o s t a l l i n i t i a l c o n d i t i o n s , x0 s [0, 1], w i t h respect to, L e b e s q u e 
m e a s u r e o n [0, 1], the tra jectory x , ( x 0 ) o f the d y n a m i c s , ( l .c ) is s e c o n d o r d e r 
w h i t e n o i s e i.e., has f lat s p e c t r u m , a n d , the A u t o c o r r e l a t i o n F u n c t i o n ( A C F ) is 
z e r o at a l l l e a d s a n d lags . T h e l a r g e s t L y a p u n o v e x p o n e n t is X = ln(2) > 0. There 
are m a n y e x a m p l e s of determinist ic chaoses. T h e y share the feature that they are 
n o t predic tab le i n the l o n g t e r m b u t they are predictable i n the short term. 

T h e a p p r o a c h of Barnett , G a l l a n t , H i n i c h , a n d Jensen (1992) locates 
suff ic ient c o n d i t i o n s o n the above setup s u c h that the m e t h o d of delays c a n be 
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u s e d to " r e c o n s t r u c t " the u n d e r l y i n g d e t e r m i n i s t i c d y n a m i c a l s y s t e m (3.1c) 
so that n o n p a r a m e t r i c r e g r e s s i o n c a n b e u s e d to o b t a i n a cons is tent e s t i m a t o r 
of (3.1c) so t h a t a c o n s i s t e n t e s t i m a t o r o f the l a r g e s t L y a p u n o v e x p o n e n t c a n 
be f o u n d . Ctoce a consistent estimator of the largest L y a p u n o v e x p o n e n t is i n h a n d , 
t h e y test w h e t h e r i t is p o s i t i v e . 

T h e d e f i n i t i o n o f c h a o s as p o s i t i v e l a r g e s t L y a p u n o v e x p o n e n t 
n a t u r a l l y l e a d s to a n h e u r i s t i c s u g g e s t i o n w h y c h a o t i c d y n a m i c s s h o u l d 
be e x p e c t e d f o r the d y n a m i c s xt + , =/(*,),/: R " R " f o r n l a r g e e n o u g h . 
T h e i n t u i t i v e i d e a i s t h i s : If a s y s t e m / i s " d r a w n at r a n d o m " the c h a n c e s 
o f g e t t i n g o n e w i t h a p o s i t i v e L y a p u n o v e x p o n e n t s h o u l d t e n d t o o n e 
as n —> °°. 

I n o r d e r to see w h y i t m a y be p o s s i b l e to f o r m u l a t e a n d p r o v e s u c h a 
r e s u l t t u r n to R u e l l e ' s (1989, C h a p t e r 9) t reatment of L i a p u n o v e x p o n e n t s . 
P lace e n o u g h res t r i c t ions o n e a c h d y n a m i c a l sys tem/( . ) so that the O s e l e d e c 
M u l t i p l i c a t i v e e r g o d i c t h e o r e m c a n be a p p l i e d to g i v e existence of t h e l i m i t 
o f the 1 / 2fV-th root of the p r o d u c t of the d e r i v a t i v e of the AMterate of /(.) w i t h 
its ad jo in t . C a l l th i s l i m i t A x fo r i n i t i a l c o n d i t i o n x. T h e l o g a r i t h m s of the 
e i g e n v a l u e s of th i s l i m i t m a t r i x are the L i a p u n o v e x p o n e n t s . W h i l e t h e l i m i t 
exists f o r p - a l m o s t a l l i n i t i a l c o n d i t i o n s , the i n v a r i a n t m e a s u r e p w h i c h 
a p p e a r s i n the t h e o r e m d e p e n d s u p o n / ( . ) . A l s o the m e a s u r e p m a y c o n t a i n 
" a t o m s " , i .e., m a y n o t be a b s o l u t e l y c o n t i n u o u s w i t h respect to L e b e s q u e 
m e a s u r e . H e n c e there are obstacles o n the route to s h o w i n g that the s t o r y w e 
t e l l b e l o w c o u l d serve as a m e t a p h o r for the l i k e l i h o o d of d r a w i n g a d y n a m i 
c a l s y s t e m w h o s e l i m i t m a t r i x A exists a n d w h i c h has a n e i g e n v a l u e w i t h 
m o d u l u s greater t h a n one, i.e., a pos i t ive L i a p u n o v exponent , i.e, the d y n a m i c a l 
s y s t e m i s chaot i c . 

C o n s i d e r the f o l l o w i n g s t o r y w h i c h w i l l se rve as a k i n d of m e t a p h o r . L e t 
5 be a l a rge p o s i t i v e n u m b e r . D r a w n n u m b e r s \, i = 1, 2 , . . . , n , at r a n d o m 
f r o m the set [- B , B ] a c c o r d i n g to a c u m u l a t i v e p r o b a b i l i t y d e n s i t y d i s t r i b u 
t i o n f u n c t i o n for the i - t h d r a w . L e t these n u m b e r s p l a y the r o l e of the 
e i g e n v a l u e s of A , , a b o v e . T h e p r o b a b i l i t y that at least o n e \ is greater t h a n o n e 
(i.e. w e h a v e a p o s i t i v e largest L y a p u n o v e x p o n e n t for the l i n e a r d y n a m i c s 
o n R " g i v e n b y x- l + , = X, xjt, j = 1, 2 , . . . , n ) is one m i n u s the p r o b a b i l i t y 
that a l l X t are less t h a n o r e q u a l to one. A s s u m i n g i n d e p e n d e n t d r a w s w e see 

i = n 
i m m e d i a t e l y that A n = f p ^ M J> i s n o n i n c r e a s i n g i n n , h e n c e converge to 

a n o n n e g a t i v e l i m i t L , = a s n - » ~ . If L > 0 t h e n t a k i n g logs s h o w s u s that 
log[Pr{A, (. < 1}] -> 0, i -> °°; i .e., P r ( \ . < 1) -> 1, i -> =°. T h i s g i v e s u s 

P R O P O S I T I O N . L e t { P J J l , be a f a m i l y of d i s t r i b u t i o n f u n c t i o n s such t h a t 
Urn infi _> Jr{\t < 1} < 1. T h e n as n -»<*, t h e p r o b a b i l i t y t h a t at l e a s t one X t > 1 i n 
n d r a w s converges t o u n i t y . 
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W e h a s t e n to a d d that the a b o v e a r g u m e n t is o n l y m e a n t to sugges t that 
i t is n o t a b s u r d to expect that chances are h i g h for o b t a i n i n g a p o s i t i v e 
L y a p u n o v e x p o n e n t for a d y n a m i c a l s y s t e m o n R " " d r a w n at r a n d o m " 
( h o w e v e r " d r a w n at r a n d o m " is g i v e n prec i se m e a n i n g ) . W e c o n s i d e r it a n 
i n t e r e s t i n g research pro ject to f i n d suf f i c ient c o n d i t i o n s o n the s p a c e of 
d y n a m i c a l systems o n R " so that the l i k e l i h o o d of a chaotic s y s t e m c o u l d be m a d e 
precise as n tends to inf ini ty . A t this stage w e are s i m p l y t r y i n g to s h o w that it is 
not i m p l a u s i b l e to expect that a " l o t " of systems are chaotic if n is large e n o u g h . 
T u r n n o w to a treatment of general nonl inear i ty that goes b e y o n d chaos i n 
p a r t i c u l a r a n d n o n l i n e a r i t y of determinist ic d y n a m i c a l systems i n general . 

3.1. Some N o t i o n s of S t o c h a s t i c L i n e a r i t y a n d N o n l i n e a r i t y 

F o r b r e v i t y w e c o n s i d e r sca lar v a l u e d s t r i c t ly s t a t i o n a r y s tochast ic processes . 
C o n s i d e r the f o l l o w i n g s tochast ic process 

n - ^ = X P A - . / > 5 > / < ~ ' (3-4) 

w h e r e { N n ) is a m e a n z e r o , f in i te v a r i a n c e d e n o t e d , (0 , a 2 ) , s t r i c t l y s t a t i o n a r y 
stochastic process. In the discussion here X ranges f r o m 0 to °°. It can be generalized. 

W e d i s c u s s t w o c o m m o n l y u s e d d e f i n i t i o n s o f s tochast ic l i n e a r i t y : M D S -
L i n e a r a n d ITD-Linear. 

D E F I N I T I O N ( M D S - L i n e a r ) ( H a l l a n d H e y d e , 1980, p p . 182,183). T h e stochast ic 
process (Y,} i s M D S - L i n e a r if it c a n be represented i n the f o r m (3.4) a b o v e w h e r e 
the " i n n o v a t i o n s " {/V,| are a M a r t i n g a l e D i f f e r e n c e Sequence ( M D S ) re la t ive to 
the s i g m a a lgebras F , genera ted b y {Ys, s < t). 

H e n c e a s tochast ic process is " M D S - L i n e a r " i f i t c a n be represented as a 
l i n e a r f i l ter a p p l i e d to M D S i n n o v a t i o n s . To p u t it a n o t h e r w a y , the best M e a n 
S q u a r e d E r r o r (MSE) p r e d i c t o r b a s e d u p o n the p a s t is the s a m e as the best 
l i n e a r p r e d i c t o r b a s e d u p o n the past . 

D e J o n g (1992) s h o w s h o w the Bierens consis tent c o n d i t i o n a l m o m e n t 
test o f f u n c t i o n a l f o r m c a n c a n be a d a p t e d to create a consistent test of M D S 
L i n e a r i t y . T h e i n t u i t i v e i d e a is to c o n s i s t e n t l y est imate ( u n d e r the n u l l 
h y p o t h e s i s o f M D S - L i n e a r i t y ) a l i n e a r m o d e l a n d pass the r e s i d u a l s t h r o u g h 
D e J o n g ' s a d a p t a t i o n of B ierens ' s test. W e refer the reader to D e J o n g for the 
d e t a i l s . T u r n n o w to the d e f i n i t i o n of I ID-Linear . 

D E F I N I T I O N ( I I D - L i n e a r ) ( H a l l a n d H e y d e , 1980, p . 198). T h e s tochast ic process 
{ i s I I D - L i n e a r i f i t c a n be w r i t t e n i n the f o r m (4) w h e r e the i n n o v a t i o n s { N t } 
are IID (0 , a 2 ) . 
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T h e test of B r o c k , Decher t , S c h e i n k m a n , L e B a r o n (1990) is e s p e c i a l l y 
adaptable to test ing the hypothes is of IID-Linearity. T h i s is so because B r o c k a n d 
D e c h e r t (1991), B r o c k , Decher t , S c h e i n k m a n , a n d L e B a r o n (1990), B r o c k , 
H s i e h , a n d L e B a r o n (1991) s h o w that the f irst o r d e r a s y m p t o t i c d i s t r i b u t i o n 
o n the e s t i m a t e d r e s i d u a l s of best f i t t i n g l inear m o d e l s are the s a m e as o n the 
t rue r e s i d u a l s for a l a r g e class of I I D - L i n e a r processes . T h e last t w o references 
a r g u e th i s p o i n t b o t h b y t h e o r y a n d m o n t e c a r l o w o r k . D e L i m a (1992a, b) 
g i v e s the m o s t g e n e r a l a n d m o s t c o m p l e t e p r o o f of this i n v a r i a n c e p r o p e r t y 
for a f a m i l y of r e l a t e d stat is t ical tests. 

N o t e that the W o l d r e p r e s e n t a t i o n t h e o r e m says a n y p u r e l y ( l inear ly ) 
n o n d e t e r m i n i s t i c s tochast ic process has a r e p r e s e n t a t i o n of the f o r m (4) for 
s o m e { N , } i n n o v a t i o n process w h i c h is u n c o r r e l a t e d ( H H , p . 182). T h e t w o 
d e f i n i t i o n s of l i n e a r i t y r e q u i r e m u c h m o r e t h a n mere u n c o r r e l a t e d n e s s o f the 
i n n o v a t i o n s . T h a t is w h a t g i v e s the d e f i n i t i o n s content . F u t h e r m o r e r e q u i r i n g 
(as i n the c o n c e p t of M D S - L i n e a r ) that the best M S E - l i n e a r p r e d i c t o r b e the best 
M S E - p r e d i c t o r seems to be as far as o n e c a n g o i n w e a k e n i n g the IID r e q u i r e 
m e n t o n { N } w i t h o u t r u n n i n g i n t o the inherent n o n t e s t a b i l i t y of the W o l d 
d e c o m p o s i t i o n . 

T h e a b o v e e x p o s i t i o n g i v e s a n h e u r i s t i c o v e r v i e w of the t w o m a i n 
d e f i n i t i o n s of s tochast ic l inear i ty . H o w e v e r , i n f i n a n c i a l a p p l i c a t i o n s i t is 
c o n t r o v e r s i a l to a s s u m e that s e c o n d o r d e r m o m e n t s exist o f o u t p u t s a n d 
i n n o v a t i o n s . T h e r e a s o n is s i m p l e . There is s t r o n g e v i d e n c e that the u n c o n d i 
t i o n a l v a r i a n c e of asset re turns is i n f i n i t e a n d , f u r t h e r m o r e , c o n d i t i o n a l 
v o l a t i l i t y m e a s u r e s are e x t r e m e l y pers is tent (cf. L o r e t a n a n d P h i l l i p s (1992) 
a n d the i r references) . F o r this r e a s o n the d e f i n i t i o n s r e q u i r e r e l a x a t i o n o f the 
m o m e n t c o n d i t i o n s . 

D e L i m a (1992a, b) p r o v i d e s a g e n e r a l class of tests w h i c h c a n be u s e d to 
test the h y p o t h e s i s o f I ID-L inear u n d e r m i n i m a l m o m e n t restr ic t ions . E s s e n 
t i a l l y d e L i m a r e q u i r e s n o m o r e m o m e n t r e q u i r e m e n t s t h a n those n e e d e d to 
c o n s i s t e n t l y es t imate l i n e a r m o d e l s . F u r t h e r m o r e the f irst o r d e r a s y m p t o t i c 
d i s t r i b u t i o n o f h i s tests o n e s t i m a t e d r e s i d u a l s are r i g o r o u s l y s h o w n to b e 
i n d e p e n d e n t of the e s t i m a t i o n p r o c e d u r e for a large class of I I D - L i n e a r d a t a 
g e n e r a t i n g processes . F u r t h e r m o r e he s h o w s b y t h e o r y a n d m o n t e c a r l o w o r k 
that m o m e n t r e q u i r e m e n t s of r i v a l tests mat ter for correct inference u n d e r 
c o n d i t i o n s t y p i c a l for f i n a n c i a l d a t a . W e u r g e the reader w h o w o r k s w i t h 
h e a v y t a i l e d d a t a g e n e r a t i n g processes s u c h as those i n f inance to r e a d d e 
L i m a ' s t w o p a p e r s . 

W e h a s t e n to a d d that the l i tera ture o n test ing for n o n l i n e a r i t y a n d 
e s t i m a t i o n o f n o n l i n e a r m o d e l s is vast a n d that the p o i n t of v i e w e x p o s i t e d 
here d i s p r o p o r t i o n a t e l y represents m y o w n w o r k . T h e b o o k b y B r o c k , H s i e h , 
a n d L e B a r o n (1991) e x p o u n d s the p o i n t of v i e w t a k e n here a n d b r i e f l y 
a t tempts to relate i t to o ther par t s o f the e c o n o m e t r i c l i tera ture . T h e b o o k s b y 
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C a s d a g l i a n d E u b a n k , (1992), G r a n g e r a n d Terasvir ta (1992), a n d T o n g (1990) 
s h o u l d be c o n s u l t e d b y the reader for a m o r e b a l a n c e d treatment of n o n l i n e a r 
t i m e series e c o n o m e t r i c s . 

T u r n n o w to the d e v e l o p m e n t of n e w classes of s t r u c t u r a l asset p r i c i n g 
m o d e l s that generate n o n M D S - L i n e a r e q u i l i b r i u m processes for r e t u r n s p e r 
s h a r e of r i s k y asset. 

R e c a l l that M D S - L i n e a r i t y is e q u i v a l e n t to: T h e best M S E p r e d i c t o r g i v e n 
the past , i .e., the c o n d i t i o n a l e x p e c t a t i o n g i v e n the past , is the best l i n e a r M S E 
p r e d i c t o r . H e n c e a n y class o f m o d e l s that c o n t a i n e n d o g e n o u s j u m p s a n d 
d i s c o n t i n u i t i e s i n response to changes i n the v a r i a b l e s u s e d for p r e d i c t i o n 
c a n n o t be M D S - L i n e a r because l i n e a r p r e d i c t o r s are c o n t i n u o u s f u n c t i o n s o f 
the v a r i a b l e s u s e d for p r e d i c t i o n . 

4. S t r u c t u r a l M o d e l i n g U s i n g I n t e r a c t i n g P a r t i c l e S y s t e m s T h e o r y 

In th i s s e c t i o n w e e x h i b i t a c lass of asset p r i c i n g m o d e l s that s h o w h o w 
M D S - L i n e a r e a r n i n g s processes c a n be t r a n s f o r m e d i n t o e q u i l i b r i u m r e t u r n s 
p e r share processes that are n o t M D S - L i n e a r . W h i l e w e e m p h a s i z e that m o r e 
c o n v e n t i o n a l asset p r i c i n g theories s u c h as L u c a s (1978) a n d B r o c k (1982) c a n 
t r a n s f o r m l i n e a r e a r n i n g s processes i n t o n o n l i n e a r r e t u r n s processes t h r o u g h 
the m a r k e t e q u i l i b r a t i o n e q u a t i o n s , i n these m o d e l s s m a l l changes i n the 
e n v i r o n m e n t d o n o t l e a d to l a rge changes i n r e t u r n s o r r e t u r n s v o l a t i l i t y . 
E v i d e n c e i n art ic les s u c h as H a u g e n et a l . (1991) suggests that a b r u p t c h a n g e s 
i n r e t u r n s a n d v o l a t i l i t y w h i c h are d i f f i c u l t to l i n k to m e a s u r e s of f u n d a m e n 
tals are q u i t e c o m m o n . W e w a n t o u r m o d e l s to be able to a d d r e s s s u c h 
e v i d e n c e . T u r n n o w to a class of m o d e l s that e n d o g e n i z e d i s c o n t i n u o u s 
r e s p o n s e s to changes i n the e n v i r o n m e n t a n d h i s t o r y of e v o l u t i o n of the 
s y s t e m . 

W e s h a l l u s e the p r o b a b i l i t y s t r u c t u r e of i n t e r a c t i n g p a r t i c l e s s y s t e m s 
(IPS) t h e o r y as a n i n p u t i n t o b u i l d i n g o u r c lass of asset p r i c i n g m o d e l s . See 
D u r l a u f (1989a, b ; 1991a, b) a n d h i s re ferences , e s p e c i a l l y to F o l l m e r , fo r 
u s e s o f IPS t h e o r y i n e c o n o m i c s . H e r e w e s h a l l c o m p l e m e n t th is w o r k b y 
f u s i n g t o g e t h e r i d e a s f r o m d i s c r e t e c h o i c e t h e o r y (e.g. M a n s k i a n d M c -
F a d d e n , 1981), a n d IPS b y u s i n g m e a n f i e l d theore t i c a r g u m e n t s to o b t a i n 
c l o s e d f o r m s o l u t i o n s for e q u i l i b r i a i n o u r m o d e l s i n the la rge e c o n o m y l i m i t . 
I n t h i s w a y w e c a n f o r m u l a t e the t h e o r y at a l e v e l o f a c c u r a c y s u f f i c e n t to 
c a p t u r e t h e p h a s e t r a n s i t i o n b e h a v i o r e m p h a s i z e d b y D u r l a u f , b u t s t i l l 
h a v e the c o n v e n i e n c e of c l o s e d f o r m s o l u t i o n s w h i c h c a n b e a d a p t e d for 
s t a t i s t i c a l i n f e r e n c e . 

H e n c e , th is p a r t of o u r p a p e r is m e t h o d o l o g i c a l i n the s a m e sense as L u c a s 
(1978). T h e e m p h a s i s w i l l be o n f i n d i n g p a r s i m o n i o u s l y p a r a m e t e r i z e d , yet 
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flexible, p r o b a b i l i t y s t ructures . T h e m o d e l l i n g t e c h n i q u e o f f e r e d here w i l l b e 
a p p l i e d to e x a m p l e s i n o r d e r to s h o w its u s e f u l n e s s . 

T h e o r g a n i z a t i o n of Sec t ion f o u r of this p a p e r is as f o l l o w s . F i rs t , i n 
S e c t i o n 4.1, w e state the g e n e r a l p r o b a b i l i t y s t ruc ture o f i n t e r a c t i n g s y s t e m s 
that w e s h a l l use . S e c o n d , i n S e c t i o n 4.2 w e s h a l l a p p l y this p r o b a b i l i t y 
s t r u c t u r e to d e v e l o p asset p r i c i n g m o d e l s w h e r e d e m a n d s are c r o s s - d e p e n d 
ent at a p o i n t i n t i m e o v e r the set o f t raders . T h e la rge e c o n o m y l i m i t w i l l b e 
t a k e n a n d c o n d i t i o n s w i l l be l o c a t e d o n the s t r e n g t h of the cross d e p e n d e n c e 
for the cross s e c t i o n a l e r g o d i c t h e o r e m to h o l d . W e s h a l l t h e n s t u d y the 
t e m p o r a l e v o l u t i o n o f the cross sec t iona l d e p e n d e n c e . T h e m o d e l s are f r a m e d 
to b e e c o n o m e t r i c a l l y tract ible to a d a p t i o n s of the m e t h o d o f m o m e n t s . 

In S e c t i o n 4.2 w e treat the f irst e x a m p l e of o u r t y p e of m o d e l . T h i s is a 
f o r m a l i z a t i o n of " n o i s e t r a d e r " m o d e l s i n e c o n o m i c s a n d f inance , w h e r e w e 
f i n d s u f f i c i e n t c o n d i t i o n s o n the p r o b a b i l i t y s t ruc ture for the no ise t raders to 
mat te r i n the la rge e c o n o m y l i m i t . S ince , " n o i s e " t rader m o d e l s are c o n t r o v e r 
s i a l w e e m p h a s i z e at the outse t that o u r t y p e of m o d e l m a y b e i n t e r p r e t e d as 
a m o d e l w h e r e traders h a v e heterogeneous beliefs o r heterogeneous es t imat ion 
o r l e a r n i n g m e t h o d s for r e l e v a n t c o n d i t i o n a l m o m e n t s n e e d e d to f o r m the ir 
d e m a n d s for assets. T h e n e w i n g r e d i e n t that w e a d d is a p a r a m e t e r i z a t i o n of 
the c r o s s - d e p e n d e n c e of the he terogene i ty that is e c o n o m e t r i c a l l y t ractable 
a n d l e a d s to the u n c o v e r i n g o f su f f i c i en t c o n d i t i o n s for the he terogene i ty to 
mat te r i n the large e c o n o m y l i m i t . 

In S e c t i o n 4.3 w e d e v e l o p a n asset p r i c i n g m o d e l w h e r e d e p e n d e n c e of 
e a c h t r a d e r ' s i n c o m e o n the m a r k e t p o r t f o l i o is i tself d e p e n d e n t across the set 
o f t r a d e r s . T h i s m o d e l l eads to a s i m p l e r e l a t i o n s h i p for the e q u i l i b r i u m p r i c e 
of the r i s k y asset a n d r e l a t i v e l y s i m p l e e q u i l i b r i u m v o l u m e d y n a m i c s . 

S e c t i o n 4.4 treats a v e r s i o n of C a m p b e l l , G r o s s m a n , a n d W a n g ' s (1991), 
hereafter , C G W , m o d e l of t raders w i t h r a n d o m r i s k a v e r s i o n p a r a m e t e r s . I n 
o u r v e r s i o n the t e m p o r a l m o v e m e n t of r i s k a v e r s i o n e v o l v e s e n d o g e n o u s l y 
i n s u c h a w a y that e x p l o s i v e b u r s t s o f v o l a t i l i t y are p o s s i b l e i n a r a t i o n a l 
e x p e c t a t i o n s e q u i l i b r i u m . O u r m o d e l is a n o n l i n e a r m o d e l that nests the C G W 
m o d e l as a s p e c i a l case. W e i n d i c a t e h o w the p a r a m e t e r s of the m o d e l m a y b e 
e s t i m a t e d u s i n g d a t a o n p r i c e a n d v o l u m e . 

N o n e of the a b o v e m o d e l s are r a t i o n a l expecta t ions m o d e l s w i t h a s y m 
m e t r i c a l l y i n f o r m e d agents i n the sense of G e n n o t e a n d L e l a n d (1990), 
H e l l w i g (1980 a n d 1982). In Sect ion 4.5 w e b r i e f l y s h o w h o w H e l l w i g ' s (1980) 
la rge e c o n o m y l i m i t t h e o r e m c a n be u s e d to p r o d u c e a m o d e l w i t h a n 
e q u i l i b r i u m p r i c e r e l a t i o n s h i p w h i c h c a n d i s p l a y a b r u p t changes to s m a l l 
c h a n g e s i n the e n v i r o n m e n t . 

S e c t i o n 4.6 s h o w s h o w to b u i l d a s i m p l e m a c r o f inance asset p r i c i n g 
m o d e l that " e n d o g e n i z e s " the e x o g e n o u s s h o c k s i n the L u c a s (1978), a n d 
B r o c k (1982) m o d e l s . T h i s e x a m p l e w a s s t i m u l a t e d b y D u r l a u f (1991a, b) . 
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These m o d e l s i l lustrate that interact ive systems probab i l i ty m o d e l l i n g can 
p r o d u c e ana lyt i ca l ly tractable asset p r i c i n g a n d macroeconomic m o d e l s . T h e 
m o d e l s a l l share the c o m m o n p r o p e r t y that s m a l l i n p u t noise into the e n v i r o n 
m e n t c a n p r o d u c e large n o i s y m o v e m e n t s i n equi l ibr ia . T h e m o d e l s suggest 
e c o n o m i c p a t h w a y s t h r o u g h w h i c h i n p u t noise m a g n i f i c a t i o n c a n occur. 

4 .1 . G e n e r a l P r o b a b i l i t y S t r u c t u r e 

W e e x p o s i t the s i m p l e s t v e r s i o n of o u r p r o b a b i l i t y s t r u c t u r e here . T h e a p p e n 
d i x c o n t a i n s a g e n e r a l i z a t i o n w h e r e the in terac t ions are be c o n s i d e r e d o v e r 
d i s j o i n t sets A { , . . . , A K w h e r e types are h o m o g e n e o u s w i t h i n each set b u t 
h e t e r o g e n e o u s across each set. In the A p p e n d i x , the large s y s t e m l i m i t (as 
N = t o t a l n u m b e r °°) is t a k e n b y h o l d i n g the f r a c t i o n o f e a c h t y p e 
k = 1, 2 , . . . , K c o n s t a n t . 

T o f o r m a l i z e the s i m p l e s t v e r s i o n w h i c h c o n t a i n s the m a i n i d e a s , let 
Q. be a set o f r e a l n u m b e r s , let Q N be its N - f o l d C a r t e s i a n p r o d u c t , co e Q N , 
a n d p u t 

/Mw}=exp[BG]/yc0)/Z, 

G = t7(co) + (1 / 2 ) £ ^ J i j a f O j + , 
< (0 

(7(a)) . 5 > , ) , (4.1.1) 

w h e r e X is o v e r / = 1, 2 , . . . , N, X is o v e r " n e i g h b o r s of i " , /V{co} d e n o t e s 
(0 

p r o b a b i l i t y of s o c i a l state co, «((0,) is o w n u t i l i t y to agent i o f c h o i c e w i e £2, 
Z = Zexp[BG(v)]/yv), X i s o v e r a l l v , a n d B is a p a r a m e t e r w h o s e r o l e w i l l be 
e x p l a i n e d later . H e r e / y v) denotes the p r o d u c t p r o b a b i l i t y o n Q N i n d u c e d b y 
the c o m m o n d i s t r i b u t i o n f u n c t i o n F o n i l W e w i l l c o n c e n t r a t e o n the case 
w h e r e Q is f i n i t e a n d F is a s u m of " D i m e d e l t a s " b u t use X a n d j i n t e r c h a n 
g e a b l y to sugges t the n a t u r a l e x t e n s i o n to a c o n t i n u o u s state space. 

T h e best w a y to th ink about this structure is to th ink of (4.1.1) as g i v i n g the 
j o i n t d i s t r i b u t i o n of soc ia l states co of a society of N i n d i v i d u a l s , each f a c i n g a 
c h o i c e f r o m a set of a l ternat ives , £2. H e r e 7.. is a m e a s u r e of the s t r e n g t h of 
i n t e r a c t i o n b e t w e e n i n d i v i d u a l s i J loca ted at sites i J. W e w i s h to e x p o s i t a 
d i sc re te c h o i c e ( M a n s k i a n d M c F a d d e n , 1981) i n t e r p r e t a t i o n of (4.1.1) because 
this w i l l be i m p o r t a n t to o u r d e v e l o p m e n t . 

C o n s i d e r the discrete choice m o d e l 

V(co) = G(co) + U£(C0), [£(.)} IIDEV. (4.1.2) 
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H e r e "IIDEV" d e n o t e s I n d e p e n d e n t a n d I d e n t i c a l l y D i s t r i b u t e d E x t r e m e 
V a l u e . T h e m o d e l (4.1.2) r e p r e s e n t s a s t o c h a s t i c s o c i a l u t i l i t y m o d e l w h e r e 
the e r r o r s e(.) are IID e x t r e m e v a l u e ( W e i b u l l ) o v e r co i n Q N . M a n s k i a n d 
M c F a d d e n (1981, p p . 198-272) s h o w that the p r o b a b i l i t y that a p a r t i c u l a r 
s o c i a l s tate co is s o c i a l u t i l i t y m a x i m i z i n g is g i v e n b y (4.1.1) w i t h B = l /u. , 
w h e r e B is c a l l e d the " i n t e n s i t y of c h o i c e . " N o t e that B = 0 g i v e s t h e m o s t 
r a n d o m m e a s u r e across s o c i a l states, i .e., each s o c i a l state has p r o b a b i l i t y 
1 / \QN\ = 1 / IQI^, w h e r e O denotes the c a r d i n a l i t y of the f in i te set Q . 

A n d e r s o n , d e P a l m a , a n d T h i s s e (1993), C h a p t e r 2, hereafter " A D T , " 
r e v i e w resul ts i n the discrete c h o i c e l i terature that s h o w 

£{maxG(co)} =(1 /B)ln(Z) 

w h e r e In d e n o t e s the n a t u r a l l o g a r i t h m a n d max is o v e r co e nN. T h i s g i v e s 
a n i c e c o n n e c t i o n b e t w e e n the w e l f a r e m e a s u r e , £{maxG(co)), o f d i s c r e t e 
c h o i c e t h e o r y a n d the f ree e n e r g y f u n c t i o n of s t a t i s t i c a l m e c h a n i c s . T h e y 
are the s a m e e x c e p t f o r a c h a n g e i n s i g n . See K a c (1968) for the f ree e n e r g y 
f u n c t i o n . A D T a l s o s h o w h o w (1 /B) is r e l a t e d to m e a s u r e s of d i v e r s i t y i n 
d i f f e r e n t i a t e d p r o d u c t m o d e l s as w e l l as to the CES p a r a m e t e r i n C o n s t a n t 
E l a s t i c i t y of S u b s t i t u t i o n d i f f e r e n t i a t e d p r o d u c t m o d e l s . It is h e l p f u l to 
k e e p these p o s s i b l e i n t e r p r e t a t i o n s of (1 /B) i n m i n d w h i l e r e a d i n g the 
s e q u e l a n d to k e e p i n m i n d that it d o e s n o t h a v e to be i n t e r p r e t e d as 
" i n v e r s e t e m p e r a t u r e " w h i c h is the s t a n d a r d i n t e r p r e t a t i o n i n s t a t i s t i c a l 
m e c h a n i c s . 

W e w i s h to relate i n d i v i d u a l choices to aggregate s o c i a l choice . W e w i s h 
to c o m p u t e l o n g r u n averages a n d locate c o n d i t i o n s for e r g o d i c i r y f a i l u r e for 
p r o b a b i l i t y s y s t e m s l i k e (4.1.1) a n d (4.1.2). T h e i n t e r a c t i n g par t i c les sys tems 
theory, hereafter "IPS", d i s c u s s e d b y D u r l a u f (1989a, b ; 1991a, b) , E l l i s (1985) 
a n d the i r references is the tool w e use. D u r l a u f ' s w o r k locates su f f i c i en t 
c o n d i t i o n s for e r g o d i c i t y f a i l u r e for m o d e l s w i t h g e n e r a l L U . W e s p e c i a l i z e 
h e r e to a ra ther coarse l e v e l of a p p r o x i m a t i o n , c a l l e d " m e a n f i e l d t h e o r y , " 
w h i c h replaces the joint probab i l i ty d i s t r ibut ion i n (4.1.1) w i t h a n a p p r o x i m a t i n g 
p r o d u c t p r o b a b i l i t y . 

T h i s l e v e l o f a p p r o x i m a t i o n is accurate e n o u g h to ( i ) u n c o v e r suf f i c i en t 
c o n d i t i o n s for p h a s e t rans i t ions w h i c h p r e d i c t p h a s e t r a n s i t i o n b e h a v i o r i n 
the m o r e general case, ( i i ) g i v e use fu l parameter izat ions for economic m o d e l l i n g 
that y i e l d e c o n o m e t r i c a l l y tractable m o d e l s , (Hi) g i v e the s a m e e q u a t i o n s for 
l i m i t v a l u e s of c e r t a i n b u l k quant i t i e s s u c h as m e a n s as m o r e g e n e r a l s truc
tures . W e s h a l l e x p l a i n b e l o w . 

Let < co,. > denote expected v a l u e c o m p u t e d w i t h respect to the probabi l i ty 
structure(4.1.1). A s s u m e " t r a n s l a t i o n " i n v a r i a n c e , - j ) a > j = ^J(k - j ) ( H j , 

(0 « 
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for a l l /, k. T h i s i m p l i e s m =• < co(.) = ( co t ) fo r a l l i , L C o n s i d e r the c o m p o n e n t 
o f s o c i a l u t i l i t y i n (4.1.1) that is g e n e r a t e d b y agent /, 

V,-(co(.; co_,) = u(co;.) + -;)co ;.]co (. + hoai + ne(to(.), {£(0),.)} I I D E V (4.1.3) 
(0 

W e r e m a r k that i n later a p p l i c a t i o n s , as i n D u r l a u f (1991a, b) , w e s h a l l in terpre t 
CCL , as the p r e v i o u s p e r i o d choices of agents other t h a n i . F u r t h e r m o r e the ut i l i ty 
f u n c t i o n «( . ) , the parameters J{i -J), h , \i, a n d the d i s t r i b u t i o n of e(.) can d e p e n d 
u p o n the past. F o r the m o m e n t w e proceed i n a n a tempora l setting 

M e a n f i e l d theory, hereaf ter d e n o t e d M F T , replaces £ / ( / - » > . b y 
(0 

E { ^ J ( i - f i f O j ) = m£j{i - f ) s mJ 
(0 (0 

i n e x p r e s s i o n (4.1.3) to o b t a i n , 

V/CCK , m) = w(co,.) + J m m i + + ux(co(.), {e(co()} I I D E V . (4.1.3') 

S i n c e m s ( ( o t ) , m e a n f i e l d t h e o r y c o m p u t e s the a v e r a g e < co^) ' w i t h respect 
to the p r o b a b i l i t i e s (4.1.3') a n d i m p o s e s the self c o n s i s t e n c y c o n d i t i o n , 

( m k ) ' = m . (4.1.4) 

E q u a t i o n (4.1.4) is a f i x e d p o i n t p r o b l e m for m . 
W e s h a l l see b e l o w h o w u s e f u l the M F T p r o c e d u r e c a n be to a p p r o x i m a t e 

q u a n t i t i e s o f interest . T h e p r o c e d u r e is m u c h m o r e g e n e r a l a n d c a n be c a r r i e d 
o u t to h i g h e r l eve l s o f a p p r o x i m a t i o n s i n m a n y di f ferent types of m o d e l s . See 
M e z a r d e t a l . (1987), E l l i s (1985), K a c (1968) a n d the i r references. H o w e v e r , the 
l i n k a g e of M F T a n d discrete choice t h e o r y p r e s e n t e d b e l o w a p p e a r s n e w to 
th i s p a p e r . 

B e f o r e w e g o f u r t h e r w e w i s h to e x h i b i t a c o n n e c t i o n b e t w e e n a N a s h 
t y p e n o t i o n of e c o n o m i c e q u i l i b r i u m i n a M a n s k i - M c F a d d e n w o r l d o f in ter 
c o n n e c t e d discrete choosers a n d the M F T p r o c e d u r e . 

E q u a t i o n (4.1.3') l eads to p r o b a b i l i t i e s , 

P { ( 0 ] = Y l P r i a i ) , P r l ^ } = exp{B[M(co(.) + ( J m + h ) e > , ] } /Z, . . (4.1.5) 

H e r e Z j = Zexp{B[W(v(.) + {Jm + h ) v $ , w h e r e X i s o v e r v,. 6 £2,. = Q.. N o t e that 
w h e n J = X . = 0, a l l i J, then the probabilities given by (4.1.1) are identical to those 
given by (4.1.5). A l s o note, in our context, M F T m a y b e v i e w e d as the e q u i l i b r i u m 
g e n e r a t e d b y a g r o u p of i n d i v i d u a l agents i f o r m i n g c o m m o n expec ta t ions 
o n the c h o i c e ( co t> = m of the i r ne ighbors , m a k i n g their stochastic choices 
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a c c o r d i n g to (4.1.3'), a n d h a v i n g the i r e x p e c t a t i o n s c o n f i r m e d v i a t h e self 
c o n s i s t e n c y c o n d i t i o n (4.1.4). W e s h a l l see e x a m p l e s b e l o w w h e r e t h e exact 
l a r g e s y s t e m v a l u e of m i s a s o l u t i o n to (4.1.4). T h e K a c m e t h o d , w h i c h is 
e x p o s i t e d b e l o w , w i l l g i v e a t h e o r y of s o l u t i o n c h o i c e w h e n there are m u l t i p l e 
s o l u t i o n s to (4.1.4). 

C o n s i d e r the s p e c i a l case of (4.1.1) w h e r e Jij = J / N . I n this case the 
i n t e r a c t i o n s t r e n g t h goes to z e r o a s W - > » o , b u t e v e r y site has i n t e r a c t i o n 
s t r e n g t h J / N w i t h e v e r y o ther site, n o mat ter h o w dis tant . H e n c e , w e h a v e 
w e a k l o c a l i n t e r a c t i o n , b u t l o n g r a n g e i n t e r a c t i o n . 

F o r f u t u r e use , for e x a m p l e , as i n p u t s to f o r m a t i o n of d e m a n d f u n c t i o n s 
for r i s k y assets, w e w a n t to f i n d the l i m i t i n g v a l u e of the f o l l o w i n g stat ist ic : 
t n = M / N , w h e r e M = £ c o ( . T h e reader m a y w i s h to g l a n c e a h e a d at the next 
sec t ions of the p a p e r i n o r d e r to see the k e y ro le that the " o r d e r p a r a m e t e r " 
m p l a y s i n the asset p r i c i n g m o d e l s . W e s h a l l s h o w , 

< m > - » m * , N - » ~ , (4.1.6) 

W h e r e m * s o l v e s (4.1.19a) b e l o w . H e r e < . ) denotes e x p e c t a t i o n w i t h r e s p e c t 
to the p r o b a b i l i t y (4.1.1) for the s p e c i a l case, Jij = J / N . D e t a i l s o n h o w to 
d e f i n e the object <.) w i l l f o l l o w i n d u e course . W e s h o w n o w , t h a t the 
l i m i t i n g v a l u e i n (4.1.6) is g i v e n b y a d i r e c t a p p l i c a t i o n of K a c (1968, p . 248). 

In o r d e r to see h o w the K a c m e t h o d w o r k s , let 's d o a n e x a m p l e . A g e n e r a l 
t r e a t m e n t is i n the A p p e n d i x . P u t J(i - j ) = J i n (4.1.1). L e t u s c o m p u t e Pr(co), 
Z = Z N , a n d < co,.). W e h a v e 

Z W ^ « P { P[5>(v,-) + C / 2 ) ( 5 > , . / / V > n ) 2 + A(5>,-)]} P N ( v ) , (4.1.7) 

X is o v e r v € n N . D o the f o l l o w i n g steps. F i r s t , use the i d e n t i t y 

exp[a2] = (1 /(27C)) 1 /2Jexp[- x2 /2 + 2 ' / 2 x a ] d x , (4.1.8) 

a n d , s e c o n d u s e the c h a n g e of v a r i a b l e y = x ( $ J / N ) 1 1 2 to o b t a i n 

P r { w ] = (A i /2 j tBJ ) ! / 2 J e x p [ - y 2 A V 2 B J ] n e x p [ B u ( c o , . ) + 

+ (y + B/i)co,.]</y/yco) / Z N , (4.1.9) 

Z w = ( N / 2 n $ J ) U 2 j e x p [ - y 2 N / 2 [ l J ] Y l M l ( y + pfc)Wy. (4-1.10) 

M = Jexp[z^ + B M © ] ^ F , I I is the p r o d u c t over i'= 1 , 2 , . . . , M(4 .1 .11) 
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N o t e that w e use M to d e n o t e " m o m e n t g e n e r a t i n g f u n c t i o n " for (4.1.11). 
C o m p u t e , o b s e r v i n g that ( co(.) = ( co.) for a l l i J, 

m = lim(([(l/A0(S(O1.)J>} 

= lim(_fg(pA + y) \ K ( y ) \ N d y / \ K ( $ ) N d $ ) 

^lirnfgCP/z + y ^ / y ) , (4.1.12) 

w h e r e , \ i ^ d y ) = \ K ( y ) f d y / \ m f d - d => 5 y i(i/y) , /V -> =», 

K(y) = M ( $ h + y)expL- y 2 / 2B./|, (4.1.13) 

g ( $ h + y ) = |{|cxp[^B/; + y) + pV^lr f/- '©] //W(B/i +y) 

= A/'(BA + y)/Ai(B/i + y) (4.1.14) 

A p p l y L a p l a c e ' s m e t h o d (c/. K a c , 1968, p . 248; E l l i s , 1985, p p . 38 ,50 ,51) to see 
that, as N ~ , a l l p r o b a b i l i t y m a s s is p i l e d o n t o 

y* = Argmax j M(\Sh + y ) c x p [ - y 2 / 28/ J), (4.1.15a) 

i.e., \ l N ( d y ) => SyJdy), N -> «=. H e n c e , y * so lves 

B./W'(B/i + y ) / W ( B A + y) = y, (4.1.15b) 

a n d wx* is g i v e n b y 

m* = M'(B/i + y V M ( P / i + / ) . (4.1.15c) 

N o t e three t h i n g s . F i r s t , (4.1.15a) d e m a n d s tha t y* be c h o s e n to be the so l u t ion 
o f (4.1.15b) w h i c h , i n the case «(.) = 0, has the s a m e s i g n as h w h e n h is n o t 
z e r o . S e c o n d , note that $ J m * = y * . T h i r d , o b s e r v e that 

B(Iim CjmaxC(co)) /TV) = l i m ( \ n ( Z N ) / N ) 
N - > oo 0) N -> ~ 

= max In {exp[- y 2 / (2B7) ]M(y + pA)) 
y 

= m a x l n { e x p ( - m 2 p . / / 2 M P J m + PA)), (4.1.15d) 
m 

file:///mfd-d
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hence , the K a c (1968) m e t h o d of s o l u t i o n se lec t ion a m o u n t s to c h o o s i n g the 
s o c i a l o p t i m u m s o l u t i o n of the " N a s h " c o n d i t i o n (4.1.19b) b e l o w . T h e p o i n t 
is th is : M i n i m i z i n g free e n e r g y i n the t h e r m o d y n a m i c l i m i t to f i n d the g r o u n d 
states c o r r e s p o n d s to m a x i m i z i n g e x p e c t e d s o c i a l w e l f a r e i n the l a r g e 
e c o n o m y l i m i t to f i n d the s o c i a l l y o p t i m a l states. 

N o w E l l i s (1985, p.38) s h o w s , for the case w(.) = 0, c(z) = log[M(z)] is c o n v e x 
i n z. R e p l a c e the m e a s u r e d F ( x ) b y e x p [ $ u ( x ) ] d F ( x ) , a n d f o l l o w E l l i s (1985, p . 
229) to s h o w c ( z ) is c o n v e x for g e n e r a l «( . ) , (3. Therefore c''(z) = M'(z) / M ( z ) 
n o n d e c r e a s e s i n z . M a k e the m o d e s t a d d i t i o n a l a s s u m p t i o n that c'(z) increases 
i n z . T h u s c(.) is 1-1 a n d it f o l l o w s that 

m = c'(p/m + SA) = M ' f t J m + $ h ) / M { $ J m + B/i) = 9(m). (4.1.16) 

In o r d e r to s t u d y e q u a t i o n s (4.1.15), (4.1.16) f irst l o o k at the s p e c i a l case, 
Q = (- 1, + 1 ) , w ( - 1) = u ( + 1) = 0 , d F { a ) = (1 / 2 ) £ o a , w h e r e 5 a p u t s m a s s o n e 
o n a = - 1, + 1, a n d m a s s z e r o e l sewhere . W e h a v e , r e c a l l i n g the d e f i n i t i o n s of 
h y p e r b o l i c cos ine , s ine , a n d tangent , 

E q u a t i o n (4.1.18) is E l l i s ' s C u r i e - W e i s s m e a n f i e l d e q u a t i o n (E l l i s , 1985, p p . 
180,182) . T u r n n o w to the d i s c u s s i o n of this k e y e q u a t i o n . 

F o l l o w i n g E l l i s it is easy to g r a p h (4.1.18) a n d s h o w that for h = 0, there 
is o n l y o n e s o l u t i o n , m = 0; b u t , t w o s o l u t i o n s , m _ = - m + , a p p e a r as s o o n as 
p7 b e c o m e s greater t h a n one . F o r h not zero , (4.1.15a) requires the o n e w i t h 
the s a m e s i g n as h be c h o s e n . A " p h a s e t r a n s i t i o n " or " s p o n t a n e o u s m a g 
n e t i s a t i o n " is s a i d to a p p e a r w h e n (37 becomes greater t h a n one. T u r n n o w to 
the g e n e r a l case w h i c h i n c l u d e s the case, « ( - 1) rj(+ 1). 

F o r this case w e h a v e , f r o m (4.1.15), d e n o t i n g the o p t i m u m m b y m * , 

M ( z ) = cosh(z), M'(z) = sinh(z), c'(z) = tanh(z), (4.1.17) 

m = tanh(P7m + p/i). (4.1.18) 

m* = A r g m a x f j e x p t c i p A + p/m) + p M ( ^ ) ] d F ( ^ e x p [ - P7m 2 /2] ) 

= A r g m a x { T ( m ) ) . (4.1.19a) 

H e n c e m* so lves , m = 0(m) w h e r e 9(m) is g i v e n b y 

J«jexpfc(pA + P7m) + M ^ ) W & /Jexp[^(PA + Pirn) + $ u & ) W & , (4.1.19b) 
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b u t (4.1.19a) g i v e s the s e l e c t i o n r u l e for the s o l u t i o n of (4.1.19b). W e s u m 
m a r i z e the d i s c u s s i o n to th i s p o i n t i n t o 

P R O P O S I T I O N 4.1. F o r t h e s p e c i a l case o f ( 4 . 1 . 1 ) w i t h J^J/N, 
<(1 //V)5\>>/) m " , =°, w h e r e m * solves ( 4 . 1 . 1 9 a ) . T h e s o l u t i o n set to t h e f i r s t 

o r d e r necessary c o n d i t i o n s f o r a m a x i m i m u m i n ( 4 . 1 . 1 9 a ) i s t h e s a m e as t h e s o l u t i o n 
set t o t h e M F T e q u a t i o n s ( 4 . 1 . 3 ' ) , ( 4 . 1 . 4 ) , ( 4 . 1 . 5 ) . H o w e v e r t h e l i m i t i n g b e h a v i o r o f 
( 4 . 1 . 1 ) gives a s e l e c t i o n r u l e ( 4 . 1 . 1 9 a ) w h e r e a s t h e M F T e q u a t i o n s do n o t . 

W e r e m a r k that the v a l u e of ( CO,.) w i t h respect to the M F T p r o b a b i l i t i e s 
is e a s y to ca lcu la te u s i n g the p r o d u c t s t ruc ture of the M F T p r o b a b i l i t i e s . T h e 
c a l c u l a t i o n is s i m i l a r to , b u t s i m p l e r t h a n , the o n e c a r r i e d o u t a b o v e . T u r n n o w 
to the p o s s i b i l i t y of p h a s e t r a n s i t i o n for the e c o n o m i c s case h = 0, « ( - 1) n o t 
e q u a l to u ( + 1). 

T h e i n t u i t i o n of the a n a l y s i s of (4.1.18) suggests p, J l a rge s h o u l d l e a d to 
a b r u p t changes i n m * i f du = u ( + l ) - w ( - l ) c h a n g e s s i g n . L e t u s s t u d y (4.1.19a) 
to i n v e s t i g a t e th i s p o s s i b i l i t y . O u r a p p r o a c h a d a p t s Pearce (1981, p . 312-313). 

P u t k = $ h + P7m a n d r e w r i t e (4.1.19b) t h u s 

0(m) = « * ) = + P „ ( c j « / Jexpft* + W & l d F © 

= {exp[jfe+ f i d u ] - e x p [ - k ] ) / { c x p [ k + f l d u ) +exp[-*]} 

= tanh[P(7m + h % h'^h + d u / 2 . (4.1.20) 

W e s h a l l d o a f a i r l y c o m p l e t e a n a l y s i s for the case, 

d F = ( \ / 2 ) (8_, + 5 + 1 ) , 

a n d content o u r s e l v e s w i t h s u g g e s t i n g p o s s i b l e ex tens ions f o r g e n e r a l h , dF. 
N o t e that the r i g h t - h a n d s i d e of (4.1.20) s h o w s u s that r e p l a c i n g h b y H r e d u c e s 
(4.1.20) to a n a p p l i c a t i o n of (4.1.18). 

It is n o w s t r a i g h t f o r w a r d to use (4.1.20) to check the f o l l o w i n g : ( i ) W h e n 
du = 0, <t>(k) i s g i v e n b y (4.1.18), J= f i J > 1 i m p l i e s there is a p h a s e t r a n s i t i o n , 
i .e. , a p o s i t i v e a n d a n e g a t i v e root to (4.1.18) w i t h the root h a v i n g the s a m e 
s i g n as h c h o s e n b y (4.1.19a). ( i i ) F o r f i x e d d u , ®(K) -> + 1, K - > °°; <i>(k) -> - 1, 
k -> - oo. (iff) F o r p > 0, fo r du > 0 (< 0) b u t c lose e n o u g h to z e r o a n d y = PJ > 1, 
the f u n c t i o n Y (m) i n (4.1.19a) has t w o l o c a l m a x i m a a n d o n e l o c a l m i n i m u m . 
T h e p o s i t i v e (negat ive) o n e is the g l o b a l m a x i m u m . T h e g l o b a l m a x i m u m 
m * = m * ( h ' , i ) i s d i s c o n t i n u o u s at h ' = 0 for y > 1. A l l s o l u t i o n arcs m ( h ' ) are 
a n t i - s y m m e t r i c w i t h the l o c a l m i n i m a r i s i n g i n h ' a n d the l o c a l m a x i m a f a l l i n g 



PATHWAYS TO RANDOMNESS IN THE ECONOMY 25 

i n h ' . T h e l o c a l m i m i m u m arc s t a r t i n g at h ' = 0 sat isf ies m ( 0 , 7 ) = 0 a n d 
decreases i n h ' . 

U n d e r r e g u l a r i t y c o n d i t i o n s the s o l u t i o n p r o p e r t i e s o u t l i n e d a b o v e c a n 
be g e n e r a l i z e d to the case w h e r e d F ( y ) = fly)dy,j{- y) = f l y ) . L e t 

d u ( x ) = u ( x * ) - u ( x ) , 

w h e r e x* = A r g m a x ( M ( t o ) } . I n th i s case, for du s 0, o n e c a n s h o w 

c ' ( - z ) = - c ' ( z ) , M'(0) = jc//F=0, 

M " ( 0 ) = j l ~ 2 d F , c'(0) = M " ( 0 ) , 

so for h = 0 t w o s o l u t i o n s m _ = - m + a p p e a r for p7M"(0) > 1, a n d m = 0 i s the 
s o l u t i o n f o r P 7 M " ( 0 ) < 1. S o m e c o n d i t i o n s are n e e d e d o n F to m a k e c'(z) 
d i s p l a y the q u a l i t a t i v e p r o p e r t i e s of tanhfe) w h i c h w e r e u s e d a b o v e . W e 
s u m m a r i z e : 

P R O P O S I T I O N 4.1.2. F o r t h e case d F = ( \ / 2 ) (8_, + 8 + 1 ) phase t r a n s i t i o n b e h a v i o r 
w i l l a p p e a r , i . e j h e m a x i m u m o f ( 4 . 1 . 1 9 a ) w i l l change d i s c o n t i n u o u s l y f r o m 
n e g a t i v e t o p o s i t i v e as d u = u ( + l ) - « ( - 1) changes s i g n f r o m n e g a t i v e t o p o s i t i v e 
p r o v i d e d t h a t p/> 1. U n d e r r e g u l a r i t y c o n d i t i o n s t h i s r e s u l t c a n be g e n e r a l i z e d 
t o g e n e r a l F ( . ) . 

L e t =>, a n d ^ d e n o t e c o n v e r g e n c e i n d i s t r i b u t i o n a n d i n p r o b a b i l i t y . 
F o r u s e i n f u r t h e r s e c t i o n s w e n e e d to s h o w that m = > m " , N -> °o. A n a t u r a l 
s t r a t e g y is to u s e the l a r g e d e v i a t i o n s a p p r o a c h of E l l i s (1985, cf. h i s 
r e f e r e n c e s to t h e j o i n t w o r k o f E l l i s a n d N e w m a n ) , b u t «(.) c a u s e s a n 
o b s t a c l e i n r e w r i t i n g P r { m e A ) as a f u n c t i o n o f tn a n d u s i n g l a r g e d e v i a 
t i o n s t h e o r y to o b t a i n a l a w o f l a r g e n u m b e r s (cf. f o r e x a m p l e E l l i s , 1985, 
p . 99). T h i s o b s t a c l e s e e m s to be a p r o b l e m e v e n i f m * i s a u n i q u e g l o b a l 
m a x i m u m o f (1.19a) w i t h l o c a l l y s t r o n g l y c o n c a v e b e h a v i o r n e a r m * (cf. 
E l l i s a n d N e w m a n , 1 9 7 8 b , d c i t e d i n E l l i s , 1985, p . 342). H o w e v e r , i t is n o t 
d i f f i c u l t to o b t a i n a l a w of l a r g e n u m b e r s , 

P R O P O S I T I O N 4.1.3. A s s u m e m * i s a u n i q u e g l o b a l m a x i m u m of ( 1 . 1 9 a ) w i t h l o c a l l y 
s t r o n g l y c o n c a v e b e h a v i o r n e a r m * . T h e n m = > m * . 

P R O O F . L e t e > 0 . W e use C h e b y s h e v ' s i n e q u a l i t y to p r o v e m = > P w * . B y 
L u k a c s (1975, p . 33 ,37 ) , i n =*P m * i m p l i e s m = > m * . B y C h e b y s h e v ' s i n e q u a 
l i t y (Lukacs , 1975, p . 9), 
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Pr{\m-m*\>£} < Var {m - m * ) / e 2 , (4.1.21) 

so i t i s s u f f i c i e n t to p r o v e V a r \ m - m * ) 0, N -> ~ . W e m u s t s h o w , 

U ( l / A O X w ; - m * ] 2 > - > 0 , 

It is s u f f i c i e n t to s h o w ( £ ^ t o , . ^ . ) / N 2 —> / n * 2 . H e n c e , i t is s u f f i c i e n t to s h o w 
(co(.coy ) m * 2 , N - > o o , for ; n o t e q u a l t o j . S h o w this b y a r g u i n g as i n (4.1.12), 

(4.1.14), (4.1.15) to s h o w (to,. to / ) -> g(BA + y * ) 2 = m * 2 , /V -> ~ . 

W e h a v e b r i e f l y s k e t c h e d the theory w e n e e d a n d h a v e d o n e a f a i r l y 
c o m p l e t e job for the t w o state case, Q. = {- 1, + 1). T u r n n o w to a v e r y b r i e f 
s k e t c h of the E s t a t e case for K > 2 . 

T h e issue c o n c e r n s c o n s t r u c t i o n of a n IPS s t ruc ture that is flexible e n o u g h 
to y i e l d a " l a n d s c a p e " that is tunab le to each of K choices . To see the p r o b l e m 
l o o k at the e x p r e s s i o n (4.1.7) c o p i e d b e l o w , 

z ^ = X e x p ( M X " ( v / ) + ( y / 2 ) ( X v / / y v l / 2 ) 2 + / i ( X v / ) ] } * y v ) > ( 4 - L 2 2 ) 

a n d n o t e h o w the c o n v e x t e r m (J/2) ( ^ v / T V 1 / 2 ) 2 r e w a r d s g o i n g to the 
e x t r e m e s of the c h o i c e set £2. H e n c e , this c o n v e x t e r m p l a y s a k e y ro le i n 
d e t e r m i n i n g the l i m i t v i a (4.1.19a), therefore p l a c i n g m o r e e lements i n t o £2 is 
n o t l i k e l y to g i v e u s the f l e x i b i l i t y w e d e s i r e e v e n i f w e m o v e the m a s s p o i n t s 
o f F a r o u n d at w i l l . 

A s a tentat ive p r o p o s a l to be i n v e s t i g a t e d i n m o r e d e t a i l i n a f u t u r e p a p e r 
w e e n c o d e each of the K e lements i n t o a " b i t s t r i n g " of ± 1 's. O n e c a n e n c o d e 
2 L e l e m e n t s u s i n g b i t s t r i n g s of l e n g t h L . L e t to,. = (to,., , . . . , to, x) € (- 1, + 1 }L. 
D e f i n e u : {- 1, + 1 \L -> R . D e f i n e u = - ~ f o r s o m e b i t s t r i n g s i n o r d e r to 
d e a l w i t h cases w h e r e K i s n o t e q u a l to 2 L for s o m e L . D e f i n e Z N b y r e p l a c i n g 
t h e t e r m , (7/2) ( ^ v / T V 1 / 2 ) 2 w i t h 

Jj(J]/2)(£lv'i/N1/2)2 , 

w h e r e the s u m r u n s f r o m l = \ , . . . , L . P r o c e e d as i n the case L = 1 to d e v e l o p 
the l i m i t t h e o r y . 

T h e s o l u t i o n t h e o r y p r e s e n t e d a b o v e w i l l be u s e d i n the a p p l i c a t i o n s 
b e l o w . T h e a p p l i c a t i o n s w i l l i n d u c e d y n a m i c s o n the s o l u t i o n for 
m s m ( p y , B / i ; « ( . ) ) b y i n d u c i n g p a r s i m o n i o u s l y p a r a m e t e r i z e d f u n c t i o n a l 
f o r m s for «( . ) , 7 as a f u n c t i o n of p a s t i n f o r m a t i o n . T h i s , i n t u r n w i l l g i v e u s 
f l e x i b l e f u n c t i o n a l f o r m s of d y n a m i c s o n v o l u m e a n d stock re turns , w h i c h 
w i l l b e o n e of o u r k e y a p p l i c a t i o n s . 
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4 . 2 . A p p l i c a t i o n s 

In th is s e c t i o n w e d e l i v e r o n the p r o m i s e d a p p l i c a t i o n s of the m a t h e m a t i c a l 
t e c h n o l o g y i n Sec t ion 4.1. B u t be fore w e get i n t o deta i l s o f the e x a m p l e s w e 
s h o u l d b e c lear a b o u t the g o a l s w e w i s h t h e m to serve. 

In p a r t i c u l a r w e w a n t the m o d e l s to h a v e the p o t e n t i a l to c o n t r i b u t e to 
e x p l a n a t i o n of the f o l l o w i n g s t y l i z e d facts l a i d o u t n i c e l y b y the p a p e r of 
H a u g e n , T a l m o r , T o r o u s (1991) (hereafter, " H T T " ) . ( i ) H T T (1991, p . 987) p o i n t 
o u t the f i n d i n g of R o l l , S c h w e r t , C u t l e r , Poterba , S u m m e r s as w e l l as their 
o w n w o r k that i t is d i f f i c u l t to relate " v o l a t i l i t y , changes i n v o l a t i l i t y , a n d 
s i g n i f i c a n t p r i c e m o v e m e n t s to rea l e c o n o m i c events " , ( i i ) H T T (1991, p . 985) 
f i n d " A m a j o r i t y of o u r v o l a t i l i t y c h a n g e s c a n n o t be associated w i t h the release 
of s igni f i cant i n f o r m a t i o n " . (Hi) In s t u d y i n g the reaction of returns to changes i n 
v o l a t i l i t y H T T (1991, p . 1001) f i n d there is a n a s y m m e t r y i n the "react ion of prices 
a n d subsequent m e a n returns ( w h i c h is) consistent w i t h non-l inear risk avers ion . 

( i v ) H T T (1991, p . 1003) stress the resul t of R o l l that " m u c h of the v a r i a n c e 
i n the e q u i t y r e t u r n series m a y be re la ted to e i ther p r i v a t e i n f o r m a t i o n or 
o c c a s i o n a l " f r e n z y " u n r e l a t e d to concrete i n f o r m a t i o n . " ( v ) H T T (1991, p . 1003) 
stress S c h w e r t ' s f i n d i n g : " S c h w e r t (1989), i n a n e x h a u s t i v e s tudy , f i n d s that 
the v o l a t i l i t y o f stock re turns are not c lose ly re lated to the v o l a t i l i t y of o ther 
e c o n o m i c v a r i a b l e s s u c h as l o n g a n d shor t t e r m interest rates, the m o n e y 
s u p p l y , a n d i n f l a t i o n rates . " ( v i ) H T T (1991, p . 1004) stress " . . the fact that w e 
f i n d a h i g h l y s i g n i f i c a n t , p o s i t i v e p r i c e react ion to v o l a t i l i t y decreases. . . the 
fact that the p r i c e a d j u s t m e n t s are f o l l o w e d b y d i r e c t i o n a l l y consis tent adjust
m e n t s i n m e a n r e a l i z e d re turns . . . fur ther re inforce o u r c o n f i d e n c e that, o n 
a v e r a g e o v e r a l l events , w e are see ing a reac t ion to changes i n r i s k as o p p o s e d 
to expected cash f l o w " . W i t h this factual b a c k g r o u n d i n p lace let us r e t u r n to 
the e x a m p l e s . 

E x a m p l e s 4.2.1-4.2.3 c o n c e r n e q u i l i b r i u m asset p r i c i n g m o d e l s w h e r e a l l 
t raders h a v e m e a n v a r i a n c e d e m a n d s a n d s o m e traders h a v e biases i n their 
expec ta t ions . E x a m p l e 4.2.1 c o n t a i n s t raders w i t h b i a s e d expecta t ions w h e r e 
IPS t h e o r y is u s e d to p a r a m e t e r i z e i n t e r d e p e n d e n c e across biases a n d to locate 
suf f i c i en t c o n d i t i o n s for a n effect o f b i a s e d traders to r e m a i n i n the large 
e c o n o m y l i m i t . T h e e x a m p l e suggests uses of IPS t h e o r y to p a r s i m o n i o u s l y 
p a r a m e t e r i z e i n t e r d e p e n d e n c e o f b i a s e d expectat ions i n s u c h a w a y that 
e c o n o m e t r i c t e c h n i q u e s based u p o n o r t h o g o n a l i t y c o n d i t i o n s m a y be u s e d to 
es t imate the p a r a m e t e r s a n d test for the presence of b iased traders . E x a m p l e s 
4.2.2 a n d 4.2.3 are v a r i a t i o n s o n this theme. 

S e c t i o n 4.3 e x p o s i t s a n e x a m p l e w h i c h s h o w s h o w i n t e r d e p e n d e n c e 
across agents i n c o r r e l a t i o n s of their o w n - i n c o m e w i t h the m a r k e t l eads to a n 
a d j u s t m e n t i n c o n v e n t i o n a l asset p r i c i n g f o r m u l a e as w e l l as a source of 
e q u i l i b r i u m t r a d i n g v o l u m e . Sect ion 4.4 conta ins a v e r s i o n of C a m p b e l l , 



28 ESTUDIOS ECONÓMICOS 

G r o s s m a n , a n d W a n g ' s (1991) m o d e l w i t h i n t e r d e p e n d e n c e i n t r a d e r r i s k 
t o l e r a n c e s w h e r e the degree of i n t e r d e p e n d e n c e m a y d e p e n d u p o n the pas t . 
T h e f i f t h sec t ion , 4.5, c o n t a i n s a v e r s i o n of H e l l w i g ' s (1980) m o d e l w i t h 
i n d e r d e p e n d e n c e i n s i g n a l q u a l i t y . S t e p h e n D u r l a u f has stressed t h e p o i n t 
that th is k i n d o f m o d e l c a n s h o w h o w a b r u p t m a r k e t m o v e m e n t s c a n b e 
c a u s e d b y c h a n g e s i n the d e g r e e of c o r r e l a t i o n o f i n f o r m a t i o n b e t w e e n agents 
r a t h e r t h a n b y l a r g e c h a n g e s i n i n f o r m a t i o n . 

S e c t i o n 4.6 b r i e f l y s h o w s h o w i n t e r d e p e n d e n t f i r m s i n the L u c a s (1978), 
B r o c k (1982) asset p r i c i n g m o d e l s c a n l e a d to la rge m o v e m e n t s i n asset p r i c e s . 
T h e e x a m p l e s are a l l u n i f i e d b y s h o w i n g h o w p a r a m e t e r i z a t i o n of the d e g r e e 
o f i n t e r d e p e n d e n c e b y IPS m o d e l i n g l eads to a n a l y t i c a l l y t ractable e q u i 
l i b r i u m d y n a m i c s i n the la rge e c o n o m y l i m i t w h i c h are s u g g e s t i v e o f p a t h 
w a y s t h r o u g h w h i c h s m a l l c h a n g e s c a n h a v e large i m p a c t s . T u r n to d e s c r i b i n g 
d e m a n d f u n c t i o n s . 

T h e d e m a n d f u n c t i o n s stress three c h a n n e l s o f he terogene i ty : ( i ) D i f f e r i n g 
r i s k a v e r s i o n parameters , ( i i ) d i f f e r i n g expectations or beliefs, (Hi) d i f f e r i n g 
c o v a r i a n c e structure of o w n - i n c o m e w i t h the marekt . Le t trader i h a v e d e m a n d 

D f p ) = X ( . £ , y / V i t ( q ' ) - C o v i t ( 9 ' , w [ ) / V ^ q 1 ) , (4.2.1) 

w h e r e p i s asse t p r i c e , x i s r i s k t o l e r a n c e , Eif Vie C o \ i t a r e c o n d i t i o n a l 
m e a n , v a r i a n c e , c o v a r i a n c e o n i n f o r m a t i o n a v a i l a b l e to i a t d a t e /, 
l' = P , + i + y, + i - R p , = excess r e t u r n at t + l , p t + , , y t + , are asset p r i c e a n d 
asset d i v i d e n d (or net c a s h f l o w ) at date t + 1, R = 1 + r i s r e t u r n o n a r i s k free 
asset, w [ = w t t + , is o ther s o u r c e s o f i n c o m e to / at date t + 1. W e s h a l l o f t e n 
d e n o t e x = x(',' x' = x, + , , for a n y q u a n t i t y , x, to save t y p i n g . 

T h e d e m a n d f u n c t i o n (4.2.1) c a n be o b t a i n e d f r o m a t w o p e r i o d o v e r l a p 
p i n g g e n e r a t i o n s s e t u p w h e r e each t rader gets f irst p e r i o d i n c o m e w h i c h is 
a l l o c a t e d b e t w e e n the r i s k y asset a n d the r i s k free asset. U t i l i t y is o b t a i n e d 
f r o m c o n s u m p t i o n of a l l w e a l t h i n the s e c o n d p e r i o d . W e a l t h c o m e s f r o m ( i ) 
o t h e r sources o f i n c o m e , ( i i ) e a r n i n g s o n the t w o assets. T h e d e m a n d f u n c t i o n 
(4.2.1) is d e r i v e d b y m a x i m i z i n g c o n d i t i o n a l e x p e c t a t i o n o f m e a n - v a r i a n c e 
u t i l i t y or, u n d e r n o r m a l l y d i s t r i b u t e d r e t u r n s , b y m a x i m i z i n g c o n d i t i o n a l 
e x p e c t a t i o n of e x p o n e n t i a l u t i l i t y . 

T h e a s s u m p t i o n of t w o p e r i o d l i v e d t raders is res t r ic t ive , b u t i t s h o u l d 
b e c lear that the m e t h o d s l a i d o u t here c a n be g e n e r a l i z e d to h a n d l e t raders 
w i t h a r b i t r a r y l i v e s . 

I n (4.2.1) there are three c h a n n e l s b y w h i c h t rader character is t ics c o u l d 
b e r e l a t e d : ( i ) E x p e c t a t i o n a l d i f ferences ; ( i i ) r i s k tolerances; ( H i ) c o v a r i a n c e s o f 
excess r e t u r n s w i t h o w n - i n c o m e . 

F i r s t w e d e a l w i t h Eiv Vir N e l s o n (1992) has s h o w n , i n a d i f f u s i o n context , 
that f r e q u e n t s a m p l i n g w i t h i n a p e r i o d c a n p r o d u c e a n e s t i m a t o r o f the 
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c o n d i t i o n a l v a r i a n c e that i s m u c h m o r e p r e c i s e t h a n t h e b e s t e s t i m a t o r 
o f the c o n d i t i o n a l m e a n . F o r th is r e a s o n a n d for s i m p l i c i t y w e s h a l l a s s u m e 
Vu = Vt, i s i n d e p e n d e n t o f i . It w i l l b e a p p a r e n t as w e i l lus t ra te o u r m e t h o d s 
that t h i s a s s u m p t i o n c a n b e r e l a x e d at tne cost o f c o n s i d e r a b l e c o m p l e x i t y . 

A s s u m e , w ? = p f p ' + y ) + e/, a n d e/ c o n d i t i o n a l l y i n d e p e n d e n t of p ' + y', 
d i v i d e b o t h s ides of (4.2.1) b y N , s u m o v e r i to o b t a i n ( c o n d i t i o n a l o n the 
h i s t o r y of the e c o n o m y at date t ) , s u p p r e s s i n g t fo r ease of n o t a t i o n , 

(1 / A o X f \ E i q ' / V { q ' ) - p f} => (1 / V ( q ' ) [ ^ { x ^ q ' } ] - E * p i , N ^ =°, (4.2.2) 

w h e r e E* denotes e x p e c t a t i o n w i t h respect to the m e a s u r e , i i * (4) , d e f i n e d b y 

H e r e d e n o t e s the i n f o r m a t i o n set o f t r a d e r i at date t, A is a set o f a g e n t 
charac ter i s t i c s ( w h i c h i n c l u d e s choices) , 7/(x;. , /,., p() 6 A is the i n d i c a t o r f u n c 
t i o n of the e v e n t [(x,. , , p(.) 6 A ) w h i c h is u n i t y i f (x (., , p(.) e A , z e r o o t h e r 
w i s e , a n d => d e n o t e s w e a k c o n v e r g e n c e . T h e t h e o r y of S e c t i o n 4.1 locates 
s u f f i c i e n t c o n d i t i o n s f o r the w e a k c o n v e r g e n c e of (4.2.3). W e s h a l l a s s u m e 
w i t h o u t f u r t h e r m e n t i o n that these suf f i c i en t c o n d i t i o n s h o l d . 

S u p p o s e there are x shares o u t s t a n d i n g p e r trader. T h e n e q u i l i b r a t i o n of 
d e m a n d a n d s u p p l y p e r t r a d e r y i e l d s , i n the large e c o n o m y l i m i t , b y (4.2.2), 

W e s h o w the v a l u e of the m o d e l l i n g of S e c t i o n 1 b y a p p l y i n g i t to a 
sequence of e x a m p l e s b a s e d o n the above . 

E x a m p l e 4,2.1 

C o n s i d e r the " n o i s e t r a d e r " t h e o r y o f D e L o n g , Shle i fer , S u m m e r s , a n d 
W a l d m a n (1990), hereaf ter " D S S W . " L e t u s use the t h e o r y of S e c t i o n 4.1 to 
locate s u f f i c i e n t c o n d i t i o n s for n o i s e t r a d e r r i s k to mat te r i n the la rge e c o n o m y 
l i m i t a n d to s u g g e s t a m e t h o d of e s t i m a t i n g the effect o f n o i s e t raders u s i n g 
the m e t h o d o l o g y o f H a n s e n a n d S i n g l e t o n (1982). 

F o r s i m p l i c i t y a s s u m e h o m o g e n e o u s c o n d i t i o n a l e x p e c t a t i o n s o n 
v a r i a n c e a n d a n e s t i m a t i o n p r o c e d u r e for the c o n d i t i o n a l m e a n w i t h the 
f o l l o w i n g s t r u c t u r e of e r r o r s across the set o f n o i s e t r a d e r s , Q. = {bear, 
b u l l ) 2 = { - l , + l ) 2 , 

(1 / i V ) ] T ; [(T,. , , p ;) G A ] => u*(A), N - > ». (4.2.3) 

{ \ / V ( q ' ) [ E * { X i E j q ' ) } - E " p i = x (4.2.4) 

E i t ( p ' + y ) = V o 0 , . ( + [1 + ^ U l ] E t ( p ' + / ) , (4.2.5) 
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w h e r e at each date t, £ > ' + /) is c o n d i t i o n a l e x p e c t a t i o n o n a c o m m o n 
i n f o r m a t i o n set a v a i l a b l e to a l l N t raders , {«>,.,== (co0 /.,, CO,,,)} is d i s t r i b u t e d 
a c c o r d i n g to a p r o d u c t f o r m ( l ike E x a m p l e 4 2 . 3 b e l o w ) of (4.1.3'), (4.1.5) 
w h e r e «(co, t) is p a r a m e t e r i z e d a c c o r d i n g to a m e a s u r e of h o w w e l l be l i e f co 
p r o d u c e d r i s k a d j u s t e d p r o f i t s (u t i l i ty ) i n the past . 

I n DSSW (1990) the b i a s i n e x p e c t a t i o n is a d d i t i v e IID so bx = 0 c a p t u r e s 
the flavor o f DSSW. S o let u s p u t fc, = 0 for spec i f ic i ty . But , the reader s h o u l d 
k e e p i n m i n d that w e c a n d e a l jus t as eas i ly w i t h m u l t i p l i c a t i v e e r r o r s as 
a d d i t i v e errors . P u t x = p = 0, a s s u m e constant r i s k tolerance across agents , 
b r i n g back s u b s c r i p t s for c l a r i t y i n (4.2.4) to o b t a i n , f r o m (4.1.19a,b), 

R p , = b 0 m * + E t ( p t + ] + y t + ] ) . (4.2.6) 

W r i t e (4.2.6) i n the f o r m 

£ , { V 1 * + + i + y , +1) - R p t ) = 0. (4.2.7) 

E q u a t i o n (4.2.7) c a n be u s e d to generate a set o f o r t h o g o n a l i t y res t r i c t ions s o 
that the p a r a m e t e r s b0, a n d the p a r a m e t e r s e m b e d d e d i n m * v i a (4.1.19) m a y 
b e e s t i m a t e d ( g i v e n a s p e c i f i c a t i o n of b e h a v i o r o f (B , J , h , «(.)) o v e r t ime) 
f o l l o w i n g the G e n e r a l i z e d I n s t r u m e n t a l V a r i a b l e s (GPV) u s e d b y H a n s e n a n d 
S i n g l e t o n (1982). W e s p e c u l a t e that the p a r a m e t e r s of r a t h e r e l a b o r a t e 
d y n a m i c s p e c i f i c a t i o n s c o u l d be e s t i m a t e d b y a d a p t i n g the s i m u l a t i o n es
t i m a t o r m e t h o d s of H o t z , M i l l e r , S a n d e r s , a n d S m i t h (1992). In this w a y 
r e t u r n s d a t a c a n s p e a k to tes t ing for the presence of n o i s e t raders w i t h , for 
e x a m p l e , a d d i t i v e e r r o r s i n f o r m a t i o n of c o n d i t i o n a l e x p e c t a t i o n s b y t e s t i n g 
H 0 ; b0 = 0 a g a i n s t the a l t e rna t ive H a : b0 n o t z e r o . 

O f c o u r s e s o m e c o n d i t i o n s m u s t be i m p o s e d f o r the G I V p r o c e d u r e to 
" i d e n t i f y " the p a r a m e t e r s o f interes t . A m o r e s e r i o u s p r o b l e m w i t h t e s t i n g 
(4.2.7) c o n c e r n s c o n f u s i o n o f m o v e m e n t s o f the m a r g i n a l rate of s u b s t i t u 
t i o n i n the C C A P M ( L u c a s (1978)) c o n t e x t tes ted b y H a n s e n a n d S i n g l e t o n 
w i t h p r e s e n c e o f n o i s e t r a d e r s i n the c o n t e x t (4.2.7). B u t t h i s p r o b l e m c o u l d 
b e d e a l t w i t h b y a n o i s e t r a d e r c o m p o n e n t i n t o the C C A P M s e t u p o f H a n s e n 
a n d S i n g l e t o n (1982), f o l l o w i n g a p r o c e d u r e a n a l o g o u s to the a b o v e a n d 
d e r i v i n g a g e n e r a l set o f o r t h o g o n a l i t y c o n d i t i o n s i n w h i c h b o t h the 
" p u r e " H a n s e n a n d S i n g l e t o n C C A P M a n d the " p u r e " n o i s e t r a d e r m o d e l s 
are " n e s t e d . " 

E x a m p l e 4.1 s h o w s h o w a r i c h class of m o d e l s m a y be f o r m u l a t e d that 
( i ) are e c o n o m e t r i c a l l y tractable to GPV m e t h o d o l o g y , ( i i ) c a n be u s e d to locate 
s u f f i c i e n t c o n d i t i o n s for no ise trader effects to s u r v i v e the w a s h i n g o u t effect 
o f the l a w of large n u m b e r s , (There m u s t be aggregate s h o c k s to the u(., f) o r 
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p7 > 1), ( i n ) c a n be u s e d to locate suf f i c i en t c o n d i t i o n s for the a d d i t i v e IID 
errors o f DSSW (1990) to a p p e a r i n the large e c o n o m y l i m i t , ( i v ) c a n be e n r i c h e d 
b y d i f f e r e n t p a r a m e t e r i z a t i o n s of the u(., t) i n (4.1.3'). W e p o i n t o u t i n p a s s i n g 
that the presence of n o i s e t r a d i n g effects i n the context (4.2.6) c a n be tested b y 
u s i n g the W e s t (1987) test. H i s p r o c e d u r e tests for the presence of t e r m s l i k e 
b0 i n l i n e a r present v a l u e m o d e l s (4.2.6). 

T h i s is a g o o d p o i n t to a d d a f e w w o r d s about j u s t i f i c a t i o n for s t u d y of 
m o d e l s w i t h d i s p e r s i o n of be l ie fs . A n t o n i e w i c z (1992) i n h e r w o r k o n v o l u m e 
r e v i e w s r e c e i v e d w o r k o n v o l u m e d y n a m i c s . T h e consensus of this w o r k is 
that t r a d i n g v o l u m e i s a v e r y pers i s tent series that is d i f f i c u l t to r e d u c e to 
w h i t e n o i s e b y s t a n d a r d " d e t r e n d i n g " m e t h o d s . 

Sargent (1992) s h o w s h o w h a r d it is to p r e s e r v e v o l u m e pers i s tence i n 
set t ings w h e r e the n o - t r a d e t h e o r e m b e c o m e s o p e r a t i v e t h r o u g h l e a r n i n g . 
T h e r e f o r e it a p p e a r s that pers is tence i n bel ie f d i s p a r i t y w i l l be n e e d e d i f o n e 
is to get v o l u m e pers is tence o u t of bel ie f d i s p a r i t y . W h i l e w e s h a l l e x h i b i t 
m o d e l s b e l o w that generate v o l u m e d y n a m i c s f r o m heterogene i ty i n r i s k 
a v e r s i o n a n d c o r r e l a t i o n s o f o w n i n c o m e w i t h the m a r k e t these m o d e l s d o 
n o t s e e m r i g h t for e x p l a i n i n g h i g h f r e q u e n c y v o l u m e d y n a m i c s . 

O n e j u s t i f i c a t i o n for pers is tence i n be l ie f d i s p a r i t y is the w o r k of K u r z 
(1990,1991 a n d 1992) w h o d e v e l o p s a theory w h e r e a l l t raders see the s a m e 
d a t a , f o r m b u l k quant i t i e s s u c h as t i m e averages , a l l t i m e averages c o n v e r g e 
for each trader, ye t d i s p a r i t y i n l i m i t i n g quant i t i es r e m a i n . There is e n o u g h 
s t a t i o n a r i t y i n K u r z ' s se t t ing so that t i m e averages c o n v e r g e , yet there is 
e n o u g h n o n s t a t i o n a r i t y that each agent m a y not c o n v e r g e o n t o the s a m e 
p r o b a b i l i t y (the t rue p r o b a b i l i t y ) . F o r the context of pers is tence of be l i e f 
d i s p a r i t y it m a y b e u s e f u l to t h i n k o f K u r z ' s se t t ing as a m e t a p h o r for a 
s i t u a t i o n w h e r e d a t a is a r r i v i n g fast e n o u g h for each i n d i v i d u a l t r a d e r ' s 
e s t i m a t o r s u s i n g t i m e averages to c o n v e r g e b u t w h e r e the u n d e r l y i n g s y s t e m 
d y n a m i c s is c h a n g i n g s l o w l y b u t fast e n o u g h that t raders d o n o t " l o c k o n t o " 
c o m m o n a g r e e m e n t about the u n d e r l y i n g p r o b a b i l i t y . I.e. the i r es t imators d o 
n o t c o n v e r g e o n t o c o m m o n l i m i t s . 

O u r t y p e of m o d e l i n g m a y h a v e use i n the f u t u r e as a w a y o f l o c a t i n g 
s u f f i c i e n t c o n d i t i o n s o n the d e g r e e of d e p e n d e n c e of i n d i v i d u a l b e l i e f s s o 
that a n a g g r e g a t i v e effect r e m a i n s i n the c ross s e c t i o n a l l a r g e e c o n o m y 
l i m i t . K u r z (1992) uses h i s t h e o r y to a r g u e that the D o w w a s g r o s s l y 
o v e r v a l u e d i n 1966. T h i s a r g u m e n t r e q u i r e s that b e l i e f b i a s r e m a i n i n the 
l a r g e e c o n o m y l i m i t . It i s b e y o n d the s c o p e of o u r p a p e r to s a y m o r e a b o u t 
K u r z ' s s t i m u l a t i n g w o r k h e r e . S u f f i c e i t to s a y that w e b e l i e v e t h a t b e l i e f 
d i s p a r i t y p l a y s a n i m p o r t a n t r o l e i n v o l u m e d y n a m i c s a n d s t u d y o f s u c h 
m o d e l s is j u s t i f i e d . T h e d y n a m i c s of s u c h m o d e l s m a y b e u s e f u l l y d i s 
c i p l i n e d b y e v o l u t i o n a r y m o d e l i n g as i n B l u m e a n d E a s l e y (1992). T u r n 
n o w to a r e l a t e d c lass o f e x a m p l e s . 
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E x a m p l e 4.2.2 

B r o c k (1991a, p . 136-137) sketches a m o d e l w h e r e each t r a d e r has a c h o i c e o f 
t w o s trategies : - 1 e q u a l s a char t i s t " t r e n d c h a s i n g " s t ra tegy a n d + 1 e q u a l s a 
" f u n d a m e n t a l i s t " s t ra tegy . E a c h o f these strategies is a r e c i p e for u p d a t i n g 
the i r es t imate E i t ( p ' + /) at e a c h date t. T r a d e r s k e e p a r e c o r d o f the p r o f i t s 
e a r n e d b y the t w o strategies . B r o c k (1991a, p . 136-137) u p d a t e d the " f i e l d " 
p a r a m e t e r h t i n (4.1.7) as a f u n c t i o n of r e l a t i v e p r o f i t s at t. W e i m p r o v e o n th i s 
b y u s i n g the t h e o r y i n S e c t i o n 4.1. 

It is m o r e n a t u r a l to p u t h , = 0 i n (4.1.7) a n d d e f i n e n(to , t) to b e the 
e s t i m a t e d p r o f i t fo r s t ra tegy to e Q = {- 1, + 1 (, w h e r e the es t imate i s b a s e d 
u p o n the c o m m o n i n f o r m a t i o n /, a v a i l a b l e to t raders at date t. 

W e d e f i n e the f u n d a m e n t a l s t rategy b y p u t t i n g 

£+1 ,(/>' + y ' ) = E t y ' + E l P ' F , + , 

w h e r e { p F t ) i s the f o r w a r d r a t i o n a l expec ta t ions s o l u t i o n p r o c e s s of t h e e q u a 
t i o n R p , = E { p l + ] + y t + ] \ /,}. A s i n B r o c k (1991a, p . 136), fo r s t ra tegy to = - 1, 
p u t , q, = p , + y t , 

E ~ \ , t c < t + \ = P F t / R + b < > b t = b
t - \ + U q , - , - M A ( 1, t - 1)), (4.2.8) 

M A ( / , / - \) = [ q , _ i + . . . + <?,_] / ' = m o v i n g a v e r a g e w i t h / lags . (4.2.9) 

S u p p o s e X > 0 . N o t e that q,_ , > M A ( Z , t- 1) causes the b ias o v e r the f u n 
d a m e n t a l to be i n c r e a s e d ; v i c e v e r s a for " < " . 

A s s u m e , fo r c l a r i t y that x,. = x, C o v i ( = 0, x = 0. C l o s e the m o d e l b y u s i n g 
the e x p e c t a t i o n Ea ( q t + ,) , to,, e {- 1, + 1} to f o r m the d e m a n d s (4.2.1). A s s u m e , 
at e a c h d a t e t, the p r o b a b i l i t y t rader / chooses to,., i s g i v e n b y the M F T - d i s c r e t e 
c h o i c e m o d e l (4.1.3'), (4.1.5). 

W e h a v e a m i x e d d i s c r e t e / c o n t i n u o u s cho ice p r o b l e m w h e r e (4.1.3') 
serves as the discrete cho ice m o d e l fo r w h i c h strategy ( c o n d i t i o n a l expecta 
t ion) to use i n f o r m i n g d e m a n d s . T h e c o n t i n u o u s cho ice p r o b l e m is the cho ice 
of o p t i m u m q u a n t i t y o f s tock a n d b o n d to p u r c h a s e g i v e n the c o n d i t i o n a l 
e x p e c t a t i o n (strategy). F o r each f i x e d date t, the ~ e q u i l i b r i u m (4.2.4) 
m a y b e r e w r i t t e n 

R p , = [(1 - m p / 2 ] £ _ , ,(?,+ ,) + [(1 + m * ) / 2 ] E + h , ( q ] + t ) , (4.2.10) 

w h e r e w e c h o o s e m * to be the largest ( in abso lute v a l u e ) s o l u t i o n w i t h the 
s a m e s i g n as d u to, 
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m = {expfBJm + f i d u ] - e x p [ - P7m]) / {expfPJm + pV«] + e x p [ - pV]} 

= tanh[P(y« + A ' ) ] / (4.2.11) 

w h e r e A ' = </h /2, rfu s M (+ 1, i) - tt(- 1, /) a n d « ( 0 ) , t) are m e a s u r e s of h o w w e l l 
f o l l o w i n g s t ra tegy co has g e n e r a t e d u t i l i t y for the t rader h a d he f o l l o w e d it i n 
the p a s t . W e a s s u m e this m e a s u r e is a mat ter of p u b l i c r e c o r d a v a i l a b l e to a l l 
t r a d e r s , b u t c h o i c e of co is g o v e r n e d b y (4.1.3'). O n e m a y n o w s t u d y the 
d y n a m i c s g e n e r a t e d b y (4.2.10). U n f o r t u n a t e l y w e m u s t l eave i t to f u t u r e 
r e s e a r c h . 

E x a m p l e 4.2.3 ( B a s e d o n A r t h u r , 1 9 9 2 ) 

B r i a n A r t h u r h a s w r i t t e n a n i n t e r e s t i n g p a p e r w h e r e he argues for r e p l a c i n g 
the d e d u c t i v e m o d e of t h e o r i z i n g b y a n i n d u c t i v e m o d e of t h e o r i z i n g . H e 
s h o w s that i n d u c t i v e m o d e s are a n a l y t i c a l l y tractable b y c o n s i d e r i n g a s tock 
m a r k e t w h e r e t r a d e r s take p o s i t i o n s b y m o n i t o r i n g a c o l l e c t i o n of p r e d i c t o r s 

H p . S u p p o s e w e e n c o d e these u s i n g b i t s t r i n g s co e {- 1, + 1 ) L o f 
l e n g t h L as s u g g e s t e d at the e n d of S e c t i o n 4.1. I n t r o d u c e s o c i a l i n t e r a c t i o n 
t e r m s f o r each s l o t o f the b i t s t r i n g a n d i n t r o d u c e a r e c o r d for each p r e d i c t o r 
o n h o w w e l l i t h a s d o n e i n the past . Base the u t i l i t y «(co, f) o n this r e c o r d at t. 
Let , at e a c h date t, d i scre te cho ice o c c u r a c c o r d i n g to the n a t u r a l g e n e r a l i z a t i o n 
of the d i scre te c h o i c e m o d e l (4.1.3'). T h e n j o i n A r t h u r ' s a p p r o a c h a n d E x 
a m p l e 4.2.2 to d e v e l o p the d y n a m i c s . O u r m o d i f i c a t i o n of A r t h u r a l l o w s 
" h e r d i n g " w h i c h i s i n d u c e d b y the i n t e r a c t i o n t e r m s {J,}. 

T h e d y n a m i c s o f t h i s m o d i f i e d A r t h u r m o d e l s h o u l d b e v e r y r i c h . 
It w o u l d be i n t e r e s t i n g to s i m u l a t e i t a n d see h o w e a s y i t i s to f i n d 
p a r a m e t e r s s u c h that the o u t p u t of r e t u r n s a n d v o l u m e r e p l i c a t e the 
s t y l i z e d fac ts r e p o r t e d b y H I T w h i c h w e r e d i s c u s s e d a b o v e . I n p r i n c i p l e 
the p a r a m e t e r s o f t h i s m o d i f i e d A r t h u r m o d e l c o u l d b e f i t t e d to a s u b s e t 
of d a t a to r e p l i c a t e re levant m o m e n t s i n s a m p l e . T h e n i t c o u l d b e e v a l u a t e d 
b y tests o u t - o f - s a m p l e . T u r n n o w to a n e x a m p l e that genera tes t r a d i n g 
v o l u m e v i a h e t e r o g e n e i t y i n c o r r e l a t i o n s of o w n i n c o m e w i t h the m a r k e t 
p o r t f o l i o . 

4.3. A M o d e l w i t h V o l u m e a n d P r i c e D y n a m i c s 

T h e v o l u m e d y n a m i c s are c o m p l i c a t e d i n the g e n e r a l m o d e l (4.2.4), b u t t h e y 
c a n be w o r k e d o u t a n d v o l u m e d a t a m a y be u s e d i n e s t i m a t i o n . H o w e v e r , 
s i m p l e v o l u m e d y n a m i c s m a y be o b t a i n e d f r o m (4.2.4) w i t h 

w/ = P,(p' + /) + e/, (4.3.1) 
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w h e r e {p,} has the p r o b a b i l i t y s t r u c t u r e (4.1.1), £,' is i n d e p e n d e n t of//, / a n d 
sat i s f ies ( l / y V ) X e / = > 0 . 

A s s u m e there is s u p p l y of x shares p e r trader. A s s u m i n g h o m o g e n e o u s 
e x p e c t a t i o n s o n c o n d i t i o n a l m e a n a n d v a r i a n c e i n (4.2.4), e q u a t i n g d e m a n d 
to s u p p l y of shares for N t raders y i e l d s , i n t r o d u c i n g a f irst type o f t rader 
w h i c h has a l l p (. e q u a l to a constant , w e h a v e , 

x = (1 / N ) J p f p ) = (1 W W ) ] " P/l 

= "[£,<?'/K, ( < / ) - « ! P i - « 2 P 2 < ( 4 - 3 - 2 ) 

where 

P2 = Z P ; / y v
2 = > p 2 ( m ) , / v - > < » , N k = n k N ' n k f ixed, fc= 1 , 2 . (4.3.3a) 

i 

N o t e that </' d e p e n d s u p o n N b u t w e abuse n o t a t i o n b y n e g l e c t i n g this 
d e p e n d e n c e i n the n o t a t i o n . H e r e w e s u p p o s e p, is cons tant across the N , t y p e 
o n e t raders , p2(co (- ;) is the state of c o r r e l a t i o n for type t w o traders w h e r e 
Pr{<a\ i s g i v e n b y (4.1.5). 

T h i s ra ises a n i s s u e of i n t e r p r e t a t i o n . O n e i n t e r p r e t a t i o n is to p u t 
«(.) = 0 a n d s i m p l y treat (4.1.5) as a c o n v e n i e n t w a y to p a r s i m o n i o u s l y 
p a r a m e t e r i z e cross d e p e n d e n c e of p i n g r o u p t w o . E q u a t i o n (4.1.5) m a y be 
m o t i v a t e d b y p l a c i n g the t raders o n a D u r l a u f (1991a,b) type latt ice w i t h 
p r o b a b i l i t y s t r u c t u r e (4.1.3) o n the p's of (4.3.1). T h e latt ice captures the 
re la tedness of t rader o w n i n c o m e s to e a c h other. E q u a t i o n (4.1.5) is a n M F T 
a p p r o x i m a t i o n to (4.1.3) that is r o u g h , b u t is accurate e n o u g h to suggest 
s u f f i c i e n t c o n d i t i o n s for p h a s e t r a n s i t i o n t y p e b e h a v i o r to take p l a c e (cf. 
Pearce , 1981). In a n y event this p a r a m e t r i z a t i o n forces o n e to r e a l i z e thatsome 
m e a s u r e of cross d e p e n d e n c e p l a y s a k e y r o l e i n p r e v e n t i n g the l a w of l a rge 
n u m b e r s f r o m " w a s h i n g o u t " the p-effect, i.e, p r e v e n t i n g p 2 f r o m c o n v e r g i n g 
to 0, as N -> <*> u n l e s s this is " f o r c e d " b y p u t t i n g h not e q u a l to zero . S m a l l 
c h a n g e s i n h (or «(.)) c a n l e a d to l a rge effects o n l y w h e n some m e a s u r e o f cross 
d e p e n d e n c e is b i g e n o u g h . E q u a t i o n (4.1.5) seems as at tract ive a w a y to 
c a p t u r e this k i n d of effect as any. 

A n o t h e r i n t e r p r e t a t i o n is to i m a g i n e a discrete m e n u of f u n d s w i t h the 
s a m e c o n d i t i o n a l v a r i a n c e b u t v a r y i n g c o r r e l a t i o n w i t h o w n i n c o m e for g r o u p 
t w o t raders . C o n s i d e r the s p e c i a l case of a l o w c o r r e l a t i o n f u n d , - 1 a n d a h i g h 
c o r r e l a t i o n f u n d +1 L e t a m e a s u r e of p a s t p e r f o r m a n c e of e a c h f u n d 
u{ ± 1, 0 be a v a i l a b l e at each date t. T h e n each m e m b e r of g r o u p t w o p i c k i n g 
w h i c h f u n d to b u y shares i n a c c o r d i n g to the discrete choice m o d e l (4.1.3) w i l l 
l e a d to (4.1.5). 
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In this t w o state case, at each p o i n t i n t ime, the l i m i t i n g v a l u e of p 2 w i l l be 

p 2 (m) = [(1 - m ) / 2 ] p 2 ( - 1) + [(1 + m ) / 2]p 2 (+ 1). (4.3.3b) 

S o l v e (4.3.2) for E , q ' / V , { q ' ) to o b t a i n 

E f l ' / V r ( q ' ) = l x + n l p ] + n 2 p 2 ( m ) ] / t = z t . (4.3.4) 

In o r d e r to s i m p l i f y the v o l u m e d y n a m i c s w e i g n o r e t r a d i n g w i t h i n 
g r o u p t w o a n d m e a s u r e t r a d i n g across g r o u p s o n e a n d t w o . D e n o t e b y D k l 

the e q u i l i b r i u m d e m a n d b y trader g r o u p Jk = 1,2. W i t h this q u a l i f i c a t i o n a 
n a t u r a l m e a s u r e of t r a d i n g p e r cap i ta p e r share c a n be genera ted f r o m the 
f o l l o w i n g , w h i c h m u s t h o l d i n e q u i l i b r i u m , 

D \ t - D \ , , - \ = n \ ^ r h - 0 ( 4 - 3 - 5 ) 

M o t i v a t e d b y (4.3.5) w e d e f i n e the t u r n o v e r m e a s u r e o v e r the p e r i o d 
[ f - 1,/], d e n o t e i t b y V,, 

V , S « , T ( Z , - Z , _ , ) / X (4.3.6) 

E q u a t i o n (4.3.6) c a n be t u r n e d i n t o a u s e f u l e q u a t i o n b y p a r a m e t e r i z i n g 
the v o l u m e d y n a m i c s v i a p a r a m e t e r i z a t i o n of {« , ( . ) , 7 , , h , ) as f u n c t i o n s of , for 
e x a m p l e , past y - i n n o v a t i o n s a n d past v o l u m e . G i v e n a p r o b a b i l i t y s t ruc ture 
o n {y,|, for e x a m p l e , A u t o r e g r e s s i v e w i t h I n d e p e n d e n t a n d I d e n t i c a l l y D i s 
t r i b u t e d (IID) or M a r t i n g a l e D i f f e r e n c e Sequence (MDS) i n n o v a t i o n s , a n d a 
d e r i v e d d y n a m i c s for {m,|, w h e r e m, s (7, , h , ; «( .)) ; e q u a t i o n (4.3.4) m a y be 
s o l v e d b y f o r w a r d i t e r a t i o n . T h i s c a n be w r i t t e n as the c o n d i t i o n a l e x p e c t a t i o n 
of a c a p i t a l i z e d s u m of " a d j u s t e d " e a r n i n g s w h e r e the c a p i t a l i z a t i o n factor is 
1 / R . B o t h t h e p r i c e a n d v o l u m e d y n a m i c s c a n d i s p l a y a b r u p t c h a n g e s 
to s m a l l changes i n « , ( . ) , h t w h e n (37, > 1. W e bel ieve it w o u l d be interest ing to 
" c a l i b r a t e " m o d e l s l i k e E x a m p l e s 4.1-4.3 a n d see h o w m a n y of the s t y l i z e d 
facts l i s ted b y H T T c a n be r e p l i c a t e d . M o r e w i l l be s a i d a b o u t th is a n d other 
a p p l i c a t i o n s b e l o w . 

4.4. A R a t i o n a l E x p e c t a t i o n s M o d e l s of T r a d i n g V o l u m e a n d L i q u i d i t y P r o v i d e r s 

C a m p b e l l , G r o s s m a n , a n d W a n g (1991) h a v e d e v e l o p e d a r a t i o n a l expecta
t i o n s m o d e l w i t h t w o t y p e s o f t raders . T y p e A h a v e constant r i s k a v e r s i o n 
p a r a m e t e r a a n d t y p e B h a v e s tochast ic r i s k a v e r s i o n p a r a m e t e r bt at t i m e t. 
W e u s e the p r o b a b i l i t y s t r u c t u r e o f S e c t i o n 1 to " d e r i v e " a s tochast ic d y n a m i c s 
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f o r b,. W e o u t l i n e h o w the m o d e l m a y be " s o l v e d " for a c l o s e d f o r m s o l u t i o n 
b y a d y n a m i c v a r i a t i o n a l a p p r o x i m a t i o n a n a l y s i s . 

W e use s i m i l a r n o t a t i o n as C G W . P u t R = 1 + r, r > 0 e q u a l to r e t u r n o n 
the r i s k - f r e e asset w h i c h is i n p e r f e c t l y elast ic s u p p l y . Le t X be s u p p l y p e r 
c a p i t a of stock, e a c h share p a y s D , = D + d,, d, = a d , _ , + u,, 0 < a < 1, u, IID 
(0 , a 2 ) . There are t w o t y p e of i n v e s t o r s A , B w i t h m e a n v a r i a n c e d e m a n d s , 

X k , = E \ Q , + | I /,] / V|/ tVar[g, + , I /,], yA = a , \ ] i B = br I , = ( P , , D , , 5,), (4.4.1) 

w h e r e Q , + ] = P , + ] + D , + [ - R P , = excess r e t u r n s , M ( + , = 5 , + e , + ,, ( 5 f , e , + | | 

i s j o i n t l y IID w i t h b o t h m e a n s z e r o , E [ u , + , I S,] = S,, V a r [ M , + 1 I S,] = a 2 , 
Var[5,] = CT2. P u t 

Z , = a b , / [ ( \ - w ) a + m b , I co = f rac t ion type A , (4.4.2) 

a s s u m e \Z,) s a t i s f i e s E [ Z t + , I Z,] = y0 + y , Z , , 0 < y, <1 , V a r [ Z , + , IZ,] = rj|, a s 

s u m e o | < ( R - y, )2(/f - a ) 2 / 4 X 2 ( / ? 2 o 2 + a 2 ) . T h e n C G W s h o w there i s a n e q u i 
l i b r i u m p r i c e f u n c t i o n of the f o r m , 

P r = p Q + p ] C l , + p 2 Z , + p^S,, / J , , / ? 3 > 0 , p 2 < 0, (4.4.3) 

P ] = a / ( R - a ) , />3= 1 / ( R - a ) , p 0 = ( \ / { R - 1)) [ D + y 0 p 2 ] , (4.4.4) 

/ J 2 = (1 /(2Xo|)){ - ( / ? - y , ) + [ ( ( / ? - y , ) 2 -

- 4(1 /(/? - a ) ) 2 ( X o 2 ) (/c 2o 2 + a 2 ) ] 1 / 2 }, (4.4.5) 

Q I + \ = ( D - r p 0 ) + p 2 [ Z , + ] - R Z , ] + ( \ / ( R - a ) ) S , + i + ( R / ( R - a))e, + , . (4.4.6) 

A d d the d e m a n d s , use the m a r k e t c l e a r i n g c o n d i t i o n a n d the f o r m of the 
s o l u t i o n p r i c e f u n c t i o n to o b t a i n 

E [ Q , + ,!/,] = ( X a 2
Q ) Z , , Var(G, + , I /,) = o 2 = (1 + P ] )2o2 + p j a 2 + p 2 a 2 . (4.4.7) 

N o t e that (4.4.7) says that excess r e t u r n s are p o s i t i v e w i t h the s i z e i n c r e a s i n g 
as the m e a s u r e of a v e r a g e r i s k a v e r s i o n , Z , increases . Excess r e t u r n s a l so 
i n c r e a s e as the c o n d i t i o n a l v a r i a n c e increases . H o w e v e r , note that c o n d i t i o n a l 
v a r i a n c e is constant . H e n c e the C G W m o d e l is n o t able to e x p l a i n the w e l l 
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k n o w n ser ia l corre la t ion structure of c o n d i t i o n a l variance, i.e. the A u t o r e g r e s s i v e 
C o n d i t i o n a l H e t e r o s c e d a s t i c i t y ( A R C H ) d o c u m e n t e d b y the s t u d i e s c i t e d b y 
B o l l e r s l e v , C h o u , a n d K r o n e r (1992). T h i s is because the C G W m o d e l is a l i n e a r 
m o d e l . T u r n n o w to a n o n l i n e a r m o d e l w h i c h nests the C G W m o d e l . 

L e t there be three types of i n v e s t o r s , A , B , C. T y p e s A , B are as i n C G W . A t 
date t, m e m b e r i o f t y p e C has r i s k to lerance g i v e n b y 7 c(co, (). P a s s i n g to the 
l i m i t as the n u m b e r of t raders , N , goes to i n f i n i t y b u t h o l d i n g the f r a c t i o n s 
n k , k = A , B , C f i x e d w e h a v e , e q u a t i n g d e m a n d to s u p p l y , 

E [ Q t + ] I = ( X a 2
Q r ) Z r , o| , = V a r ( g ( + 1 I /,), Z f = 1 / [ n a x a + n h i h t + n c x c ( m t ) } (4.4.8) 

w h e r e 

T,(m) = [ ( l - m ) / 2 ] T c ( - + + m ) / 2 ) ] T c ( + 1), 

m , = m(J,, h , ) , \ , = \Jbv b, = r i s k a v e r s i o n of t y p e B as i n C G W . If ((/,, h,)} i s a 
s tochas t i c p r o c e s s s u c h that {Z,| sa t i s f i ed E { Z I + , IZ,] = y 0 + y , Z , , 0 < y, < 1, 
V a r [ Z , + , I Z,] = c | w e c o u l d s i m p l y c o p y C G W a n d f i n d the i r e q u i l i b r i u m 
p r i c e f u n c t i o n . 

B u t w e w a n t to p a r a m e t e r i z e {(J,, h , ; «(.))} as a f u n c t i o n of p a s t v o l u m e 
a n d p a s t r e t u r n s i n s u c h a w a y that w e h a v e the p o t e n t i a l to repl ica te the 
s t y l i z e d facts c o l l e c t e d b y H T T . T h i s requires a n o n c o n s t a n t o | a n d a n a t u r a l 
w a y to i n t r o d u c e this is to p a r a m e t e r i z e 7, , h , as f u n c t i o n s of the past . F o r 
e x a m p l e , a large "aggregate d i v i d e n d s u r p r i s e " , D t - E , _ L D L , m a y b e as
s o c i a t e d w i t h a c h a n g e i n the degree of d e p e n d e n c e of r i s k tolerances i n the 
f u t u r e , i .e . , a c h a n g e i n J, + ,. 

W h i l e i t is b e y o n d the s c o p e of th is art ic le to d e v e l o p t h e m , there are t w o 
routes to d e a l i n g w i t h the t h i r d class of t raders i n the C G W m o d e l . T h e f i rs t 
o n e is to take a p a r a m e t e r l i k e n a n d e x p a n d the e q u i l i b r i u m i n a T a y l o r series 
i n n c a r o u n d the v a l u e n c = 0. I n this w a y o n e c a n e x p l o i t the k n o w n C G W 
s o l u t i o n ( n c = 0) to b u i l d u p a n a p p r o x i m a t i o n to the u n k n o w n s o l u t i o n for 
p o s i t i v e n c . T h e s e c o n d r o u t e is to s o l v e T p e r i o d p r o b l e m s b y b a c k w a r d s 
" d y n a m i c C p r o g r a m m i n g " f r o m a k n o w n t e r m i n a l v a l u e p T at T. A t y p i c a l 
v a l u e for p T is z e r o . 

4.5. A n A s y m m e t r i c I n f o r m a t i o n R a t i o n a l E x p e c t a t i o n s M o d e l 

H e l l w i g (1980) is a w e l l k n o w n p a p e r that d e r i v e s a c l o s e d f o r m s o l u t i o n for 
the l a r g e e c o n o m y l i m i t for a r a t i o n a l expec ta t ions m o d e l w h e r e N t r a d e r s 
e a c h r e c e i v e s i g n a l s a b o u t the f u t u r e e a r n i n g s of a n asset. T h e s o l u t i o n s h o w s 
h o w i n f o r m a t i o n is a g g r e g a t e d b y the r a t i o n a l expecta t ions p r i c e f u n c t i o n i n 
a c o m p e t i t i v e m a r k e t . 
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F i x da te t, s u p p r e s s " t " i n the n o t a t i o n , a n d a p p e n d to H e l l w i g ' s m o d e l 
the f o l l o w i n g p r o b a b i l i t y s t ruc ture of s i g n a l q u a l i t y across the set of N t raders . 
If t r a d e r i i s i n state - 1, let h e r s i g n a l v a r i a n c e be S2 > s2 w h i c h is h e r s i g n a l 
v a r i a n c e i n state + 1. L e t co = (to, , . . . , < a N ) , to,, e {- 1, + 1} d e n o t e a c o n f i g u r a 
t i o n a n d let c o n f i g u r a t i o n p r o b a b i l i t i e s be g i v e n b y the C u r i e - W e i s s p r o b 
a b i l i t i e s treated i n (4.1.17), (4.1.18) above . W e h a v e p o s i t i o n e d o u r s e l v e s to u s e 
S e c t i o n 5 of H e l l w i g (1980) w h e r e he d e r i v e s the f o r m of the e q u i l i b r i u m p r i c e 
f u n c t i o n i n the large e c o n o m y l i m i t . 

D e f i n e a t rader to be " i n f o r m e d " i f she is i n state + 1 so that h e r s i g n a l 
v a r i a n c e , s2 is s m a l l . T r a d e r s i n state " - 1" are " u n i n f o r m e d " . N o w c h e c k that 
H e l l w i g ' s A s s u m p t i o n s B.1-B.4 are sa t i s f i ed a n d take the la rge e c o n o m y l i m i t . 
A s s u m e { X , Z , e, , . . . , eN) i s G a u s s i a n c o n d i t i o n a l o n to w i t h the s a m e 
d i a g o n a l v a r i a n c e c o v a r i a n c e s t ruc ture as H e l l w i g . L e t /_, / + d e n o t e the 
l i m i t i n g f rac t ions of u n i n f o r m e d a n d i n f o r m e d traders . 

L o o k at H e l l w i g ' s e q u a t i o n s (1980, p . 492), w h e r e w e u s e h i s n o t a t i o n 
e x c e p t w e s u p p r e s s t h e " u p p e r * " , w r i t e r a n d o m v a r i a b l e s as c a p s , p u t 
A e q u a l to r i s k t o l e r a n c e , a n d B = A [ f _ / S 2 + f + / s 2 ] , w h e r e , b y (4.1.17), 
(4.1.18), 

/_ = (1 - m ) / 2 , / + = ( l + m ) / 2 , m = 6(m) = tanh(pVm + BA), (4.5.1) 

for u(.) = constant , 

P = n Q + n X - y Z , (4.5.2) 

n Q = [ X A 2 A + a 2 Z A B ] / D , (4.5.3) 

71 = [ c 2 B A 2 + a 2 A B 2 ] / D , (4.5.4) 

y = [ a 2 A 2 + C S 2 A B ] / D , (4.5.5) 

D = a 2 B A 2 + a 2 A B 2 + A A 2 (4.5.6) 

C o n c e n t r a t e f i r s t o n the case w(.) = constant . If the m e a n f i e l d e q u a t i o n , 

m = tanh(B7m + BA), (4.5.7) 

h a s t w o s o l u t i o n s , choose the o n e w i t h the s a m e s i g n as h to b e c o m p a t i b l e 
w i t h (4.1.19a). 

T h e f o l l o w i n g f o u r p o i n t s m a y be m a d e a b o u t th is v e r s i o n of H e l l w i g ' s 
m o d e l . F i r s t , the corre la tedness of the t rader s i g n a l q u a l i t y states m a y l e a d to 
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a " p h a s e t r a n s i t i o n " w h e r e the e q u a l i b r i u m p r i c e r e l a t i o n s h i p m a k e s a n 
a b r u p t s h i f t i n r e p o n s e to s m a l l changes i n (J , h ) . S t e p h e n D u r l a u f has m a d e 
the i m p o r t a n t p o i n t that this k i n d of m o d e l c a n be u s e d to s h o w h o w large 
m a r k e t m o v e m e n t s m a y be c a u s e d b y changes i n the degree of c o r r e l a t i o n of 
i n f o r m a t i o n b e t w e e n agents ra ther t h a n b y large changes i n the i n f o r m a t i o n 
itself. 

S e c o n d , the m o d e l raises issues of h o w to m e a s u r e factors that m i g h t 
effect the c o r r e l a t i o n s t r e n g t h of s i g n a l q u a l i t y across agents. T h i s i n t u r n 
i m p a c t s o n h o w r a p i d l y the p r i c e f u n c t i o n i m p o u n d s i n f o r m a t i o n a n d i m 
pacts o n the l i k e l i h o o d of a b r u p t changes i n re turns w h i c h m a y a p p e a r to be 
b l o w o f f s a n d crashes . 

G e n n o t t e a n d L e l a n d (1990) s t u d y h o w the s e n s i t i v i t y of d e m a n d o f each 
t rader t y p e d e m a n d s u p o n re la t ive q u a l i t y of s i g n a l s a n d h o w this feeds i n t o 
a b o v e c h a n g e s i n the p r i c e r e l a t i o n s h i p p r o v i d e d their o u t s i d e h e d g i n g 
f u n c t i o n is u p w a r d s l o p i n g . T h e f o r m u l a a b o v e s h o w s h o w s i m i l a r b e h a v i o r 
c a n be o b t a i n e d w i t h o u t the n e e d for s u c h a n o u t s i d e h e d g i n g f u n c t i o n . A l s o 
note that i t m a y be p o s s i b l e to " e n d o g e n i z e " the o u t s i d e s u p p l y o f shares , Z , 
b y a c o m m u n i t y of no ise t raders m o d e l l e d as i n Sec t ion t w o a b o v e . A 
g e n e r a l i z a t i o n of H e l l w i g (1980) to a l l o w a p r o b a b i l i t y s t ruc ture o n s i g n a l s 
t h e m s e l v e s , ra ther t h a n just s i g n a l v a r i a n c e s , l i k e that i n S e c t i o n 1 w o u l d 
a l l o w m o r e a b r u p t changes i n the l e v e l o f pr i ces to a s m a l l a m o u n t of " n e w s " , 
b u t that a t t e m p t m u s t a w a i t f u t u r e research. 

T h i r d , note the q u a l i t a t i v e ro le of the c o r r e l a t i o n s t ruc ture of s i g n a l 
rece ipts of i n d u c i n g a b r u p t changes i n the e q u i l i b r i u m p r i c e f u n c t i o n , a n d , 
hence , i n e q u i l i b r i u m r e t u r n s . T h i s feature is l i k e l y to r e m a i n i n m o r e 
e laborate m o d e l s . 

A f o u r t h p o i n t is this . W e m a y i n t r o d u c e a discrete choice d e c i s i o n i n t o 
the m o d e l w h e r e w e a l l o w agents to choose h i g h s i g n a l q u a l i t y strategy, 
co = + 1, (for w h i c h a fee of F is p a i d each p e r i o d ) or choose l o w s i g n a l q u a l i t y 
s t rategy co = - 1, ( w h i c h is free). A t each date t, cho ice is c o n d u c t e d a c c o r d i n g 
to the discrete cho ice m o d e l (4.1.3') w h e r e «(co , t) is b a s e d u p o n a m e a s u r e of 
p a s t p e r f o r m a n c e of s t rategy cho ice co e {- 1, + 1}. T w o separate cases c a n b e 
treated: ( i ) w(co, i) is u p d a t e d a c c o r d i n g to a p u b l i c a l l y k e p t r e c o r d of ex
p e r i e n c e w i t h s t ra tegy co; ( i i ) w(co , /) is u p d a t e d a c c o r d i n g to each i n d i v i d u a l 
t r a d e r ' s e x p e r i e n c e w i t h co. Discre te cho ice m o d e l (4.1.3), (4.1.3') g o v e r n s the 
p r o b a b i l i t y s t r u c t u r e i n b o t h cases. 

A v e r s i o n o f th is m o d e l u n d e r research p a r a m e t e r i z e s c o r r e l a t i o n 
s t r e n g t h J as a f u n c t i o n of pas t v o l u m e a n d past " s u r p r i s e s " at the t i m e s lot 
f requency . T h i s is a n a t tempt to c a p t u r e the i d e a that h i g h i n f o r m a t i o n c h a n n e l 
c o n g e s t i o n forces t raders to c o n d i t i o n o n " c o a r s e " i n f o r m a t i o n sets s u c h as 
p a s t p r i c e s w h i c h s h o u l d l e a d to h i g h e r J w h i c h leads to h i g h e r v o l a t i l i t y , i.e., 
l a r g e r c h a n g e s i n response to v i b r a t i o n s i n h , «( . ) . D u r i n g p e r i o d s of l o w 
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c o n g e s t i o n t raders s h o u l d be able to get better q u a l i t y s ignals o n X f r o m m o r e 
i n d e p e n d e n t sources so that J s h o u l d be l o w e r . Regard less of the loose 
h e u r i s t i c s , the i d e a is to p a r a m e t e r i z e J, h , «(.) a f u n c t i o n s of past p r i c e 
b e h a v i o r , pas t v o l u m e , a n d past " s u r p r i s e s " (a m e a s u r e of m o d u l u s o f pas t 
forecast errors) i n s u c h a w a y that the d a t a c a n speak to the f o r m o f th is 
r e l a t i o n s h i p . O n e v e r s i o n of this m o d e l that w e h a v e f o r m u l a t e d l eads to 
u n p r e d i c t a b l e f i rs t c o n d i t i o n a l m o m e n t s of re turns b u t s o m e w h a t p r e d i c t a b l e 
h i g h e r o r d e r c o n d i t i o n a l m o m e n t s of re turns . 

T h e s ix a p p l i c a t i o n s a b o v e h a v e b e e n to f i n a n c i a l m o d e l s . W e h a s t e n to 
c a u t i o n the reader that t w o p e r i o d m o d e l s a n d i n c o m p l e t e m a r k e t s m o d e l s , 
w h i c h w e use to i l lus t ra te the use fu lness of IPS m e t h o d s are d a n g e r o u s to 
a p p l y i n prac t i ce . T h i s is p a r t l y because w e h a v e a r b i t r a r i l y a s s u m e d that 
m a r k e t s are i n c o m p l e t e i n the A r r o w - D e b r e u sense w i t h o u t g i v i n g a t h e o r y 
of w h y these m a r k e t s are m i s s i n g . 

W e h a v e s a i d n o t h i n g a b o u t the p o t e n t i a l i t y of o p t i o n s m a r k e t s a n d 
o t h e r d e r i v a t i v e s e c u r i t y m a r k e t s to a m e l i o r a t e the p o t e n t i a l i t y for a b r u p t 
c h a n g e s i n r e t u r n s i n r e s p o n s e to s m a l l e v e n t s . L o n g e r h o r i z o n m o d e l s 
t y p i c a l l y w i l l l e a d to m o r e s m o o t h i n g b e h a v i o r . M o r e r e a l i s t i c m o d e l s t h a n 
those treated a b o v e w i l l n e e d to be i n v e s t i g a t e d before it c a n be c l a i m e d that 
a n y t h i n g s a i d i n this p a p e r p e r t a i n s to f i n a n c i a l reality. T h e p o i n t m a d e i n the 
f i n a n c i a l s e c t i o n of t h i s p a p e r is s i m p l e : M o d e l s of th i s t y p e are t r a c t a b l e 
to e c o n o m e t r i c m e t h o d s s u c h as H a n s e n a n d S i n g l e t o n (1982), a n d H o t z et 
a l . (1992). I n d e e d T s i b o u r i s (1992) has e s t i m a t e d a v e r s i o n of a n IPS m o d e l 
a n d tes ted the o r t h o g o n a l i t y r e s t r i c t i o n s w i t h a d e g r e e of success c o m 
p a r a b l e to r e c e i v e d C C A P M theory . IPS m o d e l s l i k e those s k e t c h e d a b o v e 
h a v e t h e p o t e n t i a l to h e l p s h e d l i g h t o n the p u z z l i n g s t y l i z e d facts o f H T T . 
T u r n n o w to a v e r y b r i e f s k e t c h h o w M F T / I P S / d i s c r e t e c h o i c e m e t h o d s 
m a y be u s e f u l i n g e n e r a t i n g a n e w c lass of c l o s e d f o r m s o l u t i o n s for s i m p l e 
m a c r o / f i n a n c e m o d e l s . 

4.6. A M a c r o - F i n a n c e E q u i l i b r i u m A s s e t P r i c i n g M o d e l w i t h I n t e r a c t i n g A g e n t s 

W e s h o w off the flexibility of the a p p r o a c h to in terac t ive s y s t e m s m o d e l i n g 
a d v e r t i s e d a b o v e b y e x h i b i t i n g a m a c r o - f i n a n c e asset p r i c i n g m o d e l w i t h a 
c l o s e d f o r m s o l u t i o n . C o n s i d e r B r o c k (1982, E x a m p l e 1.5) w h e r e a r e p r e 
s e n t a t i v e " s t a n d - i n " c o n s u m e r s o l v e s 

M a x £ 0 { ] £ û ' ~ ' l o g ( c ( r ) ) } s . t . c ( + i ( = j , ^ / l r f . ,, Jjcu_ , < x , _ , , (4.6.1) 
1 = 0 

w h e r e c,, xv xiv A i t , yv B, cc, d e n o t e c o n s u m p t i o n , c a p i t a l s tock, c a p i t a l s tock 
a l l o c a t e d to p r o c e s s i , p r o d u c t i v i t y s h o c k to process i, total o u t p u t p l u s tota l 
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c a p i t a l s t o c k c a r r y o v e r (a l l at date /), d i s c o u n t factor o n f u t u r e u t i l i t y , a n d 
e l a s t i c i t y o f p r o d u c t i o n f u n c t i o n . It is easy to see that the o p t i m a l s o l u t i o n of 
(4.6.1) is x, = txBy,, c, = (1 - aP)y, , X j l = r^x,, w h e r e the (n,.,) s o l v e 

M a x E , l o g ( ] » X , + | T i X ) , s.t. Jj]jt = 1 (4.6.2) 

N o t e that (4.6.2) i m p l i e s the ( n . l d o n o t d e p e n d u p o n x,. W e h a v e n o w l a i d 
the f o u n d a t i o n for b u i l d i n g a n d s o l v i n g a n i n t e r a c t i n g s y s t e m s m o d e l . 

F i r s t , note that the s o l u t i o n f o r m x, = cxPy, does n o t depend u p o n the 
d y n a m i c s t r u c t u r e of \ A i t ) , h e n c e w e m a y preserve the same f o r m of s o l u t i o n 
b y i n t r o d u c i n g a n y p a t t e r n of external i t ies w e w i s h a n d a n y n u m b e r of agents 
w e w i s h , so l o n g as a l l of t h e m are l o g u t i l i t y m a x i m i z e r s f a c i n g p r o b l e m s 
w i t h the s a m e s t r u c t u r e as (4.6.1), a n d a l l of t h e m face the external i t ies 
p a r a m e t r i c a l l y w h e n they s o l v e their o p t i m i z a t i o n p r o b l e m s . H o w e v e r , w e 
w i s h to b e able to c o m p u t e statistics f r o m aggregate quant i t i e s i n o r d e r to 
m a k e contact w i t h D u r l a u f ' s (1991a, b) w o r k o n d i s p a r i t i e s a m o n g i n c o m e 
a n d w e a l t h across sites. 

T h e s o l u t i o n for the \r\it) i n (4.6.2) is easy to f i n d u n d e r the a s s u m p t i o n 
that Pr|co () is i n v a r i a n t to p e r m u t a t i o n s w i t h i n co( for each t. In this case w e 
h a v e 

v h = \ / N , fo r a l l i , t , (4.6.3) 

x, = a P ^ , - , ( 1 / AO"*"- | • (4.6.4) 

G i v e n (4.6.3), (4.6.4) there are n o w t w o routes to o b t a i n i n g a class of 
c l o s e d f o r m s o l u t i o n s i n the large e c o n o m y l i m i t , N -> °°. F i r s t note that S e c t i o n 
1 locates su f f i c i en t c o n d i t i o n s o n the M F T / I P S p r o b a b i l i t y s t ruc ture for, 

£ A 1 / AO => E * A i r N -> cc, (4.6.5) 

so there i s n o p r o b l e m for a = 1. S e c o n d , i n o r d e r to d e a l w i t h a < 1, c o n s i d e r 
a n e c o n o m y w h e r e A i t = N s " < M 0 / , . W i t h this s c a l i n g (4.6.4) r e d u c e s to 

* , = « P X A o ; < ( 1 / A K - i - (4.6.6) 

O n e m a y n o w inves t iga te asset pr i ces f o l l o w i n g B r o c k (1982) for spec i f i c 
e x a m p l e s s u c h as s i m p l e M F T p a r a m e t e r i z a t i o n s of A i t = A ( a ^ w i t h co = - 1 
for l o w A , co = + 1 f o r h i g h A u s i n g the s i m p l e e q u a t i o n s (4.1.17), (4.1.18). I n 
this w a y o n e c a n s h o w h o w p i > 1, a n d a n IID process for {h,} w i t h m e a n z e r o 
a n d s m a l l v a r i a n c e c a n l e a d to b i g m a c r o e c o n o m i c f luca t ions . 
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A c l o s e l y re la ted t y p e of e x a m p l e w o u l d be to replace the p r o b a b i l i t y 
s t r u c t u r e i n D u r l a u f (1991a,b) w i t h o n e of the M F T / I P S p r o b a b i l i t y s t r u c t u r e s 
t reated i n th is p a p e r . T h e " C u r i e / W e i s s " s t ruc ture l e a d i n g to (4.1.18) is s i m p l e 
e n o u g h to generate c l o s e d f o r m s o l u t i o n s . T h e v e r s i o n of the discrete c h o i c e 
m o d e l r e p o r t e d b y P r o p o s i t i o n 4.1.2 is s i m p l e e n o u g h to a p p l y to D u r l a u f ' s 
f i r m s ' c h o i c e of t w o technologies . W h i l e the r e s u l t i n g m o d e l w o u l d g i v e 
s o m e t h i n g c loser to a " c l o s e d f o r m " s o l u t i o n , w e d o u b t that it w o u l d b e as 
r i c h as D u r l a u f ' s m o d e l . 

5. Summary, Further Remarks, and Conclusions 

T h i s p a p e r has t r i e d to i l l u s t r a t e the u s e f u l n e s s of M F T / I P S m e t h o d s as a n 
i n p u t m o d u l e i n t o p r o d u c i n g e c o n o m e t r i c a l l y a n d a n a l y t i c a l l y t rac t ib le 
m o d e l s of use to f i n a n c e a n d m a c r o e c o n o m i c s . W e c o n c e n t r a t e d o n f i n a n c e 
a n d s t ressed the p o t e n t i a l l y of M F T / I P S m o d e l s of a d d r e s s i n g s t y l i z e d facts 
w h i c h stress the a p p a r e n t lack of c o n n e c t i o n of m o v e m e n t of s tock r e t u r n s 
a n d v o l u m e to " f u n d a m e n t a l s " . T h i s is a n a t u r a l p lace to a r g u e for the 
p r o m i s e o f this t y p e of m o d e l i n b e i n g able to d e a l w i t h s t y l i z e d facts s u c h as 
H T T ( 1 9 9 1 ) . 

H I T (1991, p . 1006) state: " T h e large n u m b e r of v o l a t i l i t y shif ts that w e 
detect , a n d the fact that w e are u n a b l e to f i n d s ign i f i cant , rea l e c o n o m i c events 
i n the n e i g h b o r h o o d of a m a j o r i t y of these shif ts , l e a d us to the c o n c l u s i o n that 
w e m a y be o b s e r v i n g i n s t a b i l i t y i n the n o i s e c o m p o n e n t of v o l a t i l i t y s t e m 
m i n g f r o m the m i c r o s t r u c t u r e of the s tock m a r k e t . T h u s w h i l e o u r f i n d i n g s 
s u p p o r t the n o t i o n that c h a n g e s i n r i s k p r e m i a m a y serve to p a r t i a l l y e x p l a i n 
the excess v o l a t i l i t y o b s e r v e d i n s tock p r i c e s , the a p p a r e n t l y e x c e s s i v e 
v o l a t i l i t y of v o l a t i l i t y w h i c h w e o b s e r v e o n l y serves to raise fur ther q u e s t i o n s 
r e g a r d i n g o u r a b i l i t y to a c c o u n t f u l l y for the b e h a v i o r of s tock p r i c e s t h r o u g h 
c u r r e n t f i n a n c i a l m a r k e t s p a r a d i g m s " . 

N o t e that H T T stress the lack of a l i n k a g e b e t w e e n real e c o n o m i c events 
a n d the v o l a t i l i t y shi f ts , a n d the asset p r i c i n g m o d e l s s k e t c h e d above generate 
l a r g e c h a n g e s i n response to s m a l l changes i n du o r h p r o v i d e d B/> 1. T h e 
p a r a m e t e r B is easy to i n t e r p r e t i n the m o d e l s b u i l t o n the f o u n d a t i o n of 
d i sc re te c h o i c e s u c h as (4.1.3). It is s i m p l y the i n t e n s i t y of choice a n d is a 
m e a s u r e of the l e v e l of sharpness i n cho ice . T h e p a r a m e t e r J is a m e a s u r e of 
the s t r e n g t h of " t i e s " to a re levant "reference g r o u p " for each agent. N o t e that 
i f in tens i ty of choice is h i g h w e d o not need m u c h " s o c i o l o g y " for By to be greater 
t h a n one. It is also p l a u s i b l e to th ink of p a r a m e t e r i z i n g B, J as funct ions of the 
past h i s t o r y of the e c o n o m y a n d es t imat ing the parameters u s i n g , for example , 
the G e n e r a l i z e d Ins t rumenta l Var iab le procedure ( H a n s e n a n d Singleton, 1982). 
T h i s is a g o o d t ime to address a s ide issue that arises i n IPS m o d e l i n g . 
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IPS m o d e l i n g is s o m e t i m e s c r i t i c i z e d i n e c o n o m i c s because it is s a i d that 
there is n o n a t u r a l i n t e r p r e t a t i o n of the " i n v e r s e t e m p e r a t u r e " p a r a m e t e r B 
a n d e v e n i f there w e r e the i n v e r s e t e m p e r a t u r e B is set e x o g e n o u s l y s u c h as 
c o n t r o l l i n g i n a l a b o r a t o r y e x p e r i m e n t or c o n t r o l l i n g b y o u t s i d e c o o l i n g or 
h e a t i n g . Per B a k e t a l . (1992a, b) a r g u e that s a n d p i l e m o d e l s are s u p e r i o r to 
IPS m o d e l s b e c a u s e the m o v e to c r i t i c a l i t y is " s e l f - o r g a n i z i n g " r a t h e r t h a n 
b e i n g f o r c e d e x o g e n o u s l y . 

W h i l e th is a r g u m e n t has m e r i t w e b e l i e v e that b o t h types of m o d e l s 
s h o u l d be s t u d i e d for the f o l l o w i n g reasons , ( i ) W h e n IPS m o d e l s are g i v e n a 
f o u n d a t i o n i n discrete c h o i c e r a n d o m u t i l i t y t h e o r y the i n t e r p r e t a t i o n of B 
b e c o m e s n a t u r a l a n d w e c a n i m a g i n e p a r a m e t e r i z i n g i t to c a p t u r e e c o n o m i c 
i n c e n t i v e s to m a k e s h a r p o r loose choices , ( i i ) T h e p a r a m e t e r s Ji} b e c o m e a 
tractable w a y to c a p t u r e s t r o n g a n d w e a k ties b e t w e e n agents . 

( i n ) S ince discrete cho ice e c o n o m e t r i c theory a n d IPS t h e o r y are w e l l 
e s t a b l i s h e d w e c a n d r a w o n it to generate b r o a d classes of e c o n o m e t r i c a l l y 
t rac tab le m o d e l s as i l l u s t r a t e d b y the s ix e x a m p l e s above . F u r t h e r m o r e 
A n d e r s o n , d e P a l m a , a n d T h i s s e (1993), s h o w h o w there is a p a r a l l e l b e t w e e n 
CES p r o d u c t i o n f u n c t i o n s a n d discre te choice t h e o r y a n d , hence , (3 is re la ted 
to the e las t i c i ty o f s u b s t i t u t i o n i n their C E S p r o d u c t i o n f u n c t i o n . T h e y s h o w 
h o w w e l f a r e m e a s u r e s i n discrete choice t h e o r y relate to p r o d u c t i o n f u n c t i o n s . 
T h e w e l f a r e m e a s u r e s treated i n discrete choice t h e o r y are essent ia l ly the s a m e 
as free e n e r g y e x p r e s s i o n s i n IPS theory. T h i s p a r a l l e l i s m b e t w e e n e c o n o m i 
c a l l y i n terpretable quant i t i e s a n d p h y s i c a l l y in terpre tab le quant i t i e s is b e a u t i 
f u l a n d u s e f u l , ( i v ) S a n d p i l e - b a s e d m o d e l s s t i l l n e e d a n o u t s i d e s o u r c e (e.g. 
f a l l i n g s a n d ) to d r i v e the p i l e to cr i t ical i ty . ( v ) T h e s a n d p i l e t h e o r y is n o t yet 
d e v e l o p e d e n o u g h to c o n d u c t e s t i m a t i o n a n d h y p o t h e s i s test ing w h i c h is 
f a i r l y s t r a i g h t f o r w a r d to d o i n the s ix e x a m p l e s l a i d o u t above . W e c o n c l u d e 
that i t i s w i s e to p u r s u e b o t h a p p r o a c h e s because there are a d v a n t a g e s a n d 
d i s a d v a n t a g e s to each. 

A p p e n d i x 

G e n e r a l P r o b a b i l i t y S t r u c t u r e w i t h K T y p e s of I n t e r a c t i n g A g e n t s 

T h e i n t e r a c t i o n s w i l l be c o n s i d e r e d o v e r d i s j o i n t sets A , , . . ., A K w h e r e types 
are h o m o g e n e o u s w i t h i n e a c h set b u t h e t e r o g e n e o u s across each set. T h e large 
s y s t e m l i m i t (as N = total n u m b e r -> °°) w i l l b e t a k e n b y h o l d i n g the f r a c t i o n 
of e a c h t y p e k = \ , 2 . . . , K constant . T o f o r m a l i z e this let Q. be a set o f rea l 
n u m b e r s , let Q ^ b e its A ' - f o l d C a r t e s i a n p r o d u c t , to e Q . N , 

P r { ( 0 } = exp[PG]/yco) / Z , G = (1 / 2 ) £ JjMkJk£N)Ml + ~^Jik M k , (1) 
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w h e r e M k = Xco; w h e r e X i s o v e r i i n A j . a n d Z = XexptGiv^/yv) o v e r a l l v . 
H e r e P N ( v ) d e n o t e s the p r o d u c t p r o b a b i l i t y o n « N i n d u c e d b y the c o m m o n 
d i s t r i b t i o n f u n c t i o n F o n Q . W e w i l l concentra te o n the case w h e r e Q i s f i n i t e 
a n d F i s a s u m of " d i r a c d e l t a s " b u t use X a n d / i n t e r c h a n g e a b l y to s u g g e s t 
the n a t u r a l e x t e n s i o n to a c o n t i n u o u s state space . W e s h a l l a lso a s s u m e the 
u t i l i t y f u n c t i o n s «(.) t reated i n S e c t i o n 4 are constant . O n c e o n e sees h o w to 
g e n e r a l i z e S e c t i o n 4 for th is case i t w i l l b e s t r a i g h t f o r w a r d to d o i t for u t i l i t y 
f u n c t i o n s . 

T h e best w a y to t h i n k a b o u t this s t ruc ture is to p a r t i t i o n the vector co t h u s : 
L i s t f i r s t the c o m p o n e n t s i i n A , , s e c o n d the c o m p o n e n t s i i n A 2 , etc. T h e 
p r o b a b i l i t y s t ruc ture c a p t u r e s h o m o g e n e o u s in terac t ions w i t h i n each set o f 
ent i t ies i e A k a n d c a p t u r e s h e t e r o g e n e o u s in terac t ions a m o n g entit ies across 
sets A , , . . . , A K . T h e s t r e n g t h of in terac t ions w i t h i n A k (across A k , A , ) i s 
m e a s u r e d b y J k k ( N ) ( b y J k l ( N ) ) w h e r e the i n t e r a c t i o n s t rength w i l l decrease 
l i n e a r l y w i t h N i n th is p a p e r . T h a t is to s a y the i n t e r a c t i o n s t rength b e c o m e s 
u n i f o r m l y w e a k e r across a n d w i t h i n a l l sets of enti t ies as N increases. 

F o r f u t u r e use , w e w a n t to f i n d l i m i t i n g v a l u e s of the f o l l o w i n g stat ist ics : 

m k = M K / N k => (co ; ) , i e A k , (2) 

w h e r e N k = # of e l e m e n t s of A k , N k / N = n k , a n d , N k , N -> ~ w i t h n k f i x e d . H e r e 
<.) d e n o t e s e x p e c t a t i o n w i t h respect to the l i m i t i n g p r o b a b i l i t y , as N -» «, 
d e f i n e d b y (1) a n d => denotes c o n v e r g e n c e i n d i s t r i b u t i o n . D e t a i l s o n h o w 
to d e f i n e the object, ( . ) , w i l l f o l l o w i n d u e course . W e s h o w n o w , that i f w e 
p u t J k , ( N ) = l a / N , I k l cons tant , the l i m i t i n g v a l u e of (2) is g i v e n b y a s m a l l 
g e n e r a l i z a t i o n of K a c (1968). 

A t the r i s k of r e p e a t i n g m a t e r i a l i n the text, i n o r d e r to see the K a c m e t h o d 
w i t h a m i n i m u m of c lutter , d e a l f irst w i t h the case K = \ , L , = J, h ( A ) = h , 
N k = N , m k = m . C o m p u t e P r [ a } , Z = Z N . W e h a v e 

Z N = 2 > P f p [ ( y / 2 ) (Xv/A" / 2 ) 2 + /!(][>,.)]} P N ( V ) (3) 

X i s o v e r v e Q r D o the f o l l o w i n g steps. P u t p = 1 to ease n o t a t i o n . F i r s t , use 
the i d e n t i t y 

exp[a2] = ( l /(27c)) l / 2 Jexp[-x 2 /2 + 2 1 / 2 xa]f&, (4) 

a n d , s e c o n d use the c h a n g e of v a r i a b l e y = x ( J / N ) 1 1 1 to o b t a i n 

P r { a ) = ( N / 2 n J ) U 2 j e x p [ - y 2 N / 2 J ] Y l e x p [ ( y + h ) w i ] d y P N ( ( 0 ) / Z N , (5) 
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Z N EE ( A V 2717)1 /2Jexp[- y 2 N / 2 J ] Y [ l W y + h ) ] d y , (6) 

M ( z ) = ]Texp[ztJi/F, II is p r o d u c t o v e r i = \ , 2 , . . . , N . (7) 

N o t e that w e use M to d e n o t e " m o m e n t g e n e r a t i n g f u n c t i o n " for (7). C o m p u t e 

m = lim{< [ ( I / * ) £ > , . ) ] > } 

= i im { j g ( h + y ) [ K { y ) ] N d y / jwfdò] 

= j g ( h + y ) H N ( d y ) , (8) 

w h e r e , \ i N ( d y ) => 8 (tìfy), /V -> ~ , 

AT(y) — + y)exp[ - y 2 / 27 ], (9) 

g ( h + y ) EE } { £exp£(/ i + y)]</F© ) / M ( h + y) = M ' ( h + y ) / M ( h + y ) . (10) 

A p p l y L a p l a c e ' s m e t h o d (cf. E l l i s , 1985) to see that, as N -> ~ , a l l p r o b a b i l i t y 
m a s s is p i l e d o n t o y* == Argmax(W(/!+y)exp[-y 2 /y]), i.e., p ^ d y ) S v „ ( d y ) , 
N -> oo. H e n c e , 

y * s o l v e s J M \ h + y ) / M { h + y ) = y , m = M ' { h + y * ) / M ( h + y * ) . (11) 

N o w , E l l i s ( 1 9 8 5 , p . 3 8 ) s h o w s c(z) = log[A/(z)] i s c o n v e x , t h e r e f o r e 
c'(z) = M'(z) /M(z) n o n d e c r e a s e s i n z. M a k e the m o d e s t a d d i t i o n a l a s s u m p t i o n 
that c ' ( z ) increases i n z- T h e n i t is 1-1 a n d it f o l l o w s that 

m = c{Jm + h ) = M \ J m + h ) / M { J m + h ) (12) 

In o r d e r to s t u d y e q u a t i o n s (11), (12) l o o k at the s p e c i a l case, 
Q. = {- 1, + 1 ), d F ( a ) EE ( 1 / 2 ) £ S f l , w h e r e & a p u t s mass o n e o n a = - 1, + 1, m a s s 
z e r o e l s e w h e r e . W e h a v e , r e c a l l i n g the d e f i n i t i o n s of h y p e r b o l i c cos ine , s ine , 
a n d tangent , 

M ( z ) = cosh(z), M \ z ) = sinh(z), c \ z ) = tanh(z), (13) 

m = tanh(7m + h ) (14) 
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E q u a t i o n (14) is E l l i s ' s C u r i e - W e i s s m e a n f i e l d e q u a t i o n (E l l i s , 1985, p . 180, p . 
182) w h e r e w e a b s o r b e d h i s (3 i n t o /, h. T u r n n o w to the d i s c u s s i o n of th i s k e y 
e q u a t i o n . 

F o l l o w i n g E l l i s it is easy to g r a p h (14) a n d s h o w that for h = 0, there is 
o n l y o n e s o l u t i o n , m = 0; b u t , t w o s o l u t i o n s , = - m + , a p p e a r as s o o n as J 
b e c o m e s greater t h a n o n e . F o r h not zero the one w i t h the s a m e s i g n as h is 
c h o s e n . A " p h a s e t r a n s i t i o n " or " s p o n t a n e o u s m a g n e t i s a t i o n " is s a i d to 
a p p e a r w h e n J b e c o m e s greater t h a n one. 

Be fore t u r n i n g to cent ra l l i m i t theorems, w e r e m a r k that the s o l u t i o n 
p r o p e r t i e s o u t l i n e d a b o v e c a n be g e n e r a l i z e d to the case w h e r e 
d F ( y ) E E f ( y ) d y , f ( - y ) = f ( y ) a n d s o m e r e g u l a r i t y c o n d i t i o n s . I n th i s case o n e 
s h o w <:•'(- z) = - c ( z ) , Af'(0) = \\dF = 0, M " ( 0 ) = fedF, c'(0) = M " ( 0 ) , so f o r 
h = 0 t w o s o l u t i o n s m = - m a p p e a r for J M " ( 0 ) > 1, a n d m = 0 is the s o l u t i o n 
f o r J M " { 0 ) < 1. S o m e c o n d i t i o n s are n e e d e d o n F to m a k e c'(z) d i s p l a y the 
q u a l i t a t i v e p r o p e r t i e s of tanh w h i c h w e r e u s e d a b o v e . 

E l l i s (1985, p p . 187, 207, a n d reference to w o r k of E l l i s a n d N e w m a n for 
g e n e r a l J, a n d h n o t zero) g i v e s centra l l i m i t theorems . In par t i cu lar , for the 
case J<\, h = 0 w e h a v e the cent ra l l i m i t t h e o r e m 

N W 2 ( m - m ) ^ N ( 0 , c 2 ( J , 0 ) ) t a 2 ( 7 , 0 ) E E ( l -J)~ (15) 

N o t e h o w the v a r i a n c e tends to i n f i n i t y as J tends to 1 f r o m b e l o w . 
R e m a r k : It is easy to s h o w u s i n g the same type of a r g u m e n t as that a b o v e 

that the c o v a r i a n c e s ((to,. - m) (to,. + , - m ) ) = 0 i n the l i m i t for a l l integers L . 
T h a t i s w h y there are n o c o v a r i a n c e terms i n (15). T h i s a p p e a r s to be a 
c o n t r a d i c t i o n to the w h o l e theme of this p a p e r w h i c h is to s h o w h o w m o d e l s 
w i t h corre la ted character is t ics c o u l d be p a r s i m o n i o u s l y p a r a m e t e r i z e d i n 
s u c h a w a y that e c o n o m e t r i c e s t i m a t i o n is poss ib le . 

In o r d e r to e x p l a i n this a p p a r e n t c o n t r a d i c t i o n w e p o i n t o u t that K a c 
(1968, p . 258) s h o w s that the C u r i e - W e i s s p r o b a b i l i t y s t ruc ture w e are u s i n g 
here is the l i m i t as y -> 0 of a class of s t ructures i n d e x e d b y y w h i c h c o n t a i n 
l o c a l in terac t ions w h i c h do give nonzero c o r r e l a t i o n s . A s y - > 0 the range of 
i n t e r a c t i o n s b e c o m e s l o n g e r w h i l e the s t rength decreases i n s u c h a w a y that 
the C u r i e - W e i s s e q u a t i o n (14) is o b t a i n e d i n the l i m i t . In v i e w of this " K a c 
b r i d g e " b e t w e e n m o d e l s w i t h loca l s t r o n g interact ions that h a v e n o n z e r o l o c a l 
c o r r e l a t i o n s whose strength increases w i t h J a n d the C u r i e - W e i s s m o d e l s w i t h 
l o n g r a n g e w e a k in terac t ions that g i v e the same e q u a t i o n (14) for the l o n g r u n 
v a l u e of ( t o ) w e s h a l l speak of a n increase i n J as a n increase of l o c a l 
c o r r e l a t i o n of character is t ics . K a c (1968) d e v e l o p s a series o f e x p a n s i o n s i n y 
f o r s o l u t i o n s for h i s g e n e r a l m o d e l w h e r e the C u r i e - W e i s s t h e o r y a p p e a r s as 
the l o w e s t o r d e r of a c c u r a c y b u t accurate e n o u g h to d i s p l a y the p h a s e 
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t r a n s i t i o n b e h a v i o r that a p p e a r s i n the g e n e r a l m o d e l . In o u r v i e w the 
a n a l y t i c a l a d v a n t a g e o f the C u r i e - W e i s s s t ruc ture a n d the K a c B r i d g e just i f ies 
the a b u s e of l a n g u a g e w e use i n a s s o c i a t i n g a n increase i n J w i t h a n increase 
i n c o r r e l a t i o n s across character is t ics . 

T u r n n o w to the g e n e r a l case. W e s h a l l use a n i d e n t i t y e x p l o i t e d b y K a c 
(1968). I n the a p p l i c a t i o n s b e l o w , i n d u c i n g d y n a m i c s w i l l g i v e u s f lex ib le 
f u n c t i o n a l f o r m s o f d y n a m i c s o n v o l u m e a n d stock re turns , w h i c h w i l l be one 
of o u r k e y a p p l i c a t i o n s . A n o t h e r k e y a p p l i c a t i o n w i l l be d y n a m i c s of K m a c r o 
aggregates . 

G e n e r a l Case: K > I 

R e w r i t e (1) as f o l l o w s 

P r { v > ) = exp[G]/ya>) / Z , G = {\ / 2 ) £ *ZMKJki(N)M, + J ^ i K M K . (16) 

P u t N J = n j N , n\ N J K L { N ) n \ / 2 = n ]
k

n l k f i \ / 2 / N = J k , / N , JKLconstant, 

G(co) EE (1 / 2 ) £ J , ( M k / N l / 2 ) J K L ( M , / N ] / 2 ) + J,hkMk. (17) 

F o l l o w i n g K a c (1968, p . 254) use the f o l l o w i n g i d e n t i t y , 

e x p ( ( l / 2 ) Y £ £ A i & = (2* ) " * / 2 [ d e t ( A ) r 1 / 2 j e x p [ X ^ , - x ' A " ' * ] / 2 d x , (18) 

w h e r e £ i s f r o m 1 to K , b o l d face letters are vec tors a n d matr ices , 1 i s o v e r the 
AT-vector x, A is K x K . 
P u t A = J, C EE (2ic)- * / 2 [ d e t ( A ) r 1 / 2 a n d w r i t e 

P r M = C M l l " , ] ' / 2 W v & k { h k + z k ) -

-(W/2)X X A / y W f * / z 

Z . = y . / N ) n (19) 

after m a k i n g a c h a n g e of v a r i a b l e f r o m y to z, l e t t ing the p r o d u c t U r u n f r o m 
1, 2 , . . . , K , a n d p u t t i n g B = J ~ ! . A p p l i c a t i o n of K a c ' s i d e n t i t y a n d s u m m i n g 
t e r m b y t e r m a l l o w s o n e to s h o w that z i s g i v e n b y 

Z = O V r l l " ; ] 1 / 2 \ { Y [ M ( h k + z k ) n k e x p [ - (1 / 2 ) X Z V * " i V / J ^ d z ' ( 2 0 ) 
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W e are n o w i n a p o s i t i o n to c o m p u t e the l i m i t i n g v a l u e s , as N -> ~ , o f 
m o m e n t s . C o n s i d e r 

( M J / N J ) for set A y (21) 

U s e (19) a n d (20) to o b t a i n 

( M J / N J ) = 

= \ [ W j + *,•) / M { h j + ^ } { \ \ M ( h k + z k f k e x p [ - £ Y , B k f i k n l Z k z ^ / 2 ) N d z / Z (22) 

H e r e A ( y ) = J t > x p [ C > y F © = M ' { y ) . U s e L a p l a c e ' s m e t h o d ( E l l i s , 1985) to 
o b s e r v e that, as N -> ~ , a l l p r o b a b i l i t y m a s s p i l e s o n t o z* w h e r e z* m a x i m i z e s 

X ^ l o g A i ^ + ^ - d / ^ X ^ / W / - (23) 

T h e f i r s t o r d e r necessary c o n d i t i o n s for a m a x i m u m of (23) are g i v e n b y 

M ' k / M ^ B ^ f y M ^ M i h ^ z , ) . (24) 

P u t a k = M \ / M k , a = ( a v . . . , a K ) , ck = nkzk, c = ( c , , . . . , cK) a n d r e w r i t e (24) 
t h u s , 

a = Be, Ja = c. (25) 

R e c a l l that Jkl = [ n k n , ] 1 n l u , so (25) b e c o m e s 

^ [ n k n , ] 1 ' 2 I k , M ' k / M k = n ( L t , l = \ , 2 , . - . , K . (26) 

N o t e that i n the d i a g o n a l case l k l = 0 for k not e q u a l to /, a n d that n, cancels 
f r o m b o t h s i d e s of (26). In g e n e r a l the r e l a t i v e size \nk/n$ 1 1 p l a y s a k e y r o l e 
i n t r a n s m i t t i n g i n t e r a c t i o n s across d i f f e r e n t sets of ent i t ies as c a n be seen b y 
d i v i d i n g b o t h s ides of (26) b y n,. 

W e h a v e 

m k = M K / N k = $ ( ( D j ) = M \ \ x k + z * ) / M ( h k + z * k ) , i e A k . (27) 

S i m i l a r a r g u m e n t s y i e l d , r e p l a c i n g M k = ]>>, b y Xg(co,,) for a n y f u n c t i o n g, 

]Tg(G>,-) / N k => j g ( Z , ) e x p [ ( h k + z m d F { \ ) / M ( h k + z * k ) , i e A k . (28) 
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T h e s e f o r m u l a e for c o m p u t a t i o n o f l i m i t i n g m o m e n t s c a n be u s e d to e x t e n d 
the a p p l i c a t i o n s g i v e n i n the text. 

M a x i m u m E n t r o p y a n d o t h e r R a t i o n a l e s 

T h e p r o b a b i l i t y s t r u c t u r e s p u t f o r t h i n S e c t i o n 1 o f o u r p a p e r m a y a p p e a r 
a r b i t r a r y a n d c h o s e n m e r e l y for c o n v e n i e n c e . T h e r e is s o m e j u s t i f i c a t i o n for 
the p a r t i c u l a r p a r a m e t e r i z a t i o n of p r o b a b i l i t y s t r u c t u r e that w e chose to use. 
W e g i v e s e v e r a l a r g u m e n t s b e l o w . F i r s t w e d e a l w i t h the i d e a of m o d e l l i n g 
e r r o r - p r o n e o r " n o i s e " t raders . T h e n w e s h o w h o w s u c h p r o b a b i l i t i e s arise 
n a t u r a l l y f r o m discre te cho ice theory . 

A n a t u r a l w a y to m o d e l the n o t i o n of " n o i s y b e l i e f s " is to c h o o s e the 
m o s t r a n d o m p r o b a b i l i t y m e a s u r e s u b j e c t to c o n s t r a i n t s . F o r e x a m p l e 
the m o s t r a n d o m p r o b a b i l i t y m e a s u r e o n ft = {- 1, 1 f is the u n i f o r m m e a s u r e 
that ass igns P(co) = 1 /2N to each co € ft. E x p l a n a t i o n of this i d e a r e q u i r e s a 
d i g r e s s i o n i n t o the subject o f m a x i m u m e n t r o p y measures . 

M a x i m u m E n t r o p y M e a s u r e s 

T o b e p r e c i s e c o n s i d e r the f o l l o w i n g o p t i m i z a t i o n p r o b l e m 

M a x i m i z e [- £ p(co)ln(>(co))], (29) 

subject to , 

X /?(co)G(co) = G , X /'(to) = 1, (30) 

w h e r e ln(jc) d e n o t e s the n a t u r a l l o g a r i t h m of x, X is o v e r a l l co e ft, a n d G 
d e n o t e s a f i x e d l e v e l of g r o u p s e n t i m e n t . L e t A., , i t , be the L a g r a n g e m u l t i 
p l i e r s assoc ia ted w i t h the t w o cons t ra in t s i n (29) b y o r d e r o f a p p e a r a n c e . T h e n 
it i s easy to s h o w b y d i f f e r e n t i a t i n g the L a g r a n g i a n 

£ = £ - />(co)In|p(co)] + \ { G - £ P(w)G(co)) + A 2 ( l - X />(«))> (31) 

that 

/>(co) = exp[PG(co)]/Z; Z = Xexp[PG(u)], B = " K (32) 
u e n 

U s i n g the c o n c a v i t y of the f u n c t i o n H ( x ) = - l a ( x ) x o n (0 , °o) a n d the 
l i n e a r i t y of the t w o cons t ra in ts i n p , it is s t r a i g h t f o r w a r d , u s i n g s t a n d a r d 
n o n l i n e a r p r o g r a m m i n g theory, to s h o w that P a p p r o a c h e s + ~ (- ~) as G 
a p p r o a c h e s G * ( G t ) w h e r e G* ( G J denote the m a x i m u m ( m i n i m u m ) v a l u e s 
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of G. N o t e that p ( a ) co l lapses to the m o s t u n i f o r m m e a s u r e o v e r Q , i.e., the 
IID p r o c e s s o v e r Q , w h e n (3 = 0. D e n o t e this m e a s u r e b y TC a n d n o t e that 
7t(to) = 1 /2N, for a l l cos Q , a n d that (32) m a y be e q u i v a l e n t l y w r i t t e n b y 
m u l t i p l y i n g the n u m e r a t o r b y TC(CO) a n d each t e r m of the d e n o m i n a t o r b y 
n ( v ) . T h i s is u s e f u l i n E l l i s ' s (1985) d e v e l o p m e n t of the l i m i t theory w h i c h w e 
f o l l o w . A l s o note that E l l i s ' s (3 is a b s o r b e d i n o u r J , h. To p u t i t another w a y , 
E l l i s ' s py , fih c o r r e s p o n d to o u r J, h. 

R a t i o n a l e for E n t r o p y M a x i m i z a t i o n 

A t th is p o i n t w e m u s t f u r t h e r d i g r e s s to d i s c u s s the ra t iona le for e n t r o p y 
m a x i m i z a t i o n . T h e m o t i v a t i o n of e n t r o p y m a x i m i z a t i o n s tems f r o m m y o w n 
a t t e m p t to r e f o r m u l a t e the " H a r s a n y i " d o c t r i n e or " c o m m o n p r i o r s " a s s u m p 
t i o n i n s u c h a w a y that s o m e d i v e r s i t y of be l ie fs is a l l o w e d at a cos t of a 
m i n i m a l n u m b e r of free p a r a m e t e r s . 

T h e H a r s a n y i d o c t r i n e is c o n t r o v e r s i a l . W i t n e s s the l a b o r e x p e n d e d 
d e f e n d i n g it b y A u m a n n aga ins t the flat s tatement b y K r e p s : " T h i s a s s u m p 
t i o n h a s v e r y s u b s t a n t i a l i m p l i c a t i o n s for e x c h a n g e a m o n g agents ; w e w i l l 
e n c o u n t e r s o m e of these later i n the b o o k . I leave it to others to d e f e n d this 
a s s u m p t i o n - see , for e x a m p l e A u m a n n (1987, sec t ion 5 ) - as I c a n n o t d o so. 
B u t the reader s h o u l d be a ler ted to this m o d e l i n g a s s u m p t i o n , w h i c h p l a y s 
a n i m p o r t a n t ro le i n par t s o f m o d e m m i c r o e c o n o m i c theory ; i t is c a l l e d b o t h 
the common p r i o r a s s u m p t i o n a n d the H a r s a n y i d o c t r i n e . " (1990, p . 111). K u r z 

(1990) , for e x a m p l e , m a k e s a s t r o n g a r g u m e n t that d i v e r s i t y o f bel iefs w i l l 
r e m a i n i n the face of l e a r n i n g i n a context w h e r e o n e w o u l d expect bel ief 
c o n v e r g e n c e . 

I n v i e w of this c o n f l i c t i n the p r o f e s s i o n w e p r o p o s e a c o m p r o m i s e . 
E n t r o p y m a x i m i z a t i o n subject to cons t ra in ts is g i v e n a v e r y s p i r i t e d defense 
as a u s e f u l w a y to d o p r e d i c t i o n i n stat is t ical m e c h a n i c s b y E . T. Jaynes (1983) 
a n d there m a y be a u s e f u l a n a l o g y i n e c o n o m i c s as d i s c u s s e d b y Z e l l n e r 

(1991) . It m a y p o s s i b l y be v i e w e d as a w a y to a l l o w s o m e d i v e r s i t y i n bel iefs 
w i t h o u t e m p t y i n g the t h e o r y of p r e d i c t i v e content a n d i n B a y e s i a n l i tera ture 
as a w a y of g i v i n g s o m e " o b j e c t i v i t y " to " s u b j e c t i v e " bel iefs . I use i t here to 
m o t i v a t e a n a n a y t i c a l l y tractable m o d e l of in terac t ive g r o u p f o r m a t i o n of 
be l i e f s or s e n t i m e n t . T h a t is to s a y the g r o u p is a s s u m e d to h a v e the m o s t 
r a n d o m set of g r o u p beliefs subject to a g i v e n m e a n l e v e l G. T h i s res t r i c t ion 
p a r s i m o n i o u s l y p a r a m e t e r i z e s the beliefs b y three p a r a m e t e r s (P , J , h ) w h e r e 
P is f i x e d b y G. 

A v e r y i n n o v a t i v e use of e n t r o p y a n d the m e t h o d o l o g y of G i b b s i a n 
s tat is t ica l m e c h a n i c s is i n S t u t z e r ' s w o r k (cf. S tutzer (1992) a n d references to 
h i s ear l i e r p a p e r s ) . H e uses this m e t h o d o l o g y to p u t f o r t h a c o n c e p t of 
f i n a n c i a l e n t r o p y w h i c h he relates to the degree of r i s k a d j u s t m e n t r e q u i r e d 
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of a n y arb i t rage- f ree asset p r i c i n g t h e o r y to e x p l a i n the r i s k p r e m i a of a g i v e n 
set of assets. H e a p p l i e s h is t h e o r y to data o n the s tock a n d b o n d m a r k e t s a n d 
p r o d u c e s e v i d e n c e consis tent w i t h a secular d e c l i n e i n the i n f l u e n c e of r i s k 
a v e r s i o n i n the s tock a n d b o n d m a r k e t s o v e r the past 65 years . W e u r g e the 
reader to s t u d y S t u t z e r ' s w o r k . 

If the r e a d e r does n o t care for the m a x i m u m e n t r o p y a r g u m e n t the s a m e 
p r o b a b i l i t i e s m a y be d e r i v e d , as i n Sec t ion 4.1, b y v i e w i n g the g r o u p of 
i n t e r a c t i v e no ise traders as s o l v i n g the " s o c i a l discrete s tochast ic c h o i c e 
p r o b l e m " 

M a x i m i z e G(co) + ue(co), B = L T 1 (33) 
C O E n 

w h e r e {e(co)) is IID e x t r e m e v a l u e d i s t r i b u t e d . It is p o i n t e d o u t i n M a n s k i a n d 
M c F a d d e n (1980) that Prob{ choose co} is exac t ly e q u a l to the l o g i t p r o b a b i l i t y 
(32). S i n c e the p r o b a b i l i t i e s are l o g i t w e h a v e access to the e x t e n s i v e 
e c o n o m e t r i c l i t e r a t u r e o n e s t i m a t i o n of l o g i t s y s t e m s . I n d e e d this is a m a i n 
p a r t o f the m o t i v a t i o n f o r the t y p e of t h e o r y w e are b u i l d i n g . M o r e w i l l be 
s a i d a b o u t e s t i m a t i o n i n f u t u r e w o r k . 
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