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R e s u m e n : Este trabajo revisa las principales contribuciones 
teóricas que estudian c ó m o las empresas i n v i e r ­
ten e n I y D e n u n ambiente estratégico. E s t u d i a 
el proceso de innovación desde el punto de v is ta 
de la oferta de nuevas tecnologías y revisa los 
m o d e l o s q u e r a c i o n a l i z a n e l p r o c e s o d e 
innovación c o m o u n a carrera estocástica entre 
empresas c o n e l objetivo de obtener u n a patente. 

A b s t r a c t : T h i s paper surveys the m a i n theoret ical con­
t r ibut i ons that study how f i r m s invest i n R & D i n 
a strategic setting. I study the i n n o v a t i o n process 
f r o m the p o i n t o f v iew o f the supply o f new 
technologies a n d I review those models that 
ra t i ona l i ze the i n n o v a t i o n process as a stochastic 
race between f i r m s w i t h the a i m o f o b t a i n i n g a 
patent. 

Introduction 

T h e r e is a m p l e ev idence that shows that technolog ica l i n n o v a t i o n has 
b e e n a m a j o r source o f e conomic g r o w t h i n advanced economies . W e 
also not i ce h o w techn i ca l advance improves the w e l l b e i n g o f c it izens 
o f m o d e r n i n d u s t r i a l economies . W e not ice how cars become m o r e 
e f f i c ient i n f u e l c o n s u m p t i o n a n d po l lu te less, h o w c o m p u t e r s 
revo lut ion ize the o r g a n i z a t i o n o f m o d e r n corporat i ons , h o w dis­
coveries i n m e d i c a l equ ipment improve m e d i c a l treatments for i l l 
peop le , etc. 
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Desp i te a l l this ev idence that h ighl ights the i m p o r t a n c e o f tech­
n o l o g i c a l i n n o v a t i o n , there has b e e n l i t t l e t reatment o f t h e 
m i c r o e c o n o m i c u n d e r p i n n i n g s o f t e c h n o l o g i c a l i n n o v a t i o n i n 
m o d e r n mains t ream e c o n o m i c theory. However , as Dasgupta (1988) 
suggests: "Despi te this l ong- term neglect i n the m a i n body o f ana ly t i ­
cal e conomics there has grown. . . a large.. . l i terature o n the economics 
o f t echno log i ca l change" (Dasgupta , 1988). 

F o r Schumpeter , probab ly the most p r o m i n e n t economist stress­
i n g the i m p o r t a n c e o f technolog ica l advance, the reward of extraor ­
d i n a r y pro f i t s stimulates entrepreneurs to innovate . To induce f i r m s 
to u n d e r t a k e R & D , society must grant the innovator m o n o p o l y r ights 
after a c h i e v i n g his goa l (i.e. patent r ights) . However , even i f patent 
r ights are granted , " the o p p o r t u n i t y to raise m o n e y for i n n o v a t i o n 
a n d to real ize a p r o f i t f r o m it depends i m p o r t a n t l y o n the e c o n o m i c 
env i ronment i n w h i c h it is real ized" (Kamien a n d Schwartz, 1982, p. 1). 
T h e issue o f the re la t i on between market structure (the e c o n o m i c 
e n v i r o n m e n t ) a n d i n n o v a t i o n was not proper ly s tud ied u n t i l the early 
eighties w i t h the a d o p t i o n o f the new techniques o f game theory by 
the economics pro fess i on . 1 T h i s paper surveys how f i rms invest i n 
R & D i n a strategic setting. 

Spec i f i ca l ly , I w i l l rev iew those models that ra t i ona l i ze the innova ­
t i o n process as a race between f i rms . T h e f irst f i r m to make the 
i n v e n t i o n gets a patent, a n d obtains a pr ize R . A s K a m i e n a n d 
Schwartz have stated, the i n n o v a t i o n process can be analyzed f r o m 
two di f ferent po ints o f v iew; T h e supply o f innovat ions (i.e. the 
c rea t i on o f new technologies) a n d the d e m a n d for innovat ions (i.e. 
the a d o p t i o n o f new technologies) . M y m a i n goal is to survey those 
mode l s that analyze the i n n o v a t i o n process f r o m the po in t o f v iew o f 
the c rea t i on o f new technologies. T h e a i m o f this paper is to present 
a u n i f i e d a p p r o a c h o f the economics o f technolog ica l change f r o m 
the p o i n t o f v i ew o f patent races. 

I n this context, the l i terature has addressed a l o n g list o f issues: 
W h a t is the ro le that the intensity o f r i va l ry plays i n the speed o f 
d e v e l o p m e n t ? W h a t is the o p t i m a l n u m b e r o f pro j e c t s ? D o e s the 

1 Earlier studies were realized in the decision theoretic tradition, which assumed 
that the actions taken by one firm do not have an impact on the rival's decision. 
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market give as a n outcome a n ef f ic ient n u m b e r o f projects at the 
social ly o p t i m a l level o f effort? H o w do the pol ic ies o f development 
change i f the race is deve loped i n stages? H o w does the c o m p e t i t i o n 
for i n n o v a t i o n change w h e n we introduce a d y n a m i c setting? W h a t 
are the d i f ferent incentives that motivate asymmetr i c f i rms to i n ­
novate? 

T h e s e quest ions have been s tudied u n d e r a large variety o f 
approaches w h i c h di f fer i n the way the probab i l i t y o f discovery is 
m o d e l e d , the set o f strategies that the models a l lowed , the n u m b e r o f 
stages i n w h i c h the race is developed, the way the cost structure a n d 
the technology o f i n n o v a t i o n are spec i f ied a n d the role that t ime plays 
i n the compet i t ive setting. T h i s paper surveys how the models differ i n 
their speci f ication o f the last condit ions, i n what sense they are m o r e o r 
less restrictive a n d how the l i terature has m o d i f i e d t h e m to t ry to 
e x p l a i n p r o p e r l y how the i n n o v a t i o n process works . A l s o , it compares 
the noncoopera t i ve N a s h result w i t h the social p l a n n e r counterpart . 
Typ i ca l ly , the market outcome w i l l y i e ld excessive investment i n R & D 
a n d too m a n y f i r m s devoted to R & D relative to the socially desirable 
level . 

T h e p a p e r presents a u n i f i e d a p p r o a c h I start w i t h the two 
c a n o n i c a l mode l s by L o u r y (1979) a n d L e e a n d W i l d e (1980), t h e n I 
study h o w the l i terature has m o d i f i e d the ir basic settings to try to 
answer p r o p e r l y the questions pos i ted above. 

T h e survey is s t ruc tured i n the fo l l owing way: I n the f irst sect ion, 
the s e m i n a l ideas o f the game theoretic a p p r o a c h to Research a n d 
D e v e l o p m e n t a n d market structure are s tudied . Impor tant works i n 
this area are the papers by L o u r y (1979), L e e a n d W i l d e (1980) a n d 
R e i n g a n u m (1981, 1982). T h e models by L o u r y a n d L e e a n d W i l d e 
const i tute the basic p a r a d i g m a u p o n w h i c h the issues o f i n n o v a t i o n 
a n d re lated issues have been s tudied . A l s o , they p r o v i d e the s implest 
setup to analyze the issue o f stochastic patent rac ing , even for asym­
m e t r i c mode ls . T h e differences between these models are addressed 
i n this sect ion. I n part icular , L o u r y a n d L e e a n d W i l d e d i f fer i n the 
spec i f i ca t i on o f the cost func t i on . O n the other h a n d , the models by 
R e i n g a n u m di f fer f r o m those by L o u r y a n d L e e a n d W i l d e i n the 
spec i f i ca t i on o f the probab i l i ty d i s t r i b u t i o n f u n c t i o n o f innovat ion . 
T h e reasons for this di f ference is that R e i n g a n u m intends to study a 
d y n a m i c game. 
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T h e mode ls surveyed i n this sect ion have the proper ty that a l l 
the i r e q u i l i b r i a are o f the p r e c o m m i t m e n t type. T h e f i rms p r e c o m m i t 
e i ther to a constant level o f expend i ture or to a p a t h o f e x p e n d i t u r e 
o n R & D that depends o n t ime only. 

I n the second sect ion , I survey the mode ls that try to analyze the 
patent races i n a t ru ly d y n a m i c game. These models focus the i r 
analysis o n the act ions a n d reactions that f i rms take as the race 
un fo lds . T h i s has been d o n e by spec i fy ing mult istage games a n d by 
t r a n s f o r m i n g the f u n c t i o n a l f o r m o f the hazard rate (the p r o b a b i l i t y 
that t h e f i r m w i l l innovate i n the next instant g iven that it has n o t 
i n n o v a t e d yet). I m p o r t a n t works i n this context are those analyzed by 
F u d e n b e r g , G i l b e r t , St ig l i tz a n d T i r o l e (1983) G r o s s m a n a n d S h a p i r o 
(1987), H a r r i s a n d V i c k e r s (1987), a n d f i n a l l y J u d d (1986). I also p o i n t 
out h o w o p e n l o o p games can be t rans f o rmed into a game w i t h t r u e 
feedback strategies by the use o f asymptotic techniques. These tech­
n iques can be useful i n d y n a m i c mode ls w i t h nonexistent ana ly t i ca l 
so lut ions . F o r appl i cat ions to g r o w t h models see J u d d a n d G u u 
(1993). 

M o s t o f the l i terature surveyed i n the paper focus o n symmetr i c 
games. However , i n the t h i r d sect ion, I analyze m o r e general settings 
i n w h i c h f i r m s face asymmetr i c incentives to innovate . F o r example , 
some o f the f i r m s may be current ly p r o d u c i n g a p r o d u c t that w i l l be 
subst i tuted by the i n n o v a t i o n , whereas others are invest ing jus t enter 
into the market . 

F i n a l l y , I analyze the ef f ic iency propert ies o f the market outcome . 
Severa l mode ls are pos i ted i n a way i n w h i c h the ef f ic iency propert ies 
o f the noncoopera t i ve N a s h outcome can be s tudied . E f f i c i ency c a n 
be ana lyzed i n two d imens ions . First , we can see whether the m a r k e t 
a l l ocat ions y i e l d excessive a l l o ca t i on o f resources to R & D , second , 
w h e n there are several possible projects for R & D that vary i n r isk, we 
c a n see whether there is excessive a l l ocat ion to r isky pro jec ts . 2 

It turns out that most o f the l i terature stresses the ine f f i c iency o f 
t h e m a r k e t o u t c o m e . T h i s r e su l t has b e e n c h a l l e n g e d by S a h a n d 

2 When there is a portfolio of research technologies, all aimed to the same 
innovation. The issue of correlation arises. We can check whether there is excessive 
correlation in the projects chosen by the market, when we compare the market 
outcome with the social planner solution. See Footnote 35 below. 
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Stig l i tz (1987), a r g u i n g that i n those mode ls the f i r m s are restr icted 
to take j u s t o n e project . I f this constraint is re laxed, the soc ia l p l a n n e r 
o u t c o m e a n d the m a r k e t o u t c o m e c o i n c i d e s . 3 I p o i n t out i n this 
p a r t that the d r i v i n g force o f S a h a n d St ig l i tz assert ion is the assump­
t i o n that states that m o r e t h a n one pro ject can be successful. T h i s 
result comes f r o m the fact that they study a n e c o n o m y wi thout t ime . 
I f we re f o rmulate the S a h a n d Stigl i tz m o d e l in to a game o f t i m i n g i n 
w h i c h the f i rst to innovate takes a l l (i.e. a stochastic patent race), the 
market o u t c o m e is no t o p t i m a l a n y m o r e . 4 Nonethe less , the i r i n t u i t i o n 
that the n u m b e r o f f i r m s is no t a relevant var iable i n d e t e r m i n i n g the 
incentives for i n n o v a t i o n turns out to be r i g h t i n a noncooperat ive 
e n v i r o n m e n t . 

1. Seminal Works 

T h e a i m o f this p a r t is to analyze the s e m i n a l research papers that 
study the g a m e theoret i c a p p r o a c h to R & D : L o u r y (1979) a n d L e e 
a n d W i l d e (1980). T h e s e mode ls are i m p o r t a n t because they con­
stitute the basic settings u p o n w h i c h the most recent l i terature bu i lds 
its a rguments . However , they are static games, f i rms choose the ir 
strategies i n a E u c l i d e a n space a n d advantages i n experience d o not 
matter . A t the e n d , I study the d y n a m i z a t i o n o f these mode ls by 
R e i n g a n u m (1981) w i t h the use o f d i f f erent ia l games techniques. She 
sets u p a m o d e l i n w h i c h the rate o f investment o n R & D is i n p r i n c i p l e 
a f u n c t i o n o f the t i m e e lapsed a n d the state variables . 

3 If social benefits are equal to private benefits - i .e . if firms can perfectly price 
discriminate- the former literature argued that the market outcome will still be 
inefficient. In contrast, Sah and Stiglitz argue that the only reason for the market 
outcome to be different from the social planner solution is the difference between 
private and social benefits. 

4 As far as I am aware, this model constitutes the first one to allow the firms to 
choose multiple uncorrelated projects, similarly to Sah and Stiglitz, that highlights the 
importance of the timing of innovation, and shows the inefficiency of the market 
outcome. 
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1.1. P r o b a b i l i t y D i s t r i b u t i o n F u n c t i o n o f I n n o v a t i o n s 

T h e way i n w h i c h the p r o b a b i l i t y d i s t r i b u t i o n f u n c t i o n for i n n o v a ­
t ions is spec i f i ed is a sal ient feature that varies across these studies . 
T h e r e f o r e , it is i m p o r t a n t to de f ine i t at the outset a n d to rev iew the 
d i f f erent ways i n w h i c h this f u n c t i o n has been m o d e l e d i n the di f ­
ferent papers . F i r s t o f a l l , I m u s t po in t out that most o f the l i t e ra ture 
has p o s i t e d a p r o b a b i l i t y d i s t r i b u t i o n f u n c t i o n that guarantees so l ­
vabi l i ty , o r at least a s i m p l e character i zat ion o f the game. 

L e t us de f ine P,<f) as the p r o b a b i l i t y that the f i r m i has already 
i n n o v a t e d by t ime t . T h e n the probab i l i ty that a f i r m w i l l innovate i n 
the next moment o f t ime , given that it has not yet done so by time t (the 
hazard rate) is de f ined as: 

g W = T % - C D 

W h e r e F { t ) is the derivat ive o f the d i s t r i b u t i o n func t i on . 
E q u a t i o n (1) represents a simple differential equat ion w i t h so lut i on 

equal to: 

P { t ) = 1 - e x p - l < f i v ) d 0 (2) 

T h e l i terature has assumed di f ferent forms for the t e r m fog(v)dv. 
I n par t i cu lar , the mode l s that \ o g ( v ) d v = I t . I w i l l be r e v i e w i n g i n this 
sec t ion have assumed that. I n this case the probab i l i ty d i s t r i b u t i o n 
func t i on ( P ( t ) ) corresponds to an exponential d is tr ibut ion funct ion w i t h 
p a r a m e t e r X. Consequent ly , f r o m the d e f i n i t i o n o f g ( t ) ( equat ion (1)), 
I get the f o l l o w i n g result : 

g ( t ) = X (3) 

T h e d i f ferent settings about market ant technica l uncerta inty c a n 
be m o d e l e d w i t h the use o f g ( t ) . F o r example , i f we want to m o d e l 
market uncerta inty , we def ine g [ t ) as the f i rm ' s assessment o f the 
c o n d i t i o n a l p r o b a b i l i t y that the rivals w i l l innovate i n the next p e r i o d 
o f t ime, g iven that they have not done so yet. I n this setting, the date o f 
d i s c o v e r y is n o t u n c e r t a i n , but the f i r m s d o no t k n o w the ac t i ons 
o f the i r r ivals . T h i s spec i f i cat ion has been used m a i n l y i n studies that 
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a p p r o a c h t h e f t & D process f r o m the dec i s i on theoret ic po int o f view, 
the m a i n t a i n e d a s s u m p t i o n o f these studies b e i n g that f i rms consider 
that the i r choices do not affect the i r r ivals ' dec i s i ons . 5 

O n the o ther h a n d , even i f f i r m s have perfect i n f o r m a t i o n o n 
their rival 's strategies, they may sti l l face uncertainty because the date o f 
d iscovery is i tsel f u n c e r t a i n ( technical uncertainty) . I n this case, the 
f u n c t i o n represents the c o n d i t i o n a l probab i l i ty for a representative 
f i r m that i t w i l l innovate i n the next m o m e n t o f t ime g iven that i t has 
not done so. So, usual ly the f u n c t i o n g ( t ) has been used i n the game 
theoret ic l i terature to represent the realistic a s s u m p t i o n that innova­
t i o n is i tse l f a n u n c e r t a i n o u t c o m e . 6 I n this work , I discuss only 
mode ls that entai l technica l uncertainty . 

It is m e a n i n g f u l to stress that the existence o f technica l uncer ta in ­
ty is necessary for the existence o f c o m p e t i t i o n for i n n o v a t i o n i n a 
game o f t i m i n g . I f f i r m s were aware o f the date o f discovery, a l l f i r m s 
w o u l d s p e n d to the p o i n t i n w h i c h the cost o f i n n o v a t i o n is equal to 
the pr i ze o f o b t a i n i n g it. However , since a l l f i rms w i l l innovate f or 
sure, the p r i z e w i l l be shared by a l l . A symmetr i c pure strategy 
e q u i l i b r i u m w i l l no t exist i n this context (Dasgupta a n d Stigl itz , 1980). 

T h e mode l s I discuss i n this p a p e r have pos i ted dif ferent forms 
o f the f u n c t i o n g ( t ) . I n part icular , L o u r y (1979) a n d L e e a n d W i l d e 
(1980) assume that depends u p o n the strategies chosen by the f i r m s 
at the b e g i n n i n g o f the race. 

O n the o ther h a n d , R e i n g a n u m (1981, 1982) assumes that is 
equal to a constant t imes a f u n c t i o n that depends o n the rate o f 
knowledge acqu i s i t i on chosen by the f i r m at that m o m e n t i n t ime . 
Because R e i n g a n u m uses d i f f e r e n t i a l g a m e te chn iques w i t h ter­
m i n a l dates, she w i l l ob ta in a p a t h o f R & D expend i ture that is not 
constant over t i m e . 

I n the second sect ion I review the m o d e l by F u d e n b e r g , G i l b e r t , 
Stigl i tz a n d T i r o l e (1983). I n their study, the f u n c t i o n g ( t ) is equa l to 
a f u n c t i o n o f the level o f experience accumulated t h r o u g h t ime . I n 
the v a r i a t i o n o n R e i n g a n u m ' s m o d e l , I m a k e g ( f ) a c o m b i n a t i o n o f the 

5 See Kamien and Schwartz (1982). 
e I should mention that the function g(t) may still represent market uncertainty in 

a game theoretic framework. In this case, although firms are behaving strategically, 
they do not have perfect information on their rival's strategies. 



08 ESTUDIOS ECONÓMICOS 

F u d e n b e r g et a l . p a p e r a n d the R e i n g a n u m (1981) m o d e l . L i k e F u d e n -
b e r g et a l , I make a f u n c t i o n o f the accumulated level o f exper ience . 
However , g ( t ) also depends o n the rate o f knowledge a c q u i s i t i o n 
c h o s e n at that m o m e n t i n t i m e , s imi lar ly to R e i n g a n u m . 7 T h e 
r a t i o n a l i t y o f these a p p r o a c h e s w i l l b e c o m e c learer later i n t h e 
paper . H e r e , I on ly wanted to stress how i m p o r t a n t the d i f f e rent 
spec i f i cat ions are. 

1.2. M o d e l w i t h L u m p S u m Costs 

C o n s i d e r the f o l l o w i n g assumptions : 

1.2.1 T h e p r o b a b i l i t y o f discovery is independent across firms, i .e . 
the projects o f R & D u n d e r t a k e n by any single f i r m are u n c o r r e l a t e d 
w i t h those chosen by o ther f i r m s (i.e. there are n o externalit ies i n 
R & D ) . 

1.2.2 T h e f i r m s face technica l uncertainty . 
1.2.3 T h e p r o b a b i l i t y that a f i r m has already innovated by t i m e t 

fo l lows a n e x p o n e n t i a l d i s t r i b u t i o n f u n c t i o n , w i t h parameter X. 
1.2.4 T h e f u n c t i o n g ( t ) depends o n the level o f outlays m a d e by 

the f i r m . 
1.2.5 T h e outlays are made i n l u m p fash ion (al l at once). 
1.2.6 E a c h f i r m undertakes only one project. 
1.2.7 T h e f i r m s are c o m p e t i n g for a fixed reward o f size R (a fixed 

sum) a n d the loser gets n o t h i n g . 

A s s u m p t i o n s 1.2.1,1.2.2 a n d 1.2.7 w i l l h o l d for a lmost the who le 
paper . A s s u m p t i o n 1.2.7 impl ies that n o f i r m is current ly p r o d u c i n g 
a p r o d u c t that w i l l be supplanted by the innovat i on , a n d that a l l the 
resources allocated to R & D are lost i f the f i r m looses. I n section 3 I w i l l 
re lax this a s s u m p t i o n . A s s u m p t i o n 1.2.5 describes a s i tuat ion i n w h i c h 
t e chno log i ca l deve lopment involves m a i n l y f i x e d costs, a n d i t w i l l be 
r e l a x e d i n the nex t sec t i on . A s s u m p t i o n 1.2.6 w i l l be m o d i f i e d i n 
sec t i on 4.2 a n d 4.3. A s s u m p t i o n 1.2.4 w i l l be c h a n g e d cont inuous ly , 
g i v e n that the l i t e r a t u r e d i f fers m o r e i n this a s s u m p t i o n . 

7 Judd (1986) has a similar setting for his risky projects. 
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L e t us analyze the p r o b l e m f r o m the p o i n t o f v i ew o f f i r m i . 
U n d e r the above assumpt ions , the probab i l i t y that the rivals o f f i r m 
i have n o t i n n o v a t e d by t i m e t is g iven by the next expression: 

Y [ ( l - P J { t ) ) = X l e - H c ? t 

j * i j & i 

where c is the level o f expend i tur e chosen by z's r ivals . Consequent ly , 
the p r o b a b i l i t y that the r ivals o f firm i w i l l have innovated by t ime t 
is 1 - e x p - a t , where a = f ^ ( C j ) . Intuitively, I can de f ine P { t ) = a e ~ a t as 

the p r o b a b i l i t y that a n / o f the rivals innovate at t ime t . B y the same 
token, Xe~ k w is the p r o b a b i l i t y that firm i innovates at t ime w . 

F i r m i w i l l have the p r i z e R only i f it innovates before its r ivals do . 
T h e r e f o r e , expected pro f i t s for firm i are: 

VAR, r, a) = maxTa*- at[J W ~ - * 
c. 0 0 

T h e above e q u a t i o n states that i f any o f the r ivals o f f i r m i 
innovate at t i m e t , t h e n for f i r m i to w i n the p r i z e R , i t has to innovate 
before that t ime . T h e i n n e r in tegra l calculates that possibi l ity. T h e 
other i n t e g r a l calculates the poss ibi l i ty that any o f the rivals o f f i r m 
i innovate by t ime t . B y s i m p l i f y i n g the above expression: 

R X ( C i ) 
V & r ' a ) = ^ i M & T r - e * ( 5 , ) 

Before I characterize the first o rder condi t i ons , I must make some 
assumpt ions about the technology o f i n n o v a t i o n . 

1.2.8 I assume that a n d X ' ( c ) > 0 a n d X " ( c ) < 0 V c s.t. c > 0, 
l i m X'{c) = 0 a n d l i m X \ c ) = °°. 

c - > °° c -> 0 

T h e last a s s u m p t i o n s imply states that i f we double the amount o f 
e x p e n d i t u r e , the c o n d i t i o n a l p r o b a b i l i t y o f success (X) w i l l no t 
double . T h e reason for this result may be the existence o f some f i x e d 
factors i n the research p r o g r a m ( h u m a n capita l for example) . T h e 
a s s u m p t i o n also guarantees the existence o f a N a s h e q u i l i b r i u m . 8 

8 See Harris and Vickers (1987). 
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Intuit ively, it is a suf f i c ient c o n d i t i o n that guarantees the i n t e r i o r i t y 
o f the o p t i m a l response f u n c t i o n . 

T h e necessary f irst o r d e r c ond i t i ons o f the f i r m o p t i m i z a t i o n 
p r o b l e m are: 

(a + r)fl(A,'(cJ) 

{a + X ^ + r f ( } 

T h e suf f i c ient s e cond o r d e r c ond i t i ons are: 

(a + r ) R [ X " ^ ) { a + x£{) + r) - 2X'£)] 
— i — < o 

(a + M c t ) + r f 

T o character ize the g a m e theoret ic s o l u t i o n i t is necessary to f i n d 
the s i gn o f the response f u n c t i o n to a change i n the parameter a ( the 
h a z a r d rate) . D i f f e rent ia t ing (4) w i t h respect to a a n d tak ing i n t o 
account the s y m m e t r y o f the N a s h E q u i l i b r i u m : 

4 X ' ^ l ) [ { n - 2 ) X ^ l ) + r] 

3« " {a + r ) R [ X " ^ ) ( a + r + X & ) - 2 X ' & f ] < ° ( 5 ) 

G i v e n the symmetr i c nature o f the game, an increase i n r i v a l r y is 
d e f i n e d as a n increase i n the n u m b e r o f f i r m s c o m p e t i n g for the 
r e w a r d . F r o m e q u a t i o n (4) a n d the symmetry o f the N a s h E q u i ­
l i b r i u m : 

ci + c i { { n - \ ) c i , r , R ) (6) 

D i f f e r e n t i a t i n g e q u a t i o n (6) a n d u s i n g (5) we f i n d that y - < 0. 
T h i s means that an increase i n r ivalry reduces the level o f expendi ­

ture by a representative f i r m . Further , by di f ferent iat ing (4) a n d u s i n g 

(5) a n d (6) we f i n d t h a t ^ | < 0. T h e last argument can be s u m m a r i z e d 

i n the f o l l o w i n g p r o p o s i t i o n . 

PROPOSITION 1 ( L o u r y , 1979). W i t h a s s u m p t i o n s 1 . 2 . 1 - 1 . 2 . 8 , w e h a v e t h e 
f o l l o w i n g r e s u l t s : 

1. A n i n c r e a s e i n r i v a l r y r e d u c e s t h e effort o f e a c h f i r m . 
2 . A n i n c r e a s e i n t h e p r i z e o f i n n o v a t i n g h a s a p o s i t i v e effect i n t h e effort 

o f e a c h f i r m . 
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T h e i n t u i t i o n f r o m the last p r o p o s i t i o n is as follows: A n increase 
i n the n u m b e r o f f i r m s reduces the expected date o f discovery, i n ­
creas ing at the same t i m e the l i k e l i h o o d o f l o o s i n g the race. T h i s 
result reduces expected pro f i t s , f o r c i n g f i r m s to reduce the rate o f 
effort. A n increase i n the pr i ze for w i n n i n g R , increases expected 
pro f i t s , thereby i n d u c i n g f i r m s to invest m o r e i n R & D . 

1.3. M o d e l w i t h F l o w C o s t s 

It seems excessive to assume that the costs o f R & D are c o m m i t t e d at 
the b e g i n n i n g o f the race . Instead, it is reasonable to argue that f i r m s 
make t h e i r expendi tures o n R & D only as l o n g as the race lasts. So , let 
us assume that we have two dif ferent types o f costs. F i rs t , we have a 
fixed cost that is p a i d by the f i r m i n order to enter the race. T h e se co n d 
is a f l o w cost, spent by the f i r m on ly as the race lasts. T h e c o n d i t i o n a l 
p r o b a b i l i t y o f i n n o v a t i n g i n the next m o m e n t o f t ime, g iven that i t has 
no t i n n o v a t e d yet ( k ) , is a f u n c t i o n o f the f l o w cost (c). I n this 
f r a m e w o r k , the to ta l a m o u n t o f f l o w costs i n c u r r e d by the f i r m 
d e p e n d o n t , the date at w h i c h the race is over: 

< H t ) = t a T n d x 
0 

To o b t a i n the expected costs we must weight c ( t ) by the p r o b ­
abi l i ty that the race is over at each m o m e n t t . 

P \ t ) = {a + X ) e - ^ + U \ 

In tegra t ing over the relevant range we get the expected costs: 

E C = f° (A. + a y ( X + a ) t [ f W n d x ] d t = \ 
J 0 0 a + K + r 

T h e r e f o r e , u n d e r the a s s u m p t i o n o f f l o w costs , 9 expected pro f i t s 
for f i r m i are g iven by the f o l l owing expression: 

9 Kamien and Schwartz name this case the "noncontractual cost case". 
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V * ( R , r , F , a ) = Max[ f l + ^ + ' y - F] - (7) 

C a l c u l a t i n g the necessary f irst o rder c ond i t i ons a n d u s i n g (7): 

= h — (8) 
R - ( V J + F ) 

U s i n g e q u a t i o n (8) we can conc lude the fo l l owing : I f a goes u p t h e n 
(7) indicates that V* goes d o w n , by the concavity o f X(cA a n d to sat is fy 

dc* 
e q u a t i o n (8), c, must go u p . There fore , > 0. B y d i f ferent iat ing C j 

w i t h respect to n ( the n u m b e r o f f i rms ) a n d i m p o s i n g the s y m m e t r y 
c o n d i t i o n : 

&*i l a * C i ) 

— = — (9) 
d n [ l - ^ { n - l ) X ' ( c * ) ] 

I f w e assume that y X \ c * ) ( n - 1) < l , 1 0 the last e q u a t i o n is p o s i ­
tive. S i m i l a r l y , by d i f f e r e n t i a t i n g the f i r s t o r d e r c o n d i t i o n s i t can be 

easily c n e c k e d tnat > U. 

PROPOSITION 2 (Lee a n d W i l d e , 1980). U n d e r a s s u m p t i o n s 1 , 2 . 1 - 1 . 2 . 4 
a n d 1 . 2 . 6 - 1 . 2 . 8 , a c o s t f u n c t i o n t h a t e m p h a s i z e s t h e d u r a t i o n o f t h e r a c e a s 

dcj 
d e t e r m i n a n t o f t h e t o t a l c o s t s , a n d i f y h ' ( c * ) ( n - 1) < 1, t h e f o l l o w i n g 
c o n d i t i o n s h o l d : 

l . A s t h e d e g r e e o f r i v a l r y i n c r e a s e s , t h e r e p r e s e n t a t i v e firm w i l l i n c r e a s e 
i t s o u t l a y s m R e s e a r c h a n d D e v e l o p m e n t . „ . p e n 

z . l j trie s i z e o j t h e r e w a r d goes u p , t h e n a l t firms w i l l i n c r e a s e t h e i r l i c c U 
efforts. 

1 0 This is a stability condition. If the rivals of any firm increase their investment 
in such a way that rivalry increases in one unit, then the firm should increase its 
investment in less than one unit. For the two firm case, it implies a reaction function 
with a slope less than one. 
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T h e c o n t r a s t i n g results be tween p r o p o s i t i o n s one a n d two 
deserve s o m e comments . F i r s t , the s t r i k i n g di f ference i n the s lope o f 
the r eac t i on f u n c t i o n is entirely due to the spec i f i cat ion o f the cost 
f u n c t i o n . I n the first p r o p o s i t i o n , outlays are m a d e once a n d for a l l . 
I n contrast , i n the second, expenditures d e p e n d o n the d u r a t i o n o f 
the race . I n b o t h mode ls a n increase i n r i v a l r y reduces expected 
pro f i t s o f the representative f i r m ( V a n d V * ) , but i n the second case, 
costs go d o w n too. T h i s latter assert ion follows f r o m the noncontrac ­
tua l p r o p e r t y o f the cost f u n c t i o n . 

T h e second considerat ion is related to the efficiency properties o f 
the mode ls . A s we w i l l see later i n this paper , b o t h mode ls y ie ld s i m i l a r 
e f f i c iency conc lus ions w i t h regard to the c o m p a r i s o n between the 
socially o p t i m a l n u m b e r o f firms a n d the number given by the market. 
H o w e v e r , the l eve l o f e f fort is excessive f or the n o n c o n t r a c t u a l 
m o d e l w h e n we compare i t w i t h the social ly o p t i m a l level . F o r the 
cont rac tua l cost m o d e l , the market level o f ef fort is socially i n s u f f i ­
c ient. T h e choice between the two models depends u p o n the p r o b l e m 
we are t r y i n g to study. I f we have a strong suspicion that the R & D process 
involves main ly f i x e d costs (i.e. the c ons t ruc t i on o f labs, the acquisi ­
t i o n o f sophist i cated equipment , etc.), the f irst m o d e l is the most 
representative. 

T h e t h i r d c o n s i d e r a t i o n is re lated to the imp l i ca t i ons o f these 
static mode l s i n the context o f multistage races. A s we w i l l see later i n 
the paper , the results i n mult istage races d e p e n d heavi ly o n the s ign 
o f the response func t i on . 

T h e f our th considerat ion deals wi th empir i ca l impl icat ions o f these 
models. I f we assume that a l l the f irms compet ing for the innovat ion 
coexist i n a symmetric industry, then the pred ic t ion o f the first m o d e l 
impl ies that as the degree o f concentration increases, firms w i l l spend 
more o n R & D . T h e second m o d e l w o u l d predict the o p p o s i t e . 1 1 Scherer 
(1967) c o n c l u d e d that the hypothesis o f posit ive assoc iat ion between 
c o n c e n t r a t i o n a n d R & D was suppor ted , thereby c o n f i r m i n g the 
p r e d i c t i o n s o f the f i rst m o d e l . I n Castañeda (1994 i n progress) it is 

1 1 1 am assuming that the degree of concentration is measured by the Herfindahl 
Index. In the case of symmetric firms, the Herfindahl Index is given by the reciprocal 
of the number of firms. 
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f o u n d that market power i n México is positively associated w i t h t h e 
rate o f g r o w t h o f total factor p r o d u c t i v i t y . 1 2 

1.4. A D i f f e r e n t i a l G a m e A p p r o a c h 

T h e last two propos i t i ons were ob ta ined u n d e r rather static assump­
t ions: 1) T h e exper ience accumulated by f i r m s t h r o u g h t ime d i d n o t 
play any ro le i n the probab i l i t y o f success. I n other words, the effects 
o f the process o f l e a r n i n g by f i rms are r u l e d out. 2) T h e strategy space 
is a subset o f a euc l idean space, f i r m s choose the i r strategies once a n d 
for a l l at the outset, the rate o f expendi ture is restr icted to be constant 
over t i m e . 

T h e w o r k d o n e by R e i n g a n u m (1981, 1982) attempts to i m p r o v e 
u p o n the last two prob lems . I n order to do that, R e i n g a n u m changes 
the spec i f i ca t i on o f the f u n c t i o n P i t ) . Instead, she proposes the nex t 
f o r m : 

P i ( t ) = \ - e - U i U (10) 

A s before, P 0 ) represents the probab i l i ty that f i r m i has i n ­
novated by t i m e t. N o t i c e that i n this setting, this probab i l i ty is a 
f u n c t i o n o f A,{f), the level o f knowledge accumulated t h r o u g h t ime . 
T h e p r o b a b i l i t y o f success i n the next moment , g iven that it has n o t 
so d o n e yet, is : 

g i { t ) = U i ( t ) 

w h e r e k¿(t) = k A t ) (i.e. the rate o f knowledge acquis i t i on chosen for 
that m o m e n t o f time). T h e last equat ion shows us h o w R e i n g a n u m ' s 
m o d e l relates w i t h the mode ls analyzed earl ier i n this paper. A s i n the 
earl iest mode l s " the exponent ia l d i s t r i b u t i o n shows that each incre ­
m e n t i n k n o w l e d g e is equal ly l ikely to be the one w h i c h prov ides 
success" ( R e i n g a n u m , 1981, p. 24). Because R e i n g a n u m uses d i f feren­
t i a l g a m e techniques w i t h t e r m i n a l dates, she dist inguishes f r o m the 
f o r m e r mode l s i n a l l o w i n g a level o f effort that, i n p r i n c i p l e , depends 

1 2 The rate of total factor productivity is considered as an index that reflects 
innovative effort. There is no data of R&D for México. 
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o n state variables a n d t ime . To solve the m o d e l , R e i n g a n u m makes 
several a d d i t i o n a l assumpt ions . 

1.4.1 I f the f i r m has no t succeeded i n deve lop ing the new p r o d u c t 
after a c e r t a i n p e r i o d o f t ime T, i t w i l l leave the race. 

1.4.2 T h e cost o f a c q u i r i n g a d d i t i o n a l knowledge is 

c i ( k i ) = l / 2 ( k i f . 

1.4.3 T h e rate o f knowledge acquis i t i on per u n i t o f t ime is 
b o u n d e d . 

1.4.4 ( L i f s h i t z p r o p e r t i e s ) T h e strategies t i t , k ) , are b o u n d e d 
a n d cont inuous t a n d k . F u r t h e r i f k a n d k are close, t h e n r- a n d 7̂  are 
close too. 

1.4.5 Costs are d i s counted but the pr i ze is not . 

I m a i n t a i n assumpt ions 1.2.1, 1.2.2, 1.2.6 a n d 1.2.7 o f sect ion 1.2. 
N o t i c e that a s s u m p t i o n 1.4.2 impl i e s that costs are noncontrac tua l . 
F i r m s w i l l s p e n d o n R & D only as l o n g as the race continues. O n the 
o ther h a n d , i t is interest ing to not ice the restrictiveness o f a ssumpt ion 
1.4.4. A s F u d e n b e r g a n d T i r o l e (1986) have po in ted out, the con­
t inu i ty o f strategies u p o n the state i n a d i f ferent ia l game is made i n 
o r d e r to f i n d a s o l u t i o n . T h e assumpt ion o f cont inu i ty has not been 
j u s t i f i e d o n o ther g r o u n d s by the l i terature. F inal ly , 1.4.5 is used to 
s impl i f y the a lgebraic calculat ions . I n part icular , she uses this assump­
t i o n to integrate by parts a n expression. I w i l l obviate the mathemat i ­
ca l deve lopments o f the R e i n g a n u m ' s m o d e l because it constitutes a 
p a r t i c u l a r case o n the most genera l case cons idered below. T h e 
f o l l o w i n g p r o p o s i t i o n summarizes her accompl ishments . 

PROPOSITION 3 ( R e i n g a n u m , 1982). U n d e r a s s u m p t i o n s 1 . 4 . 1 - 1 . 4 . 5 , 
1 . 2 . 1 , 1 . 2 . 2 , 1 . 2 . 6 , 1 . 2 . 7 a n d e q u a t i o n ( 1 0 ) w e g e t t h e f o l l o w i n g r e s u l t s : 

1. T h e s t r a t e g i e s a r e o p e n l o o p . 
2 . A s t i m e p a s s e s , t h e r a t e o f k n o w l e d g e a c q u i s i t i o n goes u p . 
3 . A s R goes u p , t h e r a t e o f k n o w l e d g e a c q u i s i t i o n goes u p . 
4 . A s T i n c r e a s e s , t h e r a t e o f k n o w l e d g e a c q u i s i t i o n goes d o w n . 
5. A s t h e i n t e n s i t y o f r i v a l r y goes u p t h e r a t e o f k n o w l e d g e a c q u i s i t i o n 

goes u p . 
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T h e ma jor achievement o f R e i n g a n u m ' s m o d e l is c o n c l u s i o n 2. 
T h e result follows f r o m assumptions 1.4.1 a n d 1.4.5. I f these assump­
tions are m o d i f i e d , i .e. we discount pr i ze as wel l as costs a n d there is 
n o t e r m i n a l date, the f i r m s w i l l no t vary the i r efforts w i t h t i m e . 
" I n d e e d the analysis o f R e i n g a n u m ' s m o d i f i e d m o d e l shows that , 
even w h e n the strategy spaces o f L e e a n d W i l d e ' s m o d e l are en larged , 
e q u i l i b r i u m remains the same as the o r ig ina l l y d e t e r m i n e d by t h e m . . . 
this p rov ides s ome j u s t i f i c a t i o n for e m p l o y i n g the s i m p l e r strategy 
space" ( H a r r i s a n d V i c k e r s , 1987, p . 2) o f L e e a n d W i l d e . C o n c l u s i o n 
1 shows us that the m o d e l o f R e i n g a n u m was no t very useful i n 
h e l p i n g us to u n d e r s t a n d rea l d y n a m i c interact ions i n w h i c h the 
dec is ions o f a f i r m d e p e n d u p o n the progress m a d e by the rivals a n d 
i tsel f . T h e c l o sed l o o p strategies c o i n c i d e w i t h the o p e n l o o p 
strategies. T h i s fo l lows f r o m the memorylessness p r o p e r t y o f t h e 
e x p o n e n t i a l d i s t r i b u t i o n f u n c t i o n . I n this sense, F u d e n b e r g a n d 
T i r o l e (1986) c a l l this m o d e l static. 

T h e mode l s that I survey i n the next sect ion t ry to overcome t h e 
o p e n l o o p feature o f the mode l s cons idered so far. 

2 Dynamic Models 

I n the mode l s s tud ied so far, firms have h a d the same p r o b a b i l i t y o f 
w i n n i n g the race i f a l l were to invest at the same level . T h i s fact 
or ig inates f r o m the memorylessness p roper ty o f the e x p o n e n t i a l 
d i s t r i b u t i o n f u n c t i o n . 

T o overcome this p r o b l e m , the models i n this sect ion de f ine state 
variables that give the f i r m s di f ferent possibi l i t ies for w i n n i n g the 
race , even i f they have the same level o f investment i n R & D at that 
m o m e n t i n t ime . T h e f irst way o f i n t r o d u c i n g state variables i n these 
mode l s has b e e n to al low the parameter to d e p e n d u p o n the level o f 
exper ience a c cumula ted by the f i r m s . A n o t h e r way o f i n t r o d u c i n g 
state variables is by s tudy ing a race that entails m o r e than one stage, 
a f i r m w i l l be i n a later stage, only i f i t has succeeded i n ear l ier stages. 
I n contrast w i t h R e i n g a n u m , i n a l l mode l s i n this sect ion, the equ i ­
l i b r i u m strategies d e p e n d o n state variables. T h i s fact allows us to 
study the react ions o f f i r m s to changes i n the cond i t i ons o f c o m p e t i ­
t i o n as the race develops. F i r m s make the i r decis ions d e p e n d i n g o n 
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the progress that the r i v a l has m a d e a n d v iew how the i r decisions may 
affect the r ival ' s choices t omorrow. 

T h e l i t e rature has d i f f ered i n its a p p r o a c h to d y n a m i z i n g the 
models . F o r example , the w o r k by F u d e n b e r g , G i l b e r t , Stigl i tz a n d 
T i r o l e (1983) has u s e d b o t h ways o f i n t r o d u c i n g state variables. O n 
the o ther h a n d , the w o r k by G r o s s m a n a n d S h a p i r o (1987) has s t u d i e d 
a two-stage race. 

T h e w o r k b y j u d d (1986) has analyzed a mult istage race a n d has 
m a d e the f u n c t i o n g ( t ) dependent o n the p o s i t i o n o f the f i r m i n the 
race as w e l l as the level o f outlays a l located to R & D . H e also al lows 
for a n o t h e r type o f less r isky projects that al low the firm to i m p r o v e 
its p o s i t i o n a n d to reach states closer to the e n d o f the race. However , 
because J u d d uses asymptot ic methods , he has to c o m p r o m i s e by 
assuming that the p r i z e o f success is arb i t rar i ly sma l l . 

F ina l l y , s imi lar ly to J u d d (1986), a var ia t i on o n R e i n g a n u m ' s 
m o d e l assumes that g ( t ) is a f u n c t i o n o f the level o f exper ience 
a c cumula ted a n d the rate o f knowledge acquis i t i on chosen by the 
f i r m at that m o m e n t i n t ime . T h i s m o d e l constitutes a h y b r i d between 
the F u d e n b e r g et a l . (1983) m o d e l a n d the R e i n g a n u m (1981, 1982) 
m o d e l . 

2.1. C h a n g i n g H a z a r d R a t e a n d R e s t r i c t i v e S e t o f S t r a t e g i e s 

Suppose n o w that the parameter X is a f u n c t i o n o f the level o f 
exper ience a c cumula ted by the f i r m . Consequently , the f u n c t i o n 
g t { t ) has the f o l l o w i n g f o r m : 

g A t ) = U k A t ) ) 

where k f t ) is the level o f exper ience accumulated by firm i . F r o m : 

Pi'V) 

W e have that: 
PAt) = 1 - e ^ X { J i i ( s ) ) d s 

A s s u m p t i o n 2.1.1: T h e r e are jus t two f i rms c o m p e t i n g for the 
pr i ze . 
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T h e p r o b a b i l i t y o f d i scover ing at t ime t is 

where A,<f) is the level o f exper ience ac cumulated at t i m e t. E x p e c t e d 
pro f i t s at t ime t are: 

n,<0 - e~ ^ ¥ ' » + W ^ m k i ( t ) ) R - C J (16) 

C a l c u l a t i n g the present value o f the last expression we get the 
f o l l o w i n g express ion for expected pro f i t s : 

n . = f r rt[e-JoHW) + ^ » ] [ X W W - C A d t (17) 

where t { is the p e r i o d i n w h i c h f i r m i j o i n s to the race. 
B y l o o k i n g at equat i on (16) we can not ice the di f ference be tween 

this m o d e l a n d the o n e by R e i n g a n u m a n a l y z e d i n the last s e c t i o n . 
I n that m o d e l , the f u n c t i o n X ( k t { t ) ) was equa l to a constant X for a l l 
t imes t . A l l f i r m s h a d the same level o f expected benefits regardless 
o f the level o f exper ience . I n contrast, i n this m o d e l , i f f i r m i has a 
h i g h e r level o f exper ience : I I , > I T . 

I n a d d i t i o n to the new spec i f i cat ion o f the f u n c t i o n g ( t ) , c o n s i d e r 
the f o l l o w i n g assumptions : 

2.1.2 It is not feasible for b o t h f i r m s always to engage i n R & D . 
2.1.3 It is feasible for one f i r m to do R & D . 
2.1.4 T h e level o f ef fort chosen by each f i r m is restr icted to be the 

same at every m o m e n t o f t ime. (The strategies are restr icted e i ther to 
do R & D o r not to d o it . W h e n the f i r m s do R & D , they can chose on ly 
one leve l o f effort.) 

I m a i n t a i n assumptions 1.2.1, 1.2.2, 1.2.6 a n d 1.2.7. 

PROPOSITION 4. I n a p a t e n t r a c e w i t h t h e l a s t a s s u m p t i o n s a n d i n w h i c h t h e 
f u n c t i o n g ( t ) i s d e p e n d e n t u p o n the l e v e l o f e x p e r i e n c e : A s m a l l a d v a n t a g e 
i n t h e l e v e l o f e x p e r i e n c e by a n y f i r m a t t h e s t a r t o f t h e r a c e w i l l r e s u l t i n a 
s u b g a m e p e r f e c t e q u i l i b r i u m i n w h i c h t h e firm w i t h the h i g h e s t l e v e l o f 
e x p e r i e n c e d o e s R&cD a n d the o t h e r l e a v e s t h e r a c e a t t h e s t a r t . 
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I n t u i t i o n o f the p r o o f : " B y a s s u m p t i o n 2.1.2, equat i on (17) is 
negative for f i r m i at t i m e zero. B u t assumpt ion 2.1.3 i m p l i e s that 
there exists a level o f exper ience k such that equat i on (17) is posit ive . 
U n d e r a s s u m p t i o n 2.1.4, the f i r m w i t h the highest level o f exper ience 
w i l l r each that level before the other f i r m does. W h e n this happens , 
the f i r m w i t h the lower level o f exper ience has equat i on (17) s t i l l 
negative, but the f i r m w i t h the highest level o f exper ience has a 
d o m i n a n t strategy to cont inue . Besides, a s s u m p t i o n 2.1.2 i m p l i e s that 
b o t h f i r m s cannot cont inue the race forever. B y backward i n d u c t i o n , 
the f i r m w i t h the lower level o f exper ience w i l l leave the race at the 
start. 

A s F u d e n b e r g et a l . have p o i n t e d out, the last p r o p o s i t i o n is true 
regardless o f the stochastic nature o f the game. N o t w i t h s t a n d i n g the 
fact that d iscovery is u n c e r t a i n a n d the f i r m w i t h the lower level o f 
exper ience may discover before, it is not o p t i m a l for it to under take 
i n R & D . P r o p o s i t i o n 4 is the stochastic vers ion o f the D a s g u p t a a n d 
Stigl i tz (1980) result m e n t i o n e d above. I n that m o d e l , the date o f 
d iscovery is c e r ta in a n d due to the argument advanced i n 1.1, sym­
m e t r i c p u r e strategy N a s h e q u i l i b r i a does no t exist. There fore , for a 
s o l u t i o n to exist i n p u r e strategies, we must focus o u r study o n 
asymmetr i c mode ls . T h e f i r m w i t h some k i n d o f advantage w i l l be the 
only one that does R & D . 

T h e key p o i n t is that the leader can reach a po int i n w h i c h he can 
guarantee to h i m s e l f a positive level o f pro f i ts before the fo l lower 
does. W e may not ice that i n spite o f the fact that i n p r i n c i p l e , the last 
m o d e l al lows the f i r m s to take dif ferent posit ions i n the race, i t is not 
useful to analyze dynamics because the only possible actions a l l owed 
are restr ic ted to d o i n g R & D at a constant level or ex i t ing the race. 

L i p p m a n a n d M c C a r d l e (1988) change the i m p l i c i t a s s u m p t i o n o f 
the last m o d e l w h i c h allows f i r m s to decide at each instant i n con­
t inuous t i m e about c o n t i n u i n g the race or d r o p p i n g . L i p p m a n a n d 
M c C a r d l e argue that i f we restrict the dec is ion p e r i o d to a cer ta in 
amount o f t ime t > 0, so that f i r m s can decide to invest o r d r o p out 
on ly at { I t , 2 t , 3 i , . . . ) , the £ p r e e m p t i o n result is not the u n i q u e 
e q u i l i b r i u m . 

1 3 This intuition follows Fudenberg, Gilbert, Stiglitz and Tirole (1986), see the 
authors for the formal proof. 
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I n d e e d , L i p p m a n a n d M c C a r d l e show that there may be three 
possible subgame perfect equi l ibr ia : T h e or ig inal equ i l i b r ium i n w h i c h 
the fo l lower drops out at the start, a second e q u i l i b r i u m i n w h i c h the 
leader drops out i n the second p e r i o d o f dec is ion , a n d a t h i r d 
e q u i l i b r i u m w h i c h has a m i x e d strategies so lu t i on . I n this latter e q u i ­
l i b r i u m , the leader has a h igher probab i l i t y o f d r o p p i n g out. T h e 
r e a s o n is that c o n t i n u i n g is m o r e va luab le for the leader . To sat is fy 
the ind i f f e rence c o n d i t i o n o f m i x e d strategies, the fo l lower must have 
a h i g h e r p r o b a b i l i t y o f c o n t i n u i n g . 

H a r r i s a n d V i c k e r s (1985) analyzed the p r e e m p t i o n result i n 
a s y m m e t r i c mode ls . However , because the asymmetr ic m o d e l i m p l i e s 
h a r d e r c o n d i t i o n s i n the analysis, they c o m p r o m i s e by s tudying a 
m o d e l w i t h o u t uncer ta inty (see sect ion 4 below). 

A n o t h e r way to overcome the p r e e m p t i o n result a n d analyze 
d y n a m i c interact ions is to in t roduce stages. T h i s w i l l a l l ow for the 
poss ib i l i ty o f one f i r m to advance a n d for the other to draw even, o r 
to " l eap f rog " . 

A s a s imple e x a m p l e , 1 4 cons ider a two stage game i n w h i c h the 
f u n c t i o n g is d e p e n d e n t u p o n the leve l o f e x p e r i e n c e a ch ieved b y 
the f i r m a n d the assumptions stated i n this sect ion are true. T h e 
stages are s y m m e t r i c . I n b o t h stages, g ( t ) is dependent u p o n the level 
o f e x p e r i e n c e . I n this se t t ing , a h i g h e r level o f e x p e r i e n c e by any 
f i r m does not prec lude the other f r o m d o i n g R & D . I n this case, the firm 
w i t h the lower level o f experience can make the p r e l i m i n a r y discovery 
f i rst a n d advance i n its p o s i t i o n relative to the m o r e exper ienced f i r m . 
O n c e o n e o f the f i r m s has succeeded i n the f irst stage, the r i v a l w i l l 
a b a n d o n i m m e d i a t e l y . F r o m this p o i n t o f t i m e o n , we have exact ly 
the same game as i n the last p r o p o s i t i o n . A s the last example shows, 
f i r m s may have di f ferent posit ions a n d st i l l w i n the race. Moreover , 
the l e a d e r m a y l oose the race . T h e key p o i n t that a l lows d y n a m i c s 
i n the g a m e is the i n t r o d u c t i o n o f stages i n the race. I f the stages are 
n o t treated symmetr ica l ly , we might get several results d e p e n d i n g 
u p o n the spec i f i ca t i on o f the m o d e l . F u d e n b e r g et a l . (1983) have 
s t u d i e d these cases. T h e a i m o f those mode l s is to i l lus t ra te the fact 

See Fudenberg, Gilbert et al. (1983). 
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that w h e n we i n t r o d u c e b o t h the mult istage feature a n d the level o f 
exper i ence o f the f i r m s as relevant variables , f i r m s w i l l have di f ferent 
relative pos i t i ons a n d the intensity o f c o m p e t i t i o n w i l l d e p e n d o n h o w 
these two state variables interact . To u n d e r s t a n d mult istage races, we 
must c o n t i n u e w i t h the next sections. 

A n o t h e r poss ib i l i ty is to change the assumptions o f the m o d e l , 
the p r e e m p t i o n result depends heavi ly o n the fact that f i rms can do 
R & D on ly at a constant rate a n d the spec i f i cat ion o f the f u n c t i o n 
g ( t ) . L a t e r we w i l l see that a v a r i a t i o n o n R e i n g a n u m ' s m o d e l al lows 
us to have a s ingle stage a n d we do not have £ p r e e m p t i o n . 

L i p p m a n a n d M c C a r d l e (1987) study a mult istage race s imi lar to 
F u d e n b e r g et a l . sett ing. T h e y also restr icted the strategies to two 
poss ib i l i t ies : E i t h e r d o i n g R & D at a g iven level or d r o p p i n g the race. 
T h e y show that as l o n g as the f i r m s have the same level o f success, 
b o t h f i r m s do R & D . O n c e one o f the f i rms reaches an i m p o r t a n t lead, 
the fo l lower abandons the race. 

2.2. M u l t i s t a g e R a c e s , U n r e s t r i c t e d S t r a t e g y S p a c e s a n d C o n s t a n t 
H a z a r d R a t e 

T h e work by G r o s s m a n a n d S h a p i r o (1987) re laxed the a s s u m p t i o n o f 
a constant rate o f effort. T h e game is exactly as the one s tud ied i n 
sec t i on 1.3, the on ly d i f ference is that two f i r m s w i l l p lay the g a m e 
i n two stages. So, assumpt ions 1.2.1-1.2.4 a n d 1.2.6-1.2.8 f r o m sect ion 
1.2 are s t i l l v a l i d . Besides, costs are n o n c o n t r a c t u a l as i n sect ion 1.3. 
S ince we are i n a mult istage game, we must say s o m e t h i n g about the 
structure o f i n f o r m a t i o n : F i r m s are i n a perfect i n f o r m a t i o n e n v i r o n ­
ment , a n d can observe perfect ly the four possible states o f the w o r l d : 
1) B o t h f i r m s are i n the f i rst stage. 2) B o t h are i n the second. 3) O n e 
f i r m is i n the advanced stage a n d the o ther is i n the f irst stage. 4) T h e 
roles i n 3 are reversed. S ince expected payoffs d e p e n d u p o n the state 
o f the game, the strategies w i l l vary accordingly. There f o re we have a 
t ru ly d y n a m i c game. 

D e n o t e by VLL as the expected payof f that a typ ica l f i r m faces i f 
b o t h f i r m s have succeeded i n the f irst stage. D e f i n e V L F a s expected 
pro f i t s f or a f i r m that has succeeded i n the f irst stage, but its rival has 
not . B y the same token VFL represents expected pro f i t s for a f i r m that 
has no t passed the f irst stage but its c ompet i t o r has. F inal ly , VFF 



82 ESTUDIOS ECONÓMICOS 

represents expected pro f i t s o f a f i r m i n the s i tuat ion i n w h i c h n o n e 
o f t h e m has succeeded i n pass ing the f irst stage. T h e subindices f or 
the a m o u n t a l located to R & D , c, have the same m e a n i n g . 

B y e q u a t i o n (7) i n sect ion 1.3: 

d o ) 

W h e r e cr c o r responds to the level o f expend i ture chosen by the r i v a l . 
W e c a n get the m a t h e m a t i c a l representat ion o f V m , V L i r a n d VFF, by 
n o t i n g that the f i rs t t e r m i n e q u a t i o n (18), represents the e x p e c t e d ' 
r e w a r d g iven the state o f the g a m e (both f i r m s are i n the s e c o n d 
stage). F o l l o w i n g the same reason ing , we can get expected payoffs f or 
the f i r m g iven each possible state o f the game. 

V F F W L F > V F L . r > c r ) = M a x [ — i , x \ , \——] (19) 
c F F

 r + M . c F F ) + M v 

V L F i R , VLL, r, c r ) = M M M C L ? * ^ ^ ~ C L F ] (20) 
LF 

^ • ^ • y U K ^ W <21> 

T h e c o r r e s p o n d i n g f irst o rder cond i t i ons can be s i m p l i f i e d to: 

^ ( c l l ) - R _ (22) 

X ' ( c ) = 1 (23) 

FF vLF-vFF 

^ - R ^ t e ( 2 4 ) 

n c F L ) = v \ (25) 
V L L - V F L 

W e c a n use (18) to (25) to prove the f o l l owing p r o p o s i t i o n : 
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PROPOSITION 5 ( G r o s s m a n a n d S h a p i r o , 1987). I n a t w o s t a g e i n n o v a ­
t i o n r a c e w i t h a s s u m p t i o n s 1 . 2 . 1 - 1 . 2 . 4 a n d 1 . 2 . 6 - 1 . 2 . 8 - s t a t e d i n s e c t i o n 
1 . 2 - the a s s u m p t i o n o f n o n c o n t r a c t u a l c o s t s a n d p e r f e c t i n f o r m a t i o n , t h e 

f o l l o w i n g r e s u l t s h o l d : 
1. B o t h t h e l e a d e r a n d t h e f o l l o w e r s p e e d u p s h o u l d t h e r a c e b e c o m e t i e d . 
2 . T h e i n t e n s i t y o f r i v a l r y i s h i g h e r i n t h e s e c o n d s t a g e t h a n i n t h e f i r s t 

o n e . 
3 . T h e l e a d e r a l w a y s s p e n d m o r e t h a n t h e f o l l o w e r . 

I o m i t the proo f . A key element i n the p r o o f is the posit ive 
response f u n c t i o n generated by the n o n c o n t r a c t u a l cost. 

T h e f i rs t result "ref lects the fact that the leader has m o r e to lose 
a n d the fol lower has m o r e to w i n " (Grossman a n d Shapiro , 1987, p . 377) 
s h o u l d the race b e c o m e t ied . T h e i n t u i t i o n b e h i n d the second result 
is g iven by the posit ive d iscount rate, w h i c h forces b o t h f i r m s to s p e n d 
m o r e w h e n they are closer to the end . T h e fact that the response 
f u n c t i o n is posit ive as i n sect ion 1.3, reinforces this effect. T h i s result 
is r emin iscent o f c o n c l u s i o n two i n p r o p o s i t i o n three above. 

It is n o t possible to c ompare the re la t i on between cLF a n d cFF (as 
w e l l as the r e la t i on between c^ a n d c F F ) . T h e reasons arise f r o m two 
cont rad i c t o ry effects. O n one h a n d , the fact that the discount factor 
is posit ive makes the leader spend m o r e c o m p a r e d to what he s h o u l d 
s p e n d i f the race were s t i l l i n the f irst stage for b o t h f i rms . B u t o n the 
o ther h a n d , the fact that the o p t i m a l response f u n c t i o n is posit ive a n d 
the fo l lower may s p e n d less forces the leader to s p e n d less. A l t e r n a ­
tively the fo l lower may spend less because VFL < VFF, but the fact that 
the leader has a n incent ive to spend m o r e (due to the discount factor) 
a n d the pos i t ive response func t i on , gives the fo l lower an incentive to 
s p e n d m o r e . A symmetr i c exp lanat ion ho lds for the second undeter -
minate r e la t i on . 

I f costs are contractua l , we shou ld be able to s i gn the r e la t i on 
between cFF a n d c L F . F o r this case, the response f u n c t i o n is negatively 
s l oped . So , the d iscount factor makes the leader spend m o r e c om­
p a r e d to what he s h o u l d s p e n d i f b o t h were i n the f irst stage. I f the 
fo l lower reduces his effort, his impac t o n the leader's dec i s i on f u r t h e r 
enhances the d iscount factor effect. T h i s follows f r o m the negative 
response f u n c t i o n . T h e impact o n the fol lower is consistent w i t h the 
last reason ing , the r e d u c t i o n i n expected pro f i ts ( V F L < V F F ) makes 
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the fo l lower s p e n d less i n R & D . T h e fact that the d iscount factor effect 
makes the leader s p e n d m o r e a n d the negative response f u n c t i o n 
f u r t h e r enhance this effect. However , for the contrac tua l case, p o i n t 
two i n p r o p o s i t i o n 5 w i l l n o l onger h o l d . T h e posit ive d iscount factor 
makes b o t h f i r m s s p e n d more , b u t the negativity o f the response 
f u n c t i o n goes i n the opposite d irect ion , leaving undeterminate the f i n a l 
effect. A s i n sect ion 1, this r eason ing i l lustrates the dependence o f the 
results o n the spec i f i ca t i on o f the cost func t i on . 

2.3. A s y m p t o t i c M e t h o d s 

2.3.1. U n r e s t r i c t e d Strategy Spaces, M u l t i p l e Stages a n d M u l t i p l e 
Feasible Projects 

T h e m o d e l s t u d i e d i n s e c t i o n 2.1 severely r e s t r i c t e d the s trategy 
space . T h e m o d e l i n sect ion 2.2 s tud ied a two-stage game. B o t h 
mode l s i l lustrate the d i f f i cu l ty o f ana lyz ing d y n a m i c M a r k o v games 
unless res tr i c t ive a s s u m p t i o n s are stated (restr ict ive strategy space, 
o r few stages). K e n n e t h J u d d (1986) proposes a nove l a p p r o a c h to 
analyze patent races w h i c h c ircumvents the restrictiveness o f the 
m o d e l s i n the last two sections. H e uses p e r t u r b a t i o n analysis to study 
genera l d y n a m i c mult istage patent races w i t h unrestr i c ted strategies. 
H e posits a probabi l i ty o f discovery (of f in i sh ing a l l stages at once) that 
depends u p o n the stage i n w h i c h the f i r m is located a n d u p o n the 
a m o u n t o f resources a l located to that project. H e also assumes that 
there exists another class o f projects w h i c h a l low the f i r m to make 
g r a d u a l j u m p s f r o m o n e stage to a n o t h e r c loser to the e n d , o r m a y 
be to the end . These two projects for d o i n g R & D vary i n the i r 
r i s k i n e s s , w i t h the pro jec ts that a l l o w the f i r m s to leap to the e n d 
b e i n g r iskier . 

T h e genera l strategy for asymptot ic methods is to f i n d a k n o w n 
s o l u t i o n , t h e n use that so lu t i on for s tart ing po ints to calculate m o r e 
interes t ing nearby prob lems . Usual ly , the k n o w n so lu t i on has less 
theore t i ca l interest. A s y m p t o t i c t h e o r y 1 5 uses a genera l i zat i on o f the 
i m p l i c i t f u n c t i o n t h e o r e m a n d T a y l o r series to f u n c t i o n a l spaces. 
T h e p r o c e d u r e is to calculate a Tay lo r series expans ion evaluated at 

1 5 The reader interested in asymptotic methods should consult Judd (1992). 
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the k n o w n s o l u t i o n for the value f u n c t i o n a n d the p o l i c y f u n c t i o n . 
J u d d uses these techniques to analyze c losed l o o p so lut ions o f games. 
O f course, there is a t radeo f f i n u s i n g asymptotic methods : H e f irst 
solves f or the case o f zero pr i ze for the patent race, a n un interes t ing 
p r o b l e m , t h e n he assumes a s m a l l p r i z e i n o rder to character ize the 
c losed l o o p so lu t i on . 

L e t m e m a i n t a i n assumptions 1.2.1, 1.2.2 a n d 1.2.7, a n d assump­
t i o n 2.1.1. A l s o , R is very close to zero . 

L e t V ( K i t K ) be the value f u n c t i o n for f i r m i w h e n it is i n stage 
K i a n d its c o m p e t i t o r is i n stage K - a n d b o t h players choose feedback 
N a s h strategies. L e t r / be the a l locat ion o f expend i ture to the safe 
project a n d r * the level o f expend i ture a l located to the r isky project . 
L i k e R e i n g a n u m (assumpt i on 1.4.2), J u d d assumes quadrat i c costs i n 
each one o f the projects. T h e r i sk ier projects a l l ow the f i r m to leap to 
the e n d o f the race a n d the probab i l i t y o f this event is X ( K $ r j d t . 

A s i n the m o d e l s tud ied i n the next section, the p r o b a b i l i t y o f 
f i n i s h i n g the race is a f u n c t i o n o f the p o s i t i o n now a n d the a m o u n t 
o f investment o n R & D . O n the other h a n d , the less r isky projects 
a l low the f i r m to j u m p to states e i ther closer to the e n d o r to the e n d . 
T h e p r o b a b i l i t y that a p a r t i a l j u m p occurs is rjdf, a n d the probab i l i t y 
o f a j u m p f r o m state K { to state ( g , g + dg) i f a p a r t i a l j u m p happens is 
3(£, K $ d g . O n the o ther h a n d , the probab i l i ty that a p a r t i a l j u m p hits 
the e n d is e q u a l to ^ B ( ^ ) . B y u s i n g the i n f i n i t e s i m a l no ta t i on , the 
B e l l m a n e q u a t i o n can be w r i t t e n i n the fo l l owing intuit ive way: 

VXKi,Kj)=Max[-±rr
i-±rs

i 

r r 
r s 

+ r ^ R d t i l - rdt) + rjdtQ. - rdt) ( f V \ m , K ^ m , K J d m ) 

+ r > ( l - r t y R B i f y + ^ d t ( f V g ) Q ( g , K j ) d g ( l - rdt) 

+ ( l _ r d t ) ( l - ( r ; - r j - r X K t ) - r j X i K p W V X K i , Kj))] (26) 

T h e e x p l a n a t i o n o f the above expression is s t r a i g h t f o r w a r d . T h e 

F i r m spends - ~ r j - | r / , w i th probabil ity r } X { H t ) , it w i l l leap to the e n d 
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(£ ) a n d get R i n the next instant. T h e next t e r m represents the 
poss ib i l i ty that f i r m i j u m p s to any state between K t a n d the e n d ( £ ) . 
A s y m m e t r i c e x p l a n a t i o n ho lds for the next t e rm, this time f i r m j is 
the j u m p i n g f i r m . F i n a l l y , the last t e r m represents the poss ib i l i ty that 
n o n e o f the f i r m s succeed i n h a v i n g e i ther a p a r t i a l j u m p o r a l eap , 
so that i n the next instant b o t h f i r m s are i n the same state ( K { , K ) . 

F o r a n e i g h b o r h o o d o f 0, (0, R ) , the value f u n c t i o n c a n b e 
expressed i n the f o l l o w i n g way: 

V% K i t K - , R ) - V ( t , K i t K j t 0) + R D \ t , K { , K f , 0) 

+ ( R ) 2 D 2 ( t , K i , K j ; 0 ) + ... (27) 

where 

D \ t , K { , 0) = ( - l ) 9 ^ ^ ' **> K i ' 0 )
 n = i > 2 , . . . 

1 J »! d R n 

T o f i n d the coef f ic ients o f the R terms i n (27), it is necessary to 
fo l low the f o l l o w i n g steps: F r o m the f irst o rder cond i t i ons we p l u g the 
results for r / , r* a n d r f i n (26). T h e next step is to p l u g (27) o n b o t h 
sides o f (26), t h e n we equate the terms l inear i n R to get the coef f i ­
c ient o f R i n (27). W e p r o c e e d by u s i n g this s o lu t i on a n d equate the 
terms that m u l t i p l y R 2 o n b o t h sides o f (26) a n d cont inue i n this 
f a s h i o n . T h e n we p l u g this s o lu t i on i n the f irst o r d e r cond i t i ons for 
the p o l i c y funct ions : r } , r / , r / a n d r / . F o l l o w i n g this procedure , J u d d 
was able to prove the f o l l owing p r o p o s i t i o n : 

PROPOSITION 6. 
1. T h e o p t i m a l r e s p o n s e o f f i r m t o a n i m p r o v e m e n t i n t h e p o s i t i o n o f f i r m 

i s t o i n c r e a s e i t s a l l o c a t i o n t o r i s k y p r o j e c t s , b u t t h i s is s o c i a l l y u n d e s i r a b l e . 
F o r t h e s a f e p r o j e c t s , t h e r e s p o n s e i s u n d e t e r m i n a t e . 

2 . T h e l e a d e r s p e n d s m o r e i n b o t h p a r t i a l j u m p s a n d leaps. 

T h e c onc lus i ons o f the last p r o p o s i t i o n are consistent w i t h 
p r o p o s i t i o n 5. Because J u d d uses asymptotic methods he can study 
m o r e g e n e r a l settings (multistage races w i t h v a r y i n g degrees o f r i sk i ­
ness i n projects) w h i c h give rise to conc lus ion 1 o f the last propos i ­
t i o n . 
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T h e d i s cuss ion i n this paper assumes there is n o separat ion 
between o w n e r s h i p a n d management . I f managers are not the owners 
o f the f i r m s , p r o f i t m a x i m i z i n g may not be the goal o f the managers . 
I n this case, H o l m s t r o m (1983), a n d Holmstróm a n d R i c a r t C o s t a 
(1986) have s h o w n i n a n o t h e r context that managers w i l l choose the 
less r i sky projects w h e n c o n s i d e r i n g di f ferent investment projects 
w i t h v a r y i n g degree o f r isk . I f we translate the i r result to this survey, 
it i m p l i e s that the separat i on o f p roper ty a n d contro l w i l l make f i r m s 
choose less r i sky projects o f R & D . 

H a r r i s a n d V i c k e r s (1987) analyze a mult istage vers ion o f the 
B e a t h , Katsou lakos a n d U l p h (1989) m o d e l w h i c h I review below. 
T h e y study the case w i t h n o d iscount ing . T h e y cons ider two models : 
I n the first m o d e l , the race is w o n whenever the leader achieves a 
g iven l e a d over his r i v a l . T h e state corresponds to the di f ference 
between the two f i r m s . T h e y show that the leader makes greater 
efforts t h a n the fol lower. I f the di f ference between the two players 
increases, the fo l lower d imin i shes his efforts. S i m i l a r l y to J u d d a n d 
G r o s s m a n a n d S h a p i r o , the i r second m o d e l is a two state var iable 
mode l . T h e w inner is the first firm to achieve a certain n u m b e r o f stages. 
I f the leader does no t have m o r e t h a n two stages to go, he spends 
m o r e i n R & D . A l s o , w h e n the leader has n o m o r e t h a n two stages to 
go, b o t h f i r m s , the leader a n d the follower, speed u p w h e n the gap 
between the two d imin i shes . 

A s s h o w n i n p r o p o s i t i o n 5, G r o s s m a n a n d S h a p i r o ob ta in s i m i l a r 
results i n a s i m p l e r m o d e l . Indeed , this shows that w h e n the n u m b e r 
o f stages is enlarged , the m a i n qual itat ive features that we get f r o m 
two-stage mode l s r e m a i n v a l i d . F u r t h e r m o r e , H a r r i s a n d V i c k e r s 
c o u l d no t o b t a i n a d d i t i o n a l results . T h i s u n d e r m i n e s t h e i r ac­
c ompl i shments a n d prov ides j u s t i f i c a t i o n for res tr i c t ing attent ion to 
s i m p l e r mode l s such as the one by G r o s s m a n a n d Shap i ro . O n the 
o ther h a n d , the last p r o p o s i t i o n shows that asymptotic methods give 
m o r e qual i tat ive results. There fore , we s h o u l d focus o u r at tent ion o n 
asymptot ic techniques , l ike J u d d does, albeit at the cost o f a ssuming 
smal ler pr izes . T h e m o d e l i n the next subsect ion uses the asymptot ic 
a p p r o a c h p i o n e e r e d by J u d d a n d studies the £ p r e e m p t i o n result 
analyzed above w i t h a m o r e genera l strategy space a n d w i t h a sl ightly 
di f ferent f u n c t i o n g<i)-
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2.3.2. A V a r i a t i o n o n R e i n g a n u m ' s M o d e l 

I n this sect ion , I make use o f asymptot ic theory a n d t r a n s f o r m t h e 
o p e n l o o p s o l u t i o n o f R e i n g a n u m ' s study into a feedback f o r m ( the 
reader may re ca l l that the R e i n g a n u m analysis (1981, 1982) r e n d e r e d 
a n o p e n l o o p s o l u t i o n i n w h i c h firms p r e c o m m i t to a p a t h o f R & D 
w h i c h depends only o n t ime) . T h e conc lus ion u n d e r m i n e s the e 
p r e e m p t i o n result by F u d e n b e r g e i a Z . (1983) i n the context o f a r i c h e r 
strategy space. 

I take the R e i n g a n u m analysis i n w h i c h two players are engaged 
i n a patent race to deve lop a new produc t . T h e w i n n e r o f the race 
receives a patent p r i z e e q u a l to R a n d the loser gets n o t h i n g . T h e 
set t ing is s imi lar to R e i n g a n u m ' s m o d e l . I m a i n t a i n assumptions 1.2.1, 
1.2.2,1.2.6,1.2.7, 1.4.1,1.4.2 a n d I study the d u o p o l y c a s e . 1 6 T h e o n l y 
change is i n the p r o b a b i l i t y o f discovery, the parameter X b e i n g a 
f u n c t i o n o f the ac cumulated level o f experience . I make this transfor ­
m a t i o n to find a s o l u t i o n i n w h i c h the feedback N a s h s o l u t i o n does 
no t c o i n c i d e w i t h the o p e n l o o p so lut i on . 

I n this sect ion , increases i n the level o f exper ience are de termin is ­
t ic . I n contrast , i n the m o d e l o f the last sect ion, improvements i n 
p o s i t i o n are c o m p l e t e l y r a n d o m . I n m y v iew, the i d e a l m o d e l l i e s 
i n between. A n a l y t i c a l so lut ions o f the feedback N a s h strategies m a y 
be very h a r d to calculate; i n d e e d , they may not exist for this class o f 
games. T h e way to c i r cumvent this p r o b l e m is to use asymptot ic 
m e t h o d s to analyze nearby games to the R e i n g a n u m ' s m o d e l . I n these 
games, the strategies are themselves f u n c t i o n o f the state. To analyze 
the M a r k o v strategies , I m a k e sui table use o f the i n f o r m a t i o n 
p r o v i d e d by R e i n g a n u m ' s m o d e . 1 7 

L e t m e de f ine the probab i l i t y o f discovery as follows: 

P,<i) = l - e - ^ 0 ^ (28) 

S o that g ( t ) becomes: 

I b Reinganum (1982) studies the multiple firm case. 
1 7 The model by Reinganum has a setting similar to the one stated below, the only 

difference being that instead of having X a function of K u Reinganum assumes that X 
is a constant. 
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g ( t ) = [ X ( K , { t ) ) K A t ) + X ' K A i ^ k l t ) 

where k A t ) represents the rate o f knowledge acquis i t ion . We no t i c e 
that the se t t ing for the f u n c t i o n g ( t ) is a h y b r i d b e t w e e n the 
R e i n g a n u m ' s m o d e l a n d the F u d e n b e r g et a l . paper. S imi lar ly to the 
w o r k o f these latter authors , X is a f u n c t i o n o f the accumulated level 
o f knowledge . However , because i n this m o d e l the strategy space is 
larger, the rate o f knowledge acquis i t i on also affects the c o n d i t i o n a l 
p r o b a b i l i t y o f discovery, s imi lar ly to R e i n g a n u m . T h i s fact, together 
w i t h the absence o f a s s u m p t i o n 2.1.2 precludes the e p r e e m p t i o n 
result s tud ied a b o v e . 1 8 

T h e present value o f pro f i t s f o r f i r m i for any strategy p r o f i l e 
( f v f 2 ) becomes: 

u 
f . { t ) _ e~ r t e - W + H K f t ) ) K f t ) ] { l ) m 2 ] d t 

B y i n t e g r a t i n g by parts the f irst t e rm o f the last expression: 

T 
M X U f ) = f [(1 - i X W O j R e - UKftWft) 

^ 0 
[ X X K f t w f ^ + X i K f m y f t ) 

_ g- r t g - [UKAtWfl) + X.(X.(i))K.(i)] (Iy. ( i )2j d j ! 

+ R ( l - e' WCATfiKATfy- X(K(T))KfT) 

I l o ok for a s o l u t i o n i n w h i c h / ; a n d jfj- are o f the feedback f o r m . A 
N a s h e q u i l i b r i u m is then a so lut i on i n w h i c h M X f c f ) > M ^ , / ) V / . 
L e t V \ m , K { , K ) represent the m a x i m u m value that player one can 
attain w h e n b o t h players use feedback N a s h strategies a n d the game 
starts at t i m e m w i t h i n i t i a l stock o f knowledge ( K ( , K ) : 

1 8 The value function for either of the two players is positive even in the case in 
which the competitor has a much higher level of capital. 
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V \ m , K > K ) = M a x i W ^ ' ^ ^ l - e~ W P l ) 
J fi m 

A . 
r • m e a n s t h a t player two is choos ing o p t i m a l feedback N a s h strategies. 

F o r (rSr-Oto, be a N a s h e q u i l i b r i u m , i t must satisfy the f o l l owing 
system ot B e l l m a n equations : 

V H t , K { , K ) + M a x [ V U t , K { , k , ) r \ t , K i t K ) + V U t , K i t K A r ^ t , K { , K ) 

+ R ( l — e ~ ^ • K ) K i ) e ~ ^ K j ^ K j [ X ' ( K . ) K . + X ( K ) ] r i ( t , K . , K ) 

- e~ V & W + W ( | ) r U K { , K / ] = 0 (29) 

w i t h t e r m i n a l cond i t i ons : 

V \ T , K f T ) , K f T ) ) = R ( l - e~ H . K f T ) ) K f D ( 2 9 > ) 

A s s u m i n g i n t e r i o r so lut ions , the f irst order cond i t i ons w i l l give 
the f o l l o w i n g express ion: 

rAt, K i t Kj) = Vjcff, K { , K ^ e ^ ^ + W f i W f t ) ] 

B y p l u g g i n g the f irst o r d e r cond i t i ons i n the B e l l m a n equat ion : 

V t X t , Kp Kj) + ^ V ^ 2 e r t e [ M K t ) K i + X ( K p K j i 

+ ( e ^ K t - l ) [ K ( K p K j + X { K j ) \ R V ]
K e r t = 0 

I n genera l , c losed l oop so lut ions for the value funct ions that solve 
the above system o f f u n c t i o n a l equations do no t exist. I a m aware o f 
a c losed l o o p s o l u t i o n only for the part i cu lar case i n w h i c h the 
f u n c t i o n X is a constant. T h i s case has already been studied by 
R e i n g a n u m . L e t m e per turb this s o lu t i on a l i t t le b i t a n d posit the 
f o l l o w i n g f u n c t i o n for X: 

X(K) = y + e K (30) 
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T h e n we have a one -d imens iona l c o n t i n u u m o f games i n d e x e d by 
e. W e k n o w the c l osed l o o p so lu t i on for the par t i cu lar case i n w h i c h 
e is e q u a l to zero . I can t h e n use this result a n d per turb it a l i t t le b i t 
to analyze the dynamics o f nearby games for the case i n w h i c h e is 
greater t h a n zero . T h i s p r o c e d u r e w i l l a l low m e to f i n d strategies i n 
a c losed l o o p f a s h i o n that does not co inc ide w i t h the o p e n l oop 
s o l u t i o n . T h e change w i l l p e r m i t m e to in t roduce rea l d y n a m i c 
interact ions i n the analysis. Because A ^ ) a n d X'(KJ are themselves 
funct ions o f e, the s o l u t i o n o f the f u n c t i o n a l equat i on i n (29) is a 
f u n c t i o n o f e. A s y m p t o t i c theory uses a genera l i zat ion o f the i m p l i c i t 
f u n c t i o n t h e o r e m a n d T a y l o r series to B a n a c h spaces . 1 9 A s i n sect ion 
2.3.1 the va lue f u n c t i o n for the game w h e n e is greater t h a n zero can 
be expressed as a T a y l o r series equat ion (see equat i on (27) above). F o r 
a n e i g h b o r h o o d o f 0, (0, e), the value f u n c t i o n can be expressed i n the 
f o l l o w i n g way: 

V \ t , K i t K j , e) - V \ t , K i t K j 0) + e D \ t , K i t K j 0) 

+ ( e ) 2 D 2 ( ( t , K i t K j 0) + . . . (31) 

where 

1 d n V ( t , Kf, KA 0) 
D n ( t , K , K - , 0) = ( r - ) — 1 n = 1, 2, . . . 

B y the same token, the po l i cy f u n c t i o n can be approx imated i n 
the f o l l o w i n g way: 

A t , Kp Kj, e) - r \ t , K i r Kj, 0) + e G \ t , K p 0) 

+ ( e ) 2 G 2 ( t , K p Kj, 0) + . . . (31') 

w i t h 

! d V ( i , K , K - , 0) 
G n { t , K i t K - , 0) = e r ) —1 n = 1, 2, . . . 

l f l Existence can be proved with the use of the implicit function theorem for 
functional spaces. Seejudd (1992). 
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W i t h the a i m o f s i m p l i f y i n g the calculat ions I w i l l c ons ider a n 
a u t o n o m o u s vers ion o f the R e i n g a n u m ' s m o d e l . I take the l i m i t w h e n 
T tends to i n f i n i t y a n d replace c o n d i t i o n (29') w i t h the f o l l owing : 

l i m V \ t , K A T ) , K { T j ) = l i m R ( \ - e~ ^ H ^ H ^ y HKj(T))K{T) _ q 
r->°° 1 ] r-^oo 

I n the a u t o n o m o u s case the B e l l m a n equat i on is no l o n g e r a 
f u n c t i o n o f t ime : 

r V \ K i t K . ) = M a x [ V ^ K h r X K ^ K ) + V & A , . , K f r K K * K . ) 

- f ne- + ^ W ( | ) r K / ] d t (32) 

W h e n e is equa l to zero , the s o l u t i o n o f the B e l l m a n equat i on is g iven 
by the f o l l o w i n g e x p r e s s i o n : 2 0 

V \ K t , Kj) = ( - | ) R e - ^ + K ? + R e - ^ y 

F o r n o t a t i o n a l s impl i c i ty , I w i l l rewrite equat i on (23) i n a genera l 
f o r m a n d o m i t the arguments : 

r V * = M a x f ^ r * + ^ V + l T ] (33) 

T h e reader must not ice that a l l the terms i n the last express ion 
are f u n c t i o n o f e. I r e m i n d the reader that at e equal to zero , the 
strategies are o p e n l oop , a n d that I L y = 0 .1 use these propert ies i n 
the f o l l o w i n g results. T h e f irst o rder condi t ions o f the above e q u a t i o n 
w i l l be g iven by the f o l l owing equat ion : 

Vl
K + YYri = 0 (34) 

T o get the coeff ic ients o f the terms i n £ for the asymptot ic 
expans i on , I di f ferentiate (33) w i t h respect to K { a n d then w i t h respect 

2 0 Existence can be proved with the use of the implicit function theorem for 
functional spaces. Seejudd (1992). 



R&D INVESTMENT IN STRATEGIC SETTINGS 93 

to e, t h e n I di f ferentiate (34) w i t h respect to e. I also di f ferentiate (34) 
w i t h respect to K { a n d t h e n w i t h respect to e. F ina l ly , I di f ferentiate 
(34) w i t h respect to Kj a n d t h e n w i t h respect to e. W h e n I put together 
a l l these expressions, I get the f o l l owing equat ion : 

+ [ V k x . + U K M + n L + r n v - u r i K / - n r ^ = o (35) 
J i t I 1 J 

B y symmetry , the c o r r e s p o n d i n g equat i on for p l a y e r ; becomes: 
F r o m (35) a n d (36) I can solve for re>' a n d r [ . A f t e r d o i n g the 

necessarv calculations and Dluffeinff the functional forms for Y\ and 
V a n d takine- the aDoroDriate derivatives 2 1 the r e s u l t i n g exnress i on 
for the p o l i c y f u n c t i o n ( r g ) is : 

y y 5 

where d is the d e n o m i n a t o r w h i c h is not a f u n c t i o n o f the state a n d i t 
is posit ive . F r o m the last equat ion we can in fer the fo l l owing propos i ­
t i o n : 

PROPOSITION 7. U s i n g a s y m p t o t i c m e t h o d s t o a n a l y z e n e a r b y g a m e s t o t h e 
R e i n g a n u m ' s s o l u t i o n , w e g e t the f o l l o w i n g : 

1. T h e l e a d e r a l w a y s s p e n d s m o r e . 
2 . I m p r o v e m e n t s i n t h e s t a t e o f k n o w l e d g e o f t h e r i v a l h a v e p o s i t i v e 

effects o n t h e l e a d e r ' s s p e n d i n g . 
3 . F r o m 1 f o l l o w s t h a t the l e a d e r h a s a h i g h e r p r o b a b i l i t y o f w i n n i n g t h e 

r a c e , a l t h o u g h t h e f o l l o w e r d o e s n o t a b a n d o n the r a c e . 2 2 

2 1 Remember that ri is the coefficient of the term e in the Taylor series expansion 
(31'). Therefore, the Th and Vs are evaluated ate equal to zero. 

2 2 The value function of the follower for large differences in the stock of 
knowledge is positive. 
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T h e last p r o p o s i t i o n i l lustrates the restrictiveness o f the F u d e n -
b e r g et a l . (1983) paper . S imi lar ly to them, advantages i n i n i t i a l 
c o n d i t i o n s matter. However , I get persistency o f duopo ly . T h e se c ond 
result is a consequence o f the noncontrac tua l cost p r o p e r t y (Lee a n d 
W i l d e , 1980). A l s o , the new spec i f i cat ion allows us to make a m o r e 
real ist ic study o f the p r o b l e m involved . We c o u l d also solve for the 
soc ia l p l a n n e r a n d the co l lus i on case a n d make ef f ic iency c o m ­
par i sons . W e may not i ce that the results are consistent w i t h those o f 
sec t ion 2.3.1 a n d 2.2. 

T h e r e is a f i n a l r emark : Suppose we in t roduce i n the m o d e l the 
possibi l i ty o f acqu i r ing external technology complementary to the R & D 
process w i t h the p r o p e r t y that allows f i r m s to increase discretely the i r 
level o f knowledge at a Fixed cost. Suppose also that f i r m s exercise 
th is o p t i o n o n l y o n c e i n the race (i.e. we are a l l o w i n g for o n e j u m p 
i n the state by p a y i n g a f i x e d cost). T h e n , due to the concavity o f the 
va lue f u n c t i o n ( V ^ , K j t £)) i n its o w n state variable , the fo l lower has 
a h i g h e r incent ive i n m a k i n g those expenditures . T h i s follows f r o m 
the fact that the gains for the fo l lower are larger than those for the 
leader. There fo re , i f we al low for j u m p s i n the state at f i x e d costs a n d 
we start the race w i t h h igh ly uneven levels i n the state, the fo l lower 
w i l l have a h igher incentive to invest i n the c o m p l e m e n t a r y technol ­
ogy t h a n the leader. 

3. General Settings 

S o far, I have b e i n g rev iewing races between f i r m s that are no t 
af fected i n the ir current business by the i n t r o d u c t i o n o f a new 
p r o d u c t . T h i s a s s u m p t i o n does not apply always, we can f i n d several 
examples i n w h i c h f i r m s are already p r o d u c i n g products that w i l l be 
subst i tuted by the i n n o v a t i o n . T h e incentives for these f i r m s to 
innovate d e p e n d o n the pro f i t s that they are current ly enjoying, the 
proFits that they get i f they lose the race, a n d the pro f i t s that they w i l l 
get i f they w i n the race. 

A s s u m e that f i r m i enjoys a f l o w o f p r o f i t s pJc, i f the f i r m wins 
the race i t w i l l get a present value o f pro f i ts R l

w , a n d R L ( in present 
va lue terms) denotes the pro f i t s that it w i l l get i f i t looses the race. 
T h e s e values may di f fer across f i rms . 
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I n this sect ion I w i l l review a duopo ly m o d e l w i t h assumptions 
1.2.2, 1.2.3, 1.2.4 1.2.6 a n d 1.2.8 o f sect ion 1.2 s t i l l v a l i d . I use the 
m o d e l w i t h f l o w costs (Lee a n d W i l d e , 1980). T h e probab i l i ty o f 
discovery across f i r m s is s t i l l uncorre la ted . However , I al low for the 
poss ib i l i ty o f imper fec t patent pro tec t i on . I n this case the dif ference 
between l o o s i n g ( R L ) a n d w i n n i n g ( R ^ ) w i l l be negl ig ible . 

I n this sett ing the expected pro f i ts for f i r m i are given by the 
f o l l owing e x p r e s s i o n : 2 3 

v m ( K > R L > K c j > r ) l - M f x { X(Ci) + X(cj) + r ] ( 3 7 ) 

T h e respective first o rder cond i t i ons are g iven by: 

V c* = H c p X ' ^ X R l - R L ) + X ' i c ^ r R l - R\) 

+ C i X ' ( C i ) - ( X ( C i ) + X(cj) + r ) = 0 (38) 

By d i f f e rent ia t ing the first o rder cond i t i ons a n d u s i n g the i m ­
p l i c i t f u n c t i o n t h e o r e m we can get the f o l l owing expression for the 
slope o f the o p t i m a l response f u n c t i o n { J & t y ) : 

- X X c X X X R ^ c M R l - R { ) + X ' ( c , ) 
R l ' ( c ) = 1 1 1  

J U c J ) X " { R { . c ] ) X R i
w - 4 ) + X " { R ( c j ) ) { r R l - R^) + R t y V i R t y ) 

By concavi ty o f the technology, the s ign o f R \ c ) depends u p o n 
the s ign o f the f o l l owing expression: 

( X X R ( c p ( R i - R L ) - l ) X ' ( C j ) 

T h e s lope w i l l be zero for R , such that: 

( K , - R i
L ) = - ^ r (39) 

VCR) 

2 3 The reasoning to get this expression is similar to the reasoning made in section 
2.2. The first term in the numerator represents expected payoffs under the different 
possible outcomes. 
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L e t Ä(0) be the so lu t i on i n (38) for the case i n w h i c h c • is e q u a l to 
zero , t h e n u n d e r o u r assumptions R \ 0 ) > 0. 

F r o m (39) a n d by p l u g g i n g R i n the f irst o rder condi t ions , (38) 
we get c l a i m 1: 

C l a i m 1: I f f o r some 0 < c , < ° o R ( c , ) = R t h e n R ' ( c , ) = 0 a n d 
ä = ä ( 0 ) . ; 

PROPOSITION 8 (Beath, Katsoulacos , U l p h , 1989). 
i ) I f R ( 0 ) < R t h e n V c > 0, R ( 0 ) < R ( c ) < R a n d R ' { c ) > 0. 
ii) I f R(0) = R_ t h e n V c - > 0, R ( c ) = R a n d iT(t:•) = 0. 
Hi) I f R(0) > i ? t h e n V c ; > 0, R(0) > R ( c ) > R a n d R \ c } ) < 0. 

T h e p r o o f o f the f irst part is s imple , a n d the other parts f o l l ow 
f r o m s y m m e t r i c arguments . Suppose R ( 0 ) < R but 3c such that 
R { C ] ) = R , by the last c l a i m Ä(0) = R w h i c h is a c o n t r a d i c t i o n , h e n c e 
R i c h * R . A t C: = 0 R ( 0 ) > 0 a n d . / / p * < (R* - R \ ) , because A," < 0 

a n d Ä(0) < R consequently R'(0) > 0. Since R'(0) > 0 a n d R(c ) ¿R V c • 
we have that Ä(0) < R ( c ) < Ä V c , W e also notice that as c tends to » 
the s lope o f i?(c-) tends to zero. • 

H e n c e , u n d e r ¿ i n P r o p o s i t i o n 8 the o p t i m a l response f u n c t i o n is 
posit ively s l oped t e n d i n g asymptotical ly to 0 as c tends to « . 

T h e c o m p a r i s o n between Ä(0) a n d i? i n d e t e r m i n i n g the s lope o f 
the response f u n c t i o n highl ights two i m p o r t a n t effects stressed by 
G r o s s m a n a n d Shap i ro (1987) (See also K a t z a n d Shapiro , 1987), that 
regulate the incentives to invest: T h e standalone effect a n d the 
incent ive to preempt . R ( 0 ) represents what f i r m i w o u l d invest i n R & D 
i f the r i v a l were invest ing 0. T h i s is the so-called standalone effect, 
w h i c h h ighl ights the increase i n pro f i ts that the f i r m gets i f i t i n ­
novates. T h e t e r m R , represents the incentive to preempt , d e p i c t i n g 
the di f ference between w i n n i n g a n d l os ing the race. W e note that R 
represents the a m o u n t o f R & D that f i r m i w o u l d do i f the other f i r m 
were c e r ta in to innovate i n the next instant o f t ime. W i t h this i n c e n ­
tive, i t does not matter what level o f prof i ts f i r m i is current ly 
enjoying ; only the dif ference between w i n n i n g a n d l os ing matters. 

I f R i
w > R i

c > R i
L , t h e n by u s i n g the f irst o rder condi t ions a n d 

e q u a t i o n (39) it can be very easily shown that R ( 0 ) < R . I n this case, 
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the incent ive to p r e e m p t dominates the standalone incentive. I f the 
r i v a l o f f i r m i increases its a l l o ca t i on to R & D , f i r m i responds by 
i n c r e a s i n g i ts a l l o c a t i o n to R & D i n o r d e r to d e f e n d i t s e l f f r o m 
the i n c r e a s e d l i k e l i h o o d that the r i v a l wins the race. O n the other 
h a n d , i f R i - R L > R^ t h e n R < R ( 0 ) . T h e r e is a s t rong external i ty i n 
the R & D process. A n increase i n a l locat ions to R & D by the r i va l 
induces f i r m i to reduce its a l l o ca t i on to R & D . T h i s follows f r o m the 
fact that i t w i l l get m o r e o r less the same pro f i t s regardless o f w h o 
wins the race . T h i s k i n d o f compet i t ive process happens whenever the 
loser can imi tate at a low cost a n d very easily (i.e. that patent protec­
t i o n is v e r y weak). 

B e a t h , Katsoulacos a n d U l p h (1989) discuss the impac t o f these 
two effects i n d e t e r m i n i n g the o p t i m a l po l i cy towards R & D i n a n 
i n t e r n a t i o n a l e n v i r o n m e n t . T h e y cr i t i c ize the B r a n d e r a n d Spencer 
(1983) m o d e l that favors the subsidies o f " n a t i o n a l champions . " B e a t h 
et a l . a rgue that subsidies s h o u l d not be i m p l e m e n t e d i n the case i n 
w h i c h the s tandalone incent ive dominates the p r e e m p t i o n effect. I n 
that case, i t is better not to subsidy the " n a t i o n a l champions . " T h e 
o p t i m a l p o l i c y needs the f o re ign f i r m to bear the costs o f R & D a n d 
for the domest i c firm to wait a n d imitate at low costs a n d wi thout 
effort. A p o l i c y o f subsidies w o u l d go i n the opposite d i r e c t i o n . 

B a g w e l l a n d Staiger (1992) show that i n a symmetr i c patent race 
w i t h a g e n e r a l d i s t r i b u t i o n f u n c t i o n a n d l u m p s u m cost, s imi lar to the 
m o d e l i n sect ion 1.2, the o p t i m a l po l i cy towards R & D i n an interna­
t i o n a l e n v i r o n m e n t depends o n the n u m b e r o f na t i ona l f i r m s i n ­
vo lved i n the race. I n the case i n w h i c h there is one single n a t i o n a l 
f i r m , a p o l i c y o f subsidies is o p t i m a l . W h e n e v e r there are m u l t i p l e 
n a t i o n a l f i r m s , the o p t i m a l p o l i c y is to tax R & D . T h e results d e p e n d 
heavi ly o n the negat iv i ty o f the slope o f the react ion f u n c t i o n o f the 
m o d e l i n sect ion 1.2 a n d o n the external i ty i n R & D that exists i n 
market e c o n o m i e s . 2 4 F o r a m o d e l a l a L e e a n d W i l d e (1980) (section 
1.3), the results are r e v e r s e d . 2 5 

I discuss this externality more extensively in the section on efficiency below. 
In this case the reaction functions are positively sloped as shown in section 1.3. 
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3.1. T h e V a l u e o f I n c u m b e n c y 

A n i m p o r t a n t topic o f d iscuss ion i n the l i terature o n t e c h n o l o g i c a l 
i n n o v a t i o n is the analysis o f the di f ferent incentives that are faced by 
a p o t e n t i a l entrant into a market a n d a m o n o p o l y p r o d u c i n g a 
p r o d u c t that w i l l be subst i tuted by the i n n o v a t i o n . A r r o w (1962) 
a r g u e d that f or drast ic i n n o v a t i o n s , 2 6 an i n c u m b e n t m o n o p o l i s t 
w o u l d have less incent ive to invest t h a n w o u l d have a new entrant . 

T o study this asymmetr i c m o d e l , I use the sett ing i n the last 
sec t ion . L e t m e de f ine as f i r m i the m o n o p o l i s t a n d f i r m j the 
po tent ia l entrant . 

A s above, R \ denotes the f l o w o f pro f i t s f or the m o n o p o l y before 
i n n o v a t i o n . R l

w represents the present value o f pro f i t s that the 
m o n o p o l y has i f i t is the f irst f i r m i n p r o d u c i n g the i n n o v a t i o n . R L is 
e q u a l to the present value o f pro f i t s for the m o n o p o l y i f the r i v a l 
innovates f i rst . denotes the present value o f pro f i ts for the new­
c o m e r i f this f i r m innovates f irst . R { represents de f l ow o f pro f i t s for 
the n e w c o m e r before de i n n o v a t i o n . R± is equa l to the present va lue 
o f pro f i t s for the n e w c o m e r i f the m o n o p o l i s t innovates f irst . I 
assume that R { = R ? L = 0, i.e., the newcomer does not get any current 
p r o f i t a n d i t does no t get any p r o f i t i f it loses the race. T h e e x p e n d i ­
tures m a d e by the m o n o p o l i s t are g iven by c{. F ina l ly , c - denotes the 
expend i tures o f the entrant. T h e expected pro f i ts f or the m o n o p o l i s t 
are equa l to the f o l l o w i n g expression: 

. . . . M c ^ + m R l + R l - ^ 
V i K , R b R ' c cjt r) = M a x [ {\c) + {{c) + r 1 < 4 0 ) 

T h e expected pro f i t s for the potent ia l newcomer are: 

. . HcM„ - c i 
V K K , cit r) = M a x t ^ ^ j ^ ] (41) 

B y u s i n g equat i on for f i r m j u n d e r the a s s u m p t i o n that f i r m i 
does no t p r o d u c e anyth ing : 

2 b Those innovations that improve the competitive position of the innovator in 
such a way that it becomes a de facto monopolist. 
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X ' ( F j ( 0 ) ) ( r R i ) + R J ( O M R J ( 0 ) ) ~ M R J ( 0 ) ) - r = 0 (42) 

we also k n o w that for f i r m ; , R satisfies the f o l l owing equat ion : 

- 4 r - = « i (43) 
X ' ( R ) 

By p u t t i n g together the last two equations a n d rearrang ing : 

S ince X ' ( R i ( 0 ) ) < ^ R J ^ \ the last express ion impl ies tha 
# (0 ) 

X ' ( P J ( 0 ) ) > X ' ( R ) ^ R K O ) < R -

There fo re , the response f u n c t i o n is positively s loped a n d the preemp­
tive incent ive dominates the s tandalone incentive for the newcomer . 
T h e f irst o r d e r c o n d i t i o n s (equat ion 38) for the m o n o p o l y w h e n the 
r i v a l does not al locate resources to i n n o v a t i o n are: 

X ' ( R X 0 ) ) ( r R i - R\) + R X O ) X ' ( R \ 0 ) ) - X ( R \ 0 ) ) - r = 0 (44) 

T h e e q u a t i o n for R satisfies the f o l l owing c o n d i t i o n : 

- ^ = K - R I L 
X ' ( R ) 

B y p u t t i n g together the last two condi t i ons , a n d rearrang ing : 

{ X ' ( R X O ) ) - X ' ( R ) _ r _ _ _ XXRXO)) , R L , R u , x , ( R i ( ( ) ) ) = X ( R X 0 ) ) 
( X X R ) } R X O ) R X O ) L C R X O ) 

Since 

X X R X O ) ) < = > ( X X R X O ) ) - X X R ) ) > 0 => R X O ) < R, 
R X O ) 

the response f u n c t i o n for f i r m i is positively s loped. F o r b o t h the 
m o n o p o l i s t a n d the newcomer, the preempt ive incentive dominates 
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the s tanda lone incent ive . However , i t remains to be seen w h i c h o f t h e 
two f i r m s has a net h i g h e r incentive to invest i n R & D . 

T h e f i rst o r d e r c o n d i t i o n s for the m o n o p o l i s t a n d the entrant c a n 
be r e a r r a n g e d to get the f o l l owing expressions: 

H c ( ) + U c ) + r 
x'(Ci) = ucjKRi - 4)+< - 4+C i

 ( 4 6 ) 

H e . ) + X(c.) + r 
X ' ( c J = -. ± (47) 

1 H c ^ + r R i + Cj 

B y concavi ty o f the technology, the h igher the benef its o f b e c o m ­
i n g a l eader (4 ~4) ( t h e preempt ive effect), the greater the i n c e n ­
tive f or the m o n o p o l i s t to invest . B y the same token , the h i g h e r t h e 
d u o p o l y p r o f i t s for the entrant , the h i g h e r the i n c e n t i v e to invest 
b y the n e w c o m e r (this is a lso the p r e e m p t i v e effect o f the n e w ­
c o m e r ) . I f i n the m o n o p o l y s e t t i n g there is n o rent d i s s i p a t i o n , i t is 
r e a s o n a b l e to a r g u e that 4 ~ 4 > 4 2 7 c e t e r i s p a r i b u s the m o ­
n o p o l i s t has m o r e incent ive to invest . T h i s effect has b e e n c a l l e d 
the e f f i c i e n c y effect, G i l b e r t a n d N e w b e r r y (1982) e m p h a s i z e th i s 
effect. 

O n the o ther h a n d , we note i n equat ion (46) that the h igher the 
c u r r e n t pro f i t s , the lower the incentive to invest by the m o n o p o l y . 
S ince the n e w c o m e r does not enjoy current pro f i ts , i t does not suffer 
this negative impac t (see equat i on (47)). B y u s i n g equations (42) a n d 
(44) a n d assuming r R ^ - R ' c < rPJw, we can notice that the standalone 
effect is h i g h e r f o r the newcome r (i.e. # (0 ) > R \ 0 ) ) . T h i s latter result 
has b e e n ca l l ed the "replacement effect." U n d e r this result, the 
entrant has a h i g h e r incentive to invest. I f the i n n o v a t i o n is " d r a s t i c " 
so that 4 = 0 a n d 4 = 4>28 t h e n w e c a n s e e i n equat i ons (46) a n d 

u This assumption implies that a monopoly can do better than any noncoopera¬
tive solution. 

2 8 In words, the assumption says that if the monopoly loses, it does not get any 
profits (its market share is completely eroded by the competitive advantage of the 
rival), and the return for winning is the same for both firms. 
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(47) that the en t rant invests m o r e , a n d the rep lacement effect 
d o m i n a t e s ( R e i n g a n u , 1 9 8 3 ) . 2 9 O n the o ther h a n d , F u d e n b e r g a n d 
T i r o l e (1986) rep lace the t e c h n o l o g y A<c) by the techno logy y X ( p , 

t h e n take the l i m i t w h e n y - x * . . T h i s m o d i f i c a t i o n increases the 
e f f i c iency o f the technology o f i n n o v a t i o n a n d makes the m o n o p o l i s t 
m o r e c o n c e r n e d about the poss ibi l i ty o f b e i n g preempted . T h e r i v a l 
is g o i n g to innovate w i t h a very h i g h probab i l i t y i n the next instant o f 
time, u n d e r the a s s u m p t i o n that the m o n o p o l i s t does not dissipate 
rents. T h e e f f i c iency effect complete ly dominates the rep lacement 
effect. 

PROPOSITION 9: I n a patent race between a n i n c u m b e n t a n d a newco­
mer, w i t h assumpt ions 1.2.1-1.2.4, 1.2.6 a n d 1.2.8 f r o m the f i rs t 
s e c t i o n p l u s n o n c o n t r a c t u a l costs, the e f fort m a d e by the m o n o p ­
o l i s t w i l l be larger t h a n those o f the newcomer i f the ef f ic iency effect 
dominates the replacement effect. A suf f ic ient c o n d i t i o n for this 
latter result are nondras t i c innovat ions a n d very ef f ic ient technology 
o f i n n o v a t i o n . I f innovat ions are drast ic , so that the w i n n e r becomes 
a m o n o p o l i s t , the n e w c o m e r invest m o r e because i t does not enjoy 
current pro f i t s . 

3.2. D y n a m i c A s y m m e t r i c M o d e l s 

A l t h o u g h r i c h i n the i r pred ic t ions a n d very useful , the last mode l s 
were static. H a r r i s a n d Vickers (1985) study a duopo ly m o d e l i n a n 
a l t e r n a t i n g f ramework . T h e y assume perfect i n f o r m a t i o n , n o techni ­
cal uncer ta inty a n d asymmetr i c incentives to do R & D . T h e f i rms m a y 
d i f fer i n the i r i n i t i a l distances f r o m the f i n i s h i n g l ine , their i n i t i a l 
va luat ions o f the pr i ze , the ef f ic iency o f the technology o f R & D a n d 
the i r d iscount rates. T h e four factors c o m b i n e i n the so lu t i on o f the 

2 9 This can also be verified by looking at the standalone effect and the preemptive 
effect. From equations (43) and (45) we notice that under these assumptions the 
preemptive effect is the same for both firms. However, by differentiating equation (44) 

we notice t h a t ^ ^ < 0, consequently the standalone effect is higher for the newcomer. 

Putting together the two effects, the newcomer will invest more in R&D, as Reinganum 
(1983) shows. 
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e q u i l i b r i u m strategies. O n e f i r m may be very close to the e n d , but , i f 
the r i v a l puts a h i g h e r p r i z e i n w i n n i n g the race, the f i r m that was 
i n i t i a l l y closer may a b a n d o n the race. 

I n contrast w i t h F u d e n b e r g et a l . (1983), the m o d e l shows that 
because o f the a s y m m e t r i e s i n the i n i t i a l incent ives o f the f i r m s , 
the d e f i n i t i o n o f l eader is not un i la tera l ly d e f i n e d by the i n i t i a l 
d is tance f r o m the f i n i s h i n g l ine . T h e d e f i n i t i o n o f leader depends o n 
the concatenat i on o f a l l the variables that i n f l u e n c e the incentives to 
innovate . 

R e g a r d i n g the incumbent -newcomer discussion, they argue that 
" the strategic supremacy o f the m o n o p o l i s t over potent ia l c o m ­
pet i tors does not consist i n the fact that a n y t h i n g they can do he c a n 
d o bet ter " (the e f f i c iency effect p. 37), but depends o n the c o m b i n e d 
result o f a l l the incentives. 

4. Efficiency Analysis 

I n this sec t ion I discuss the ef f ic ient a l locat ion o f resources f r o m a 
soc ia l p o i n t o f v i ew a n d compare this a l l o ca t i on w i t h the market 
out come . T h e r e are several interest ing questions to answer: T h e f i rs t 
concerns the i m p o r t a n c e o f the structure o f costs i n c o m p a r i n g the 
soc ia l p l a n n e r s o l u t i o n w i t h the market outcome. A second ques t i on 
concerns the degree o f r iskiness that the market undertakes as c o m ­
p a r e d to what is social ly desirable . F ina l ly , I address the restrictiveness 
o f the a s s u m p t i o n that precludes the f i rms f r o m u n d e r t a k i n g m o r e 
t h a n o n e project . S a h a n d Stigl i tz (1987) have a r g u e d that whenever 
f i r m s u n d e r t a k e several p a r a l l e l independent projects a i m e d at the 
same i n n o v a t i o n , there exists a posit ive probab i l i ty that two o r m o r e 
pro jects w i l l be s u c c e s s f u l , 3 0 a n d f i r m s can per fect ly pr i ce dis­
c r i m i n a t e . T h e market outcome coincides w i t h the social p lanner . 

T h e result contrasts h igh ly w i t h the p o p u l a r be l i e f that argues 
that f i r m s cannot internal ize the effects o f the ir dec is ion o n the whole 
market , a n d therefore, N a s h e q u i l i b r i a i n one-shot games are ine f f i -

3 0 They study a race in a contest setting in which the probability of winning the 
contest is proportional to the amount allocated to R and D. Similar models are those 
by Futia (1980) and Rogerson (1982). 
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c i e n t . 3 1 T h e mode l s i n this sect ion, c o n f i r m i n several ways the 
presence o f this external i ty . I m o d i f y slightly the Sah a n d St ig l i t z 
m o d e l by ana lyz ing a n e conomy i n w h i c h t ime matters together w i t h 
the a s s u m p t i o n that the f i rst i n n o v a t o r gets patent r ights (a stochastic 
patent race) . T h e i n t r o d u c t i o n o f a cont inuous t ime sett ing prec ludes 
the poss ib i l i ty that two projects may be successful. I f f i rms are a l l o w e d 
to u n d e r t a k e several projects i n a g a m e o f t i m i n g , the level o f e f fort 
chosen by the f i r m s is o p t i m a l , but the n u m b e r o f projects is not , 
showing the ine f f i c i ency o f the market outcome. 

It is i m p o r t a n t to p o i n t out that throughout this section i t is 
a ssumed that the soc ia l p l a n n e r r u n s several p a r a l l e l i n d e p e n d e n t 
projects a i m e d at the same i n n o v a t i o n , a n d there are n o spi l lovers 
f r o m o n e project to the o ther projects. T h e l i terature makes this 
a s s u m p t i o n i n o r d e r to be able to c o m p a r e the social ly desirable level 
o f resources a l located to R & D w i t h the level at ta ined by independent 
f i r m s that m a x i m i z e expected pro f i t s w i t h n o spil lovers. Needless to 
say, the lack o f spi l lovers p roper ly i n c o r p o r a t e d i n the current l i t e ra ­
ture is a serious s h o r t c o m i n g . A n y future serious w o r k must cons ider 
these issues. D a s g u p t a (1988) does this i n a highly styl ized m o d e l . 

4.1. C o n t r a c t u a l C o s t s 

A s s u m p t i o n 4.1.1: T h e r e is free entry to the indus t ry a n d f i rms w i l l 
c ome into the market u n t i l the level o f expected pro f i ts are d r i v e n to 
zero . 

T h e a i m o f the last a s s u m p t i o n is to have a b e n c h m a r k to c ompare 
the n u m b e r o f projects ( in this sett ing equal to the n u m b e r o f f i rms ) 
w i t h the soc ia l p l a n n e r outcome. T h e idea b e h i n d this assumpt ion is 
that the i n d u s t r y is i n stable e q u i l i b r i u m only w h e n expected pro f i t s 
are e q u a l to zero. T h i s a s s u m p t i o n may be sensible for static analysis. 

A s s u m p t i o n 4.1.2: Suppose that X'(c) > 0 a n d X " ( c ) greater or less 
t h a n 0, a c c o r d i n g to c less o r greater than c. I n o ther words, there are 
i n i t i a l in c reas ing returns a n d t h e n decreas ing returns. 

T h e last a s s u m p t i o n is a v a r i a t i o n o n assumpt ion 1.2.8 i n sect ion 
1.2. T h i s new postulate is c r u c i a l to h ighl ight the differences between 

See Tiróle (1988). 
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the m a r k e t a n d the s o c i a l p l a n n e r o u t c o m e f o r the c o n t r a c t u a l cost 
case. U n d e r g l o b a l d e c r e a s i n g r e t u r n s to scale, on ly w h e n n ( the 
n u m b e r o f f i r m s ) t ends to i n f i n i t y c a n expec ted p r o f i t s be d r i v e n 
to ze ro , th is leaves us w i t h n o r o o m f o r c o m p a r i s o n i n r e g a r d w i t h 
the n u m b e r o f pro jec t s . I m a i n t a i n a s s u m p t i o n s 1.2.1 to 1.2.7 i n 
s e c t i o n one . F o r the n o n c o n t r a c t u a l cost case, the i n c l u s i o n o f a 
f i x e d cost w i l l g ive a f i n i t e n u m b e r o f pro jects for t h e s o c i a l 
p l a n n e r s o l u t i o n a n d f o r the m a r k e t s o l u t i o n . H o w e v e r , I m a i n t a i n 
a s s u m p t i o n 4.1.2 a lso f o r the n o n c o n t r a c t u a l cost case, to be ab le 
to c o m p a r e w i t h the l u m p s u m m o d e l . T h e reader may n o t i c e t h a t 
a t e c h n o l o g y o f i n n o v a t i o n w i t h g l o b a l i n c r e a s i n g r e t u r n s w i l l 
c o m m i t the s o c i a l p l a n n e r to u n d e r t a k e j u s t o n e pro jec t . T h i s 
h a p p e n s for b o t h the c o n t r a c t u a l cost case a n d the n o n c o n t r a c t u a l 
cost case. 

I n o r d e r to c o m p a r e the soc ia l s o l u t i o n w i t h the market out come , 
we m u s t de f ine soc ia l benef i t . T h e r e is no exact measure o f the 
benef i ts o f i n n o v a t i o n because it is d i f f i cu l t to measure the d e m a n d 
for a n e w produc t . I f the n e w p r o d u c t substitutes a n ex i s t ing one , the 
soc ia l bene f i t m a y be lower than the pr ivate benef i ts . A l ternat ive ly , 
due to the incapab i l i t y o f the pr ivate p r o d u c e r to extract the who le 
c o n s u m e r surp lus , the soc ia l benef i t may exceed private benef i ts . L e t 
us assume that there is no subst i tut ion o f current produc ts a n d that 
the i n n o v a t o r can behave as a perfect d i s c r i m i n a t i n g m o n o p o l i s t . I n 
this case, soc ia l benef i ts (s) w i l l equa l pr ivate benef its ( R , S = R ) . S ince 
society does no t care w h i c h f i r m succeeds, the soc ia l p l a n n e r is only 
c o n c e r n e d w i t h n X ( c ) , the aggregate probab i l i ty o f i n n o v a t i o n . E x ­
pec ted so c ia l bene f i t is : 

nXjc)S 
nX(c) + r 

T h e f i rs t o r d e r cond i t i ons for n w a n d cw are: 

_w= S r X j n 1 = S r 

( n ^ e ^ + r) 2 X ' { c w ) ( n ^ c ^ + r f 
(48) 

F r o m the last equations we can obta in very easily that c w = 7 ( where 
- • h • Mil = vn) T h 

c is g i v e n by the expres i on _ ( c ) ) . e eve o e o r a maxi¬

mizes so c ia l ^veliare is sucn that i t m i n i m i z e s soc ia l average costs. 
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T h i s result is v a l i d regardless o f the level o f s. I f the level o f s changes, 
the soc ia l p l a n n e r w i l l r e s p o n d by c h a n g i n g the n u m b e r o f projects . 

N o w cons ider the market outcome. I n this c o m p a r i s o n , assump­
t i o n 4.1.1 is i n s t r u m e n t a l . U n d e r these circumstances, by se t t ing 
e q u a t i o n (3') (the p r o f i t equat i on i n sect ion 1.2) equa l to zero, a n d by 
u s i n g e q u a t i o n (4) (the f irst o rder cond i t i ons for the market) , we get 
the f o l l o w i n g result : 

H c f a r ) t ^ 
^mar ^ ^ ^ 

A c c o r d i n g to the last equat ion , is smal ler than cw. T h i s result 
is he lp fu l i n seeing w h e t h e r the market yields as a n outcome a h i g h e r 
n u m b e r o f projects t h a n the social p lanner . I f we compare equat i on 
(48) w i t h e q u a t i o n (4) a n d we use the fact that cw > cmar, we w i l l se that 
n w < nmar_ T h e i n t u i t i o n follows f r o m the fact that f i rms d o not care 
about the d u p l i c i t y o f efforts. There fore , they w i l l s p e n d m o r e o n 
R & D t h a n the level chosen by the social p l a n n e r for the market 
s tructure g iven by n w S 2 (the n u m b e r o f f i rms chosen by the soc ia l 
p lanner ) . W e also k n o w that c™ < cw, by p r o p o s i t i o n one , the o p t i m a l 
response f u n c t i o n is negatively s loped i n terms o f the degree o f 
r i v a l r y ( the n u m b e r o f f i r m s ) . T h i s c a n on ly h a p p e n i f the n u m b e r 
o f projects is larger i n a compet i t ive e n v i r o n m e n t t h a n i n the soc ia l 
p l a n n e r case. P r o p o s i t i o n 10 summarizes these f ind ings : 

PROPOSITION 10 ( L o u r y , 1979). I f a s s u m p t i o n s 1 . 2 . 1 - 1 . 2 . 7 a n d a s s u m p ­
t i o n s 4 . 1 . 1 - 4 . 1 . 2 h o l d , t h e m a r k e t o u t c o m e w i l l g i v e a l a r g e r n u m b e r o f 

f i r m s t h a n t h e s o c i a l p l a n n e r , w i t h e a c h f i r m w o r k i n g a t a l o w e r l e v e l o f e f f o r t 
t h a n t h e s o c i a l l y d e s i r a b l e l e v e l . 

A s K a m i e n a n d Schwartz have po in ted out, " T h i s result is r emin i s ­
cent o f C h a m b e r l i n ' s conclusion. . . free entry results i n too m a n y 
s u b o p t i m a l p lants " ( K a m i e n a n d Schwartz , 1982). 

i.e. c m a r ( n w ) > c w ( n w ) . 
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4.2. N o n c o n t r a c t u a l C o s t s 

I n this case the social p l a n n e r w i l l max imize : 

W* = n [ S ^ l ~ C - F] (51) 

B y ca l cu la t ing the f irst o rder cond i t i ons , a n d p lugg ing these i n 
the last equat ion : 

W* = n ^ " ? ; \ c ) c - F | 
r k (c) 

F o r W* to be positive, we need ^ > X \ c ) , so that i n the case o f 
n o n c o n t r a c t u a l costs is bigger cw than c . 3 3 

It can be proved that n w < w m o r a n d c m a r ( n m a i ) > c w { n w f A (where 
n m a r i s g i y e n b y a s s u m p t i o n 4 1 . i ) . T h e following p r o p o s i t i o n s u m ­
marizes this a r g u m e n t a t i o n : 

PROPOSITION 11 (Lee a n d W i l d e , 1980). W i t h c o n t r a c t u a l c o s t s a n d 
a s s u m p t i o n s 1 . 2 . 1 - 1 . 2 . 4 , 1 . 2 . 6 - 1 . 2 . 7 i n t h e f i r s t s e c t i o n a n d a s s u m p t i o n 
4 . 1 . 1 - 4 . 1 . 2 , t h e s o c i a l p l a n n e r w i l l s e t c w { n w ) < c m ( n m ) , cw >~c a n d 
n w < n m . 

B o t h the l u m p s u m m o d e l a n d the noncontrac tua l m o d e l y i e ld a 
larger n u m b e r o f projects t h a n the socially desirable level. However , 
the level o f effort differs between the two models T h e l u m p s u m cost 

contractual cost case. 
3 4 The interested reader should see Lee and Wilde (1980). The proof is inessential 

and long. 
M Battacharya and Mookherjee (1986), and Dasgupta and Maskin (1987) have 

studied models in which there is a whole portfolio of projects of R&D available for each 
firm, with all projects aimed at the same innovation. With this setting, they study the 
issue of correlation. In their model, there exists an externality in the sense that firms 
choose too much correlation in comparison with the socially desirable level. Firms 
will choose similar projects to their rivals' with the aim of reducing the probability of 
losing the patent. If a firm chooses a project uncorrelated to its rivals', a failure by the 
firm will most likely be accompanied by a success of the rivals. From the social point 
of view, the projects chosen should be evenly separated in the space of projects. As in 
the main text, the externality arises because firms care only about their own success. 

The result is due to the fact that F > 0 . When F = 0 the result is identical to the 
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m o d e l yields a lower ef fort for the market than the social p l a n n e r 
level. I n contrast, the n o n c o n t r a c t u a l cost m o d e l yields a h igher level 
o f ef fort for the market . T h i s latter result extends to m o r e d y n a m i c 
settings such as those s tud ied by R e i n g a n u m (1981) a n d j u d d (1986). 
Because o f the d y n a m i c structure o f those models , their structure o f 
costs is obv ious ly noncont rac tua l . 

4.3. D y n a m i c S e t t i n g s a n d V a r y i n g D e g r e e s o f R i s k i n e s s 

T h e latter mode l s were set i n a static f ramework, because costs are 
st i l l n o n c o n t r a c t u a l i n a d y n a m i c setting, the i n t u i t i o n tells us that 
P r o p o s i t i o n 11 s h o u l d s t i l l be va l id . Indeed , this result is st i l l v a l i d i n 
J u d d ' s m o d e l . H i s w o r k compares the social p lanner outcome w i t h the 
market ou t come a n d dist inguishes between two types o f projects that 
vary i n r i s k i n e s s . 3 6 T h e m o d e l allows us to see whether resources 
a l located to r isky projects by the market are excessive w h e n c o m p a r e d 
w i t h the social ly des irable level. F o l l o w i n g the procedure o u t l i n e d i n 
sect ion 2.3.1 we c a n f i n d i n a n analyt ica l way the value f u n c t i o n a n d 
the p o l i c y func t i ons o f the soc ia l p l a n n e r a n d compare this outcome 
w i t h the market outcome. T h e compar ison wi th the market outcome wi l l 
y i e ld the f o l l o w i n g p r o p o s i t i o n : 

PROPOSITION 12 (Judd 1986). I n a d y n a m i c s e t t i n g w i t h t w o firms a n d 
a s s u m p t i o n s 1 . 2 . 1 , 1 . 2 . 2 a n d 1 . 2 . 7 , q u a d r a t i c costs i n R 8 c D , a n d the 
p o s t u l a t e t h a t R i s s m a l l , t h e f o l l o w i n g r e s u l t s h o l d : 

1. T h e m a r k e t y i e l d s e x c e s s i v e effort i n a l l p r o j e c t s c o m p a r e d w i t h the 
s o c i a l p l a n n e r . 

2 . T h e m a r k e t g i v e s e x c e s s i v e a l l o c a t i o n to r i s k y p r o j e c t s . 

T h e f i rst c o n c l u s i o n emerges because o f the noncontrac tua l 
p r o p e r t y o f the cost f u n c t i o n i n dynamic settings. T h e second result 
is s imi lar to K le t t e a n d De M e z a (1986), D a s g u p t a a n d M a s k i n (1987) 

3 < l There is no equivalent of assumption 4.1.1 in dynamic settings. In dynamic 
settings it is difficult to have an analytical solution of the value function. This fact 
makes it more difficult to endogeneize the number of firms. In dynamic settings 
efficiency analysis is usually done for a given market structure. 
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a n d B h a t t a c h a r y a a n d M o o k h e r j e e (1986). It represents an ex terna l i ty 
i n the sense that the i n d i v i d u a l f i r m does not take into account t h e 
benef i ts o f the r i v a l i n a l l o ca t ing its resources to the r isky pro ject . 
T h i s fact makes the f i r m s p e n d m o r e o n r isky projects t h a n t h e 
soc ia l ly des irable level . 

4.4. M u l t i p l e P r o j e c t s a n d M u l t i p l e P o s s i b l e I n n o v a t o r s 

P r o p o s i t i o n 10 has been cha l lenged by S a h a n d Stigl i tz (1987) i n a 
s l ight ly di f ferent sett ing. T h e y argue that this m o d e l restr icted t h e 
c h o i c e o f the f i r m s to one pro jec t w i t h o u t j u s t i f i c a t i o n . I f we d o 
n o t d o so, the m a r k e t w i l l y i e ld the o p t i m a l n u m b e r o f projects a n d 
the leve l o f expen d i tu r e per project w i l l be set at the social ly e f f i c ient 
level . F u r t h e r , this result w i l l not be affected by the n u m b e r o f f i r m s . 
T h i s s t r i k i n g result cr it ic izes the wide ly h e l d v iew ( in static settings) 
that there is an o p t i m a l n u m b e r o f f i r m s such that soc ia l welfare is 
m a x i m i z e d . 3 7 U n d e r the S a h a n d Stigl i tz m o d e l , the i m p o r t a n t v a r i ­
able is the total n u m b e r o f projects u n d e r t a k e n by the market . W h e n 
f i r m s are a l l o w e d to under take several projects, S a h a n d St ig l i tz a rgue 
that the dec i s i on that one f i r m makes i n u n d e r t a k i n g the m a r g i n a l 
pro ject depends u p o n market parameters , the size o f the rewards, t h e 
t e c h n o l o g y a n d the n u m b e r o f pro jects u n d e r t a k e n by the m a r k e t . 
I f the m a r g i n a l project yields posit ive expected m a r g i n a l benef its f o r 
the f i r m ( tak ing into account a l l the other projects that the m a r k e t 
undertakes ) , the f i r m w i l l invest i n that project . It does not matter 
w h e t h e r many o f f i r m s o r just a few f i r m s are u n d e r t a k i n g the o ther 
projects . W h a t matters is the n u m b e r o f projects u n d e r t a k e n by the 
market , no t h o w these projects are a l located between f i rms . 

To make a g o o d assessment o f Sah a n d Stigl i tz challenge, let us 
cons ider b r i e f l y the i r m o d e l a n d assume the f o l l owing postulates: 

4.3.1 T h e w i n n e r takes a l l the benefits . Sah a n d Stigl i tz argue that 
B e r t r a n d c o m p e t i t i o n is a suff ic ient c o n d i t i o n for the latter to be 
t rue . 

See Loury (1979), Lee and Wilde (1980), Dasgupta and Stiglitz (1980) and 
Kamien and Schwartz (1982). 
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4.3.2 F i r m s can e i ther w i n the race , lose the race o r tie i n the race 
(there c a n be m o r e t h a n o n e innovator ) . T h e w i n n e r is d e c i d e d l ike a 
lottery i n w h i c h the p r o b a b i l i t y o f success for a project depends u p o n 
the resources a l located to that project. I n case o f m o r e than o n e f i r m 
i n n o v a t i n g (there is n o t i m e i n the economy) , B e r t r a n d c o m p e t i t i o n 
w i l l take away a l l the benef i ts . 

4.3.3 A l l f i r m s are e q u a l i n terms o f technology (symmetry) . 
4.3.4 T h e r e is a n i n d e p e n d e n t p r o b a b i l i t y o f success f or each 

pro ject (no spi l lovers across projects) . 
4.3.5 A l l projects are a i m e d at the same i n n o v a t i o n . 
4.3.6 S u p p o s e that the probab i l i t y o f i n n o v a t i o n p ( - ) has the 

f o l l o w i n g p r o p e r t y : p \ c ) > 0 a n d p " ( c ) greater o r less t h a n 0, accord ­
i n g to c greater o r less t h a n c. I n o ther words, we have i n i t i a l increas ing 
re turns a n d t h e n decreas ing r e t u r n s . 3 8 

D e f i n e the f o l l o w i n g variables: 

; * l s = l 
k. 

1 
h = l - U d - p ( C i s ) ) 

s = l 

C i s represents the a m o u n t a l located by f i r m i to pro jec ts . a ( represents 
the p r o b a b i l i t y that the rivals o f i f a i l , \ is the probab i l i ty that f i r m 
i succeeds a n d k { represents the n u m b e r o f projects u n d e r t a k e n by 
f i r m i . E x p e c t e d benef i ts are g iven by the f o l l owing expression: 

V* = a i X j R - k i ( c i ) 

W h e r e R represents the size o f the rewards. T a k i n g the first o rder 
c o n d i t i o n s , i m p o s i n g the symmetry condi t i ons a n d s impl i f y ing : 

i s This assumption is not essential for the validity of the Sah and Stiglitz result. 
Because of the independence of the projects undertaken by a single firm, the aggregate 
probability of success does not have the constant returns to scale property in the 
number of projects. See Footnote 2 in Sah and Stiglitz. I make this assumption to make 
easier the comparison with the model in the next subsection. 
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R ( l - p ( c ) f k ~ l p c = 1 

R ( \ - p ( c ) ) m ~ 1 p = c 

w h e r e TV is the n u m b e r o f f i r m s . F r o m the last e q u a t i o n s we g e t 
easily that/> e =•—, i.e. the level o f resources a l located to each pro ject 
is e f f ic ient , i n contrast w i t h the results o f sect ion 4.1 a n d 4.2. 

A l t e r n a t i v e l y , let us analyze the soc ia l p l a n n e r p r o b l e m . A s 
before, 5 represents soc ia l benefits , g represents the aggregate prob¬
abi l i ty o f success. S o c i a l benef its may be w r i t t e n as fol lows: 

W = S g - N k c 

where g is equa l to 1 - (1 - p ( c ) ) N K , the f irst o rder c ond i t i ons w i t h 
respect to k a n d c: 

S ( l - p ( c ) ) m - l p c = l 

5(1 - p { c ) ) m - l p = c 

l i S = R , t h e n the soc ia l outcome a n d the market outcome are the 
same. T h e f o l l owing p r o p o s i t i o n summarizes these f ind ings : 

PROPOSITION 13 (Sah a n d Stigl i tz , 1987). W i t h a s s u m p t i o n s 4 . 3 . 1 t o 
4 . 3 . 5 , e s p e c i a l l y t h e p o s s i b i l i t y f o r t w o o r m o r e p r o j e c t s t o b e s u c c e s s f u l , t h e 

f o l l o w i n g p r o p e r t i e s h o l d : 
1. T h e l e v e l o f effort f o r e a c h f i r m i s s e t a t a l e v e l s u c h t h a t P c = 
2 . T h e s o c i a l p l a n n e r o u t c o m e c o r r e s p o n d s t o the m a r k e t o u t c o m e i f 

R = S. 

T h e c r i t i c a l a ssumpt ion that drives the second result is the 
statement that c o m p e t i t i o n takes place i n a contest setting i n w h i c h 
t i m i n g does not matter a n d m o r e t h a n one project can be successful. 
I f we cons ider stochastic patent races, w i t h each f i r m t r y i n g to f i n i s h 
i n f i rst p o s i t i o n a n d get the patent r ights (winner takes all) , the S a h 
a n d St ig l i tz p r o p o s i t i o n n o l onger holds . I n this setting, f i r m s w i l l 
choose a n ef f ic ient level o f expendi ture , but the n u m b e r of projects 
w i l l exceed the social o p t i m u m . I discuss this issue i n the next sect ion . 
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4.5. M u l t i p l e P r o j e c t s , t h e R o l e o f T i m i n g 

C o n s i d e r the m o d e l i n sect ion 1.2 ( lump s u m costs) a n d suppose that 
a l l the assumpt ions i n that sect ion are va l id . L e t us assume further , as 
i n the S a h a n d Stigl i tz m o d e l , that f i rms are a l l owed to undertake 
several projects . W e may not ice immediate ly that the only i m p o r t a n t 
a s s u m p t i o n that I a m c h a n g i n g is that the race is go ing through t ime . 
T h e a s s u m p t i o n o f l u m p s u m costs helps to make the c o m p a r i s o n 
equivalent to the S a h a n d Stigl i tz m o d e l , because i t makes the cost 
expendi tures independent o f the d u r a t i o n o f the race. W e k n o w this 
is t r iv ia l ly true for an economy wi thout t ime. O n the other h a n d , the 
a s s u m p t i o n that the w i n n e r takes a l l is better j u s t i f i e d i n this case 
by assuming that a patent r ight gives the w i n n e r the pr iv i lege o f 
e x p l o i t a t i o n for a certa in amount o f t ime . I also m a i n t a i n assumpt ion 
4.2.1. U n d e r the last setting, expected payoffs are g iven by the 
f o l l o w i n g express ion: 

V i _ R k ¿ X ( c ) _ ^ 

|0. + k'X(c) + r 

where k { represents the n u m b e r o f projects under taken by f i r m i, 

N 

n=X m p 
j = i j * i 

denotes the other f i r m s ' n u m b e r o f projects times the ir probab i l i ty o f 
success. Castañeda (1993) proves the fo l l owing propos i t i on : 

PROPOSITION 14 (Castañeda, 1993). I f a p a t e n t r a c e h a s t h e f o l l o w i n g 
p r o p e r t i e s : I . F i r m s a r e a l l o w e d to t a k e s e v e r a l p r o j e c t s i n t h e m a r k e t . II. 
F i r m s h a v e l u m p s u m costs. III. A s s u m p t i o n s 1 . 2 . 1 - 1 . 2 . 7 a n d 4 . 1 . 2 h o l d , 
t h e n the f o l l o w i n g i m p l i c a t i o n s h o l d : T h e l e v e l o f effort c h o s e n by the f i r m is 
o p t i m a l , b u t t h e n u m b e r o f p r o j e c t s u n d e r t a k e n by the m a r k e t e x c e e d s the 
s o c i a l l y o p t i m a l n u m b e r . 

I n a w o r l d w i t h n o t ime, the probabi l i ty that two or m o r e projects 
are successful is strictly posit ive. A f i r m u n d e r t a k i n g a m a r g i n a l 
project w i l l have a positive benef i t only i f a l l the other projects 
u n d e r t a k e n i n the market ( i n c l u d i n g those under taken by the f i r m ) 
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f a i l . T h e fact that two o r m o r e projects already under ta ken by the 
f i r m may be successful u n d e r m i n e s the f i rm ' s incentives to under take 
the m a r g i n a l project . I n contrast, i n the m o d e l o f this sect ion i n w h i c h 
f i r m s compete t h r o u g h t ime for the r ight to become a m o n o p o l y (a 
patent) , a h igher n u m b e r o f projects increases the l i k e l i h o o d o f b e i n g 
f i r s t a n d o b t a i n i n g the patent r i ghts . Because each f i r m wants to 
be f irst , they under take a n u m b e r o f projects that exceeds the soc ial ly 
des irab le n u m b e r . F i r m s d o take into account i n the i r m a r g i n a l 
dec is ions the n u m b e r o f projects under ta ken by other f i r m s whenever 
we have a noncooperat ive so lut i on . B u t the market outcome f in ishes 
u p w i t h m o r e projects t h a n the socially o p t i m a l level. 

It is interest ing to contrast the results o f this p r o p o s i t i o n w i t h 
those o f S a h a n d St ig l i tz . I believe that it is m o r e relevant to m o d e l 
R & D processes i n a game o f t i m i n g w i t h the w i n n e r a c q u i r i n g the 
r i g h t to b e c o m e a m o n o p o l y . I n this sense, the Sah a n d Stigl itz p a p e r 
is less relevant. Nonethe less , the i m p o r t a n t result o f the ir paper is that 
regardless o f the market structure, the market w i l l always y ie ld the 
same n u m b e r o f projects (the invariance theorem) . I n the context o f 
this m o d e l this ho lds on ly whenever we have a noncooperat ive N a s h 
s o l u t i o n , Castañeda (1993) shows that the invar iance t h e o r e m does 
n o t h o l d w h e n we pass f r o m one f i r m to two o r m o r e f i rms , a l t h o u g h 
it is v a l i d every t i m e we c o m p a r e two market structures i n a n o n -
cooperat ive s o l u t i o n . 

I f the t i m i n g o f i n n o v a t i o n matters, the objective o f po l i cy is to 
grant patent r ights for a d u r a t i o n o f t ime that can reduce expected 
pro f i t s i n such a way as to reduce the n u m b e r o f projects that f i r m s 
u n d e r t a k e . 3 9 

F i n a l l y , i t is interest ing to contrast the invar iance t h e o r e m w i t h 
the prev ious be l i e f about the re la t ion between market structure a n d 
i n n o v a t i o n . T h e previous be l ie f cons idered the n u m b e r o f firms as a n 
i m p o r t a n t de terminant o f the incentives to innovate a n d the expecta­
t ions o f m o n o p o l y rents were cons idered as c r u c i a l for u n d e r t a k i n g 
R & D . T h e result o f this m o d e l u n d e r m i n e s the structure o f the 
market i n a noncooperat ive env i ronment as a n i m p o r t a n t variable for 

™ Remember that we are assuming that social benefits are equal to private 
benefits. 
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d e t e r m i n i n g the level o f R & D , but the poss ib i l i ty o f gett ing m o n o p o l y 
rents is s t i l l i m p o r t a n t . 

5. Conclusions 

I n this p a p e r I have s t u d i e d the m a i n theoret i ca l contr ibut ions that 
study h o w f i r m s invest i n R & D i n a strategic setting, w i t h t ime as a n 
i m p o r t a n t factor. T h e p a p e r shows h o w the o r i g i n a l c ontr ibut i ons 
have b e e n m o d i f i e d i n several ways to e x p l a i n i n m o r e genera l 
settings h o w the i n n o v a t i o n process works: First , because c o m p e t i t i o n 
for i n n o v a t i o n is basical ly a d y n a m i c process i n w h i c h f i r m s react to 
changes i n the compet i t ive process as the race unfo lds , the l i terature 
has d y n a m i z e d the s e m i n a l mode ls by s tudy ing models i n w h i c h f i r m s 
c o n d i t i o n the ir b e h a v i o r o n the i r achievements a n d those o f t h e i r 
rivals. S e c o n d , the l i terature has s tud ied mode ls i n w h i c h f i rms have 
d i f f erent incent ives to innovate (i.e. a symmetr i c models ) . I also 
s tud ied the e f f i c iency propert ies o f the market , showing that the 
market o u t c o m e allocates excessive resources to R & D . 

I n the f irst sec t ion , I analyzed the s e m i n a l ideas o f the g a m e 
theoret i c a p p r o a c h to R & D processes ( L o u r y , 1979), L e e a n d W i l d e 
(1980) a n d R e i n g a n u m (1981, 1982). T h e di f ference i n the speci f ica­
t i o n o f the cost f u n c t i o n yields two contrast ing results i n terms o f the 
response o f a representative f i r m to a change i n the degree o f r i v a l r y 
(Propos i t i ons 1 a n d 2). W h e n the R & D process is such that l u m p costs 
are the m a i n de te rminant o f the c o n d i t i o n a l p robab i l i t y o f d iscovery 
( contractual costs), a n increase i n the degree o f r i v a l r y d imin ishes the 
ef fort r e a l i z e d by a representative firm. W h e n the c o n d i t i o n a l p r o b ­
ab i l i ty is d e p e n d e n t o n a f l o w cost w h i c h is p a i d on ly u n t i l the race is 
over, an increase i n rivalry stimulates the amount a l located to R & D 
by a representative f i r m . These contrast ing results have imp l i ca t i ons 
for the e f f i c i ency propert ies o f the mode ls a n d for the results o f 
multistage games that entail these one-stage games as constituents o f the 
m o r e g e n e r a l d y n a m i c games. 

T h e f i r s t a t tempt to in t roduce dynamics was the d i f ferent ia l g a m e 
a p p r o a c h i n i t i a t e d by R e i n g a n u m (1981, 1982). I n this approach , the 
p r o b a b i l i t y o f d iscovery increases w i t h the level o f ef fort accumulated 
by the f i r m ( equat i on (10)). However , due to the memorylessness 
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p r o p e r t y o f the e x p o n e n t i a l d i s t r i b u t i o n f u n c t i o n , the m o d e l y i e l d e d 
a n o p e n l o o p so lut i on . T h e on ly achievement o f this a p p r o a c h is to 
o b t a i n a t ime v a r y i n g p o l i c y f u n c t i o n . T h e attempts to i n t r o d u c e 
dynamics a n d character ize the game w i t h feedback strategies fa i l . I n 
few words the m o d e l " y i e l d e d a static s o l u t i o n " ( F u d e n b e r g a n d 
T i r o l e , 1986). 

To construct d y n a m i c models , the l i terature has p u r s u e d several 
strategies: 1) T o i n c l u d e stages i n the race. 2) T o pos i t the c o n d i t i o n a l 
p r o b a b i l i t y o f d iscovery g ( t ) as dependent u p o n the level o f e f fort 
a c cumulated . 3) To i n c l u d e i n g t , besides the level o f exper ience , the 
ef fort o n R & D chosen by the f i r m at t ime t. 

I f the c o n d i t i o n a l p r o b a b i l i t y o f discovery depends just o n t h e 
level o f exper ience ac cumulated a n d the strategies are restr ic ted to a 
constant level for the w h o l e game, we get the m o n o p o l y outcome (e 
p r e e m p t i o n ) . A n advantage o n the i n i t i a l level o f knowledge by any 
f i r m , n o matter how s m a l l it is, w i l l p rec lude the r i v a l f r o m d o i n g 
R & D r i g h t at the b e g i n n i n g . However , L i p p m a n a n d M c C a r d l e (1988) 
show that this result depends cruc ia l ly o n the i m p l i c i t a s s u m p t i o n 
that al lows f i r m s to make a choice at each m o m e n t i n cont inuous t i m e . 
I f we restr ict the analysis to mode ls i n w h i c h the dec is ion p e r i o d lasts 
f or a n a m o u n t o f t ime , the result n o longer ho lds . 

O n the o ther h a n d , i f g ( t ) depends o n the level o f effort a n d the 
a l locat ions to R & D m a d e by f i r m s , a n d i f we use asymptotic t e chn i ­
ques, the e p r e e m p t i o n result vanishes a n d we get the persistence o f 
c o m p e t i t i o n even w i t h large differences i n i n i t i a l cond i t i ons . F u r t h e r ­
m o r e , i f we in t roduce c o m p l e m e n t a r y technology that allows f i r m s to 
m a k e one j u m p i n the i r state o f knowledge at a f i x e d cost, large i n i t i a l 
c o n d i t i o n s dif ferences w i l l be ame l i o ra ted by the investment o f the 
fo l lower i n the c o m p l e m e n t a r y technology. T h e results d e p e n d heav i ­
ly o n s m a l l effects o f the accumulated level o f knowledge o n the 
f u n c t i o n g ( t ) . 

O n e o f the s implest ways to in t roduce dynamics i n patent races is 
to s tudy a two-s tage -vers ion o f the n o n c o n t r a c t u a l cost m o d e l 
( G r o s s m a n a n d S h a p i r o , 1987). U n d e r the noncontrac tua l cost as­
s u m p t i o n , the m o d e l shows that the leader always spends m o r e , 4 0 that 

This result was also obtained byjudd (1991) and in section 2.3.2 of this paper. 
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the intensity o f r i v a l r y is h i g h e r i n the s e cond stage a n d that i f the 
race becomes t i ed , b o t h the leader a n d the fo l lower speed u p . I f costs 
are contrac tua l , the results change, because the s lope o f the response 
f u n c t i o n changes. 

I f we want to study m o r e c o m p l e x patent races we must resort to 
p e r t u r b a t i o n m e t h o d s (Judd, 1986). W i t h these techniques we c a n 
analyze mult istage mode l s w i t h several projects that di f fer i n r isk a n d 
the strategy spaces d o not have to be restrictive. However , we n e e d to 
assume a smal l pr ize for the technique to work . T h e m o d e l allows us to 
see how the a l l o c a t i o n to r isky a n d n o n r i s k y projects varies w h e n the 
c o n d i t i o n s o f the race change. It also shows the excessive a l l o c a t i o n 
to r isky projects by the market , i n c o m p a r i s o n w i t h the soc ial ly 
des irable level. W e have a better perspective o f the usefulness o f 
p e r t u r b a t i o n methods w h e n we see that mult istage versions o f the 
n o n c o n t r a c t u a l cost models ( H a r r i s a n d V i ckers , 1987) that do not 
use these approaches do no t y i e ld m o r e qualitative results than those 
already o b t a i n e d by the two-stage vers ion ( G r o s s m a n a n d S h a p i r o , 
1987). 

I n sec t i on 3 I s t u d i e d asymmetr i c models . T h e in terac t i on o f the 
" s tanda lone " effect a n d the " p r e e m p t i o n " effect affects the s lope o f 
the response f u n c t i o n a n d the o p t i m a l po l i cy o f taxat ion i n in terna ­
t i o n a l contexts. I also a p p l i e d this t e rmino logy to the study o f the 
di f ferent incentives that a m o n o p o l y a n d a newcomer have to i n ­
novate. W e n o t i c e d that the m o n o p o l i s t may have m o r e incentive to 
invest i n R & D because it internal izes a l l the appropr ia te decisions for 
the market ("the e f f i c iency effect"). O n the other h a n d , the larger the 
current pro f i t s , the smal ler the incentive o f the m o n o p o l i s t to invest 
("the rep lacement effect"). I f innovat ions are drast ic , the replacement 
effect dominates the ef f ic iency effect. I f the technology o f i n n o v a t i o n 
is extremely ef f ic ient , the ef f ic iency effect dominates . 

I n the analysis o f e f f ic iency o f the market outcome i n the n o n c o n ­
tractual a n d contrac tua l cost models , we no t i c ed that the market 
yields an excessive n u m b e r o f projects ( f irms) . However , the l u m p 
s u m m o d e l generates a lower level o f effort for the market i n com­
p a r i s o n to the soc ia l p l a n n e r so lu t i on . I n contrast, the f l o w cost 
m o d e l yields a h igher level. T h e results h o l d assuming that soc ia l 
benefits are equa l to private benefits . W h e n f i r m s invest i n m u l t i p l e 
projects a n d cons ider the possibi l i ty o f m u l t i p l e projects to be success-
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f u l (Sah a n d St ig l i tz , 1987), the on ly poss ib i l i ty for the market out ­
c o m e to d i f fer f r o m the social ly o p t i m a l level is for pr ivate benef its to 
d i f fer f r o m soc ia l benef i ts . I n a f r a m e w o r k i n w h i c h firms can u n d e r ­
take m u l t i p l e projects w i t h on ly one possible innovator (a stochastic 
patent race) , the market outcome undertakes a n ef f ic ient level o f 
effort , b u t the n u m b e r o f projects is excessive even i n the case i n 
w h i c h pr ivate benef i ts are e q u a l to soc ia l benef i ts . 

T h e survey shows the presence o f a negative external i ty i n t h e 
m a r k e t o u t c o m e i n c o m p a r i s o n w i t h the soc ia l p l a n n e r s o l u t i o n . T h i s 
ex terna l i ty is present as we l l i n one shot C o u r n o t a n d B e r t r a n d 
m o d e l s . T h e ex terna l i ty arises f r o m the fact that i n m a k i n g its 
dec i s i on , the f i r m does no t take into account the impac t o f its d e c i s i o n 
o n the w h o l e market only c o n s i d e r i n g the impact o n its prof i ts . A s a 
result , we may not ice excessive resources a l located to i n n o v a t i o n i n 
c o m p a r i s o n to what s h o u l d be social ly desirable . I f f i r m s c a n n o t 
per fec t ly p r i c e d i s c r i m i n a t e , they may have less incentive to innovate 
t h a n t h e soc ia l p lanner . T h e ro le o f po l i cy is to grant patent r ights f or 
a d u r a t i o n o f t i m e that accounts p roper ly for the two effects. 

I n the agenda for future research f igures p r o m i n e n t l y the n e e d 
to i n c o r p o r a t e spi l lovers i n the context o f models w i t h mult istage 
races a n d tru ly feedback s o l u t i o n s . 4 1 T h e r e is consistent ev idence that 
" i m i t a t i v e research is a pervasive p h e n o m e n o n " (Dasgupta , 1988, p . 
74). O n e poss ib i l i ty is to make the f u n c t i o n g ( t ) i n sect ion 2.3 not on ly 
a f u n c t i o n o f the level a c cumulated by firm i but also i n some way o f 
the level a c cumula ted by ; ' . 4 2 W e s h o u l d also a l l ow for c o r r e l a t i o n 
a m o n g projects u n d e r t a k e n ins ide the firm. T h i s task appears analyt i ­
cal ly d i f f i cu l t . However , I believe that the use o f asymptotic techni ­
ques i n a f r a m e w o r k s i m i l a r to J u d d (1986) may be f r u i t f u l . 

4 1 Reinganum (1982) incorporates spillovers in an open loop model. 
4 2 It is important to point out that spillovers in static models can be easily captured 

in the profit function. However, when we go into a dynamic setting it is more 
reasonable to incorporate them in the technology of innovation to see how they affect 
the dynamics of the game. 
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