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Resumen: Se derivan modelos de regresién cuya estructura provee
una conexién entre pruebas para una raiz unitaria y pruebas
sobre la presencia de pardmetros asociados con la funcién
deterministica de la tendencia lineal de la regresion. Estas
regresiones de prueba son equivalentes a las propuestas por
Perron (1989). Con estas ecuaciones de regresion, exten-
demos los resultados asintéticos de Perron al derivar dis-
tribuciones limite para los estimadores de los componentes
deterministicos de estas regresiones. Las representaciones
asintéticas de estas distribuciones muestran que no hay
conflicto entre pruebas para raices unitarias y pruebas de
cambio estructural, modeladas por variables dummy.

Abstract: We derive test regressions whose structure provides a
link between tests for a unit root and tests on the nullity
of the parameters associated with the regression’s trend
function. These test regressions turn out to be equivalent
to those proposed by Perron (1989). Using these regres-
sion equations, we extend Perron’s (1989) asymptotic
results by deriving limiting distributions of the deter-
ministic components for all the models considered. The
asymptotic representations of these distributions show
that there is no conflict between testing for unit roots and
for structural breaks: acceptance of a unit root rules out
acceptance of a structural break, as modelled by a
dummy variable.

* T am greatly indebted to Len Gill and Denise Osborn, for invaluable suggestions
and corrections. I am also grateful to Peter Burridge for useful comments and discussion.
Of course, all remaining errors are solely my responsibility. This paper was presented at
the XIII Latin American Meeting of the Econometric Society, in Caracas, Venezuela.
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1. Introduction

The seminal work of Nelson and Plosser (1982) drew the attention of
both economists and econometricians to the problem associated with the
practice of detrending macroeconomic time series by removing a linear
trend prior to the analysis of short-run or ‘business cycle’ fluctuations. In
particular they pointed out the potential existence of stochastic non-
stationarity due to the presence of unit roots.

Using the statistical techniques developed in Fuller (1976) and Dickey
and Fuller (1979), they concluded that the majority of us macroeconomic
time series can be well characterized as integrated processes, i.¢., processes
with a unit root. These findings have serious implications in many fields of
economics. In terms of economic policy, unit roots are associated with the
concept of ‘persistency’ of innovations or ‘shocks’ to the economic system.
Policy effects can vary dramatically depending on the nature of the non-
stationarity associated with macroeconomic variables (see for example
Dickey et al., 1986). In terms of econometric modelling, the theory of
co-integration is heavily dependent on the existence of unit roots. This
theory not only has interesting connections with the concept of equilibrium
in economics, but also helps us in understanding the way trending
economic variables move together in the long-run (see inter alia Engle and
Granger, 1987; Dolado and Jenkinson, 1987). The theory of co-integration
has also produced interesting results in the area of forecasting (Granger,
1986; Engle and Yoo, 1987).

All these interactions between economic theory, economic policy,
cconometric modelling and statistical theory have led to a vast amount
of research on the nature, existence and implications of unit roots in
macroeconomic time series. Yet, there is still much debate as to whether
the unit root hypothesis is supported empirically.

Empirical evidence for the unit root hypothesis is usually obtained
by employing the ‘standard’ theory of unit root testing (Dickey and
Fuller, 1979, 1981; Said and Dickey, 1984; Phillips, 1987; Phillips and
Perron, 1988; among others). This assumes, on the basis of the tradi-
tional method of removing (deterministic) trends from the data, that the
relevant alternative to the unit root hypothesis is that of stationary
fluctuations around a linear time trend. This latter model is usually
parameterized by an intercept and a linear trend, together with a station-
ary autoregressive component.
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This ‘standard’ theory has undergone a reappraisal during the last
lustrum, prompted by the recognition of the potential danger of
misspecifying the alternative hypothesis against which the unit root null
was tested. It has been argued that if the alternative hypothesis is
‘underparameterized’, then a unit root will hardly ever be rejected, even
when the ‘true” model is stochastically stationary. )

Indeed, the work of Rappoport and Reichlin (1987) and Perron
(1989) (Perron henceforth), opened an important avenue for research by
pointing out the crucial role of the alternative hypothesis in unit root
tests. The reappraisal led to the recognition that ‘fixed’ linear time
trends are extremely simple parameterizations representing secular or
long-run movements in economic time series. It was then proposed to
broaden the alternative hypothesis by recognizing that most macro-
economic time series have undergone structural breaks, due to eco-
nomic crises, changes in institutional arrangements, wars, etc. Taking
into account these considerations, test regressions for unit root tests
were then modified by including a set of dummy variables to reflect the
changes in the trend function due to the shocks mentioned above.

These ‘new’ tests, formally analyzed by Perron, consist of the (nor-
malized) Ordinary Least Squares estimator of the autoregressive
parameter and its ¢-statistic (for testing the equality of this parameter to
unity) in an AR(1) model which includes, apart from an intercept and a
trend, a set of dummy variables with which the break in the trend
function is modelled. For these test statistics, asymptotic distributions
were derived and, by simulating these distributions, critical values com-
puted, under the null hypothesis that the Data Generating Process (DGP)
is a driftless random walk.

In this paper, we focus mainly on the models and assumptions of
Perron who, as mentioned above, provided the asymptotic theory of the
tests for unit roots when structural breaks are taken into consideration.'

The paper is structured as follows. In Section 2, we offer a different
interpretation of the hypotheses and models analyzed by Perron. Using
the approach of Nelson and Plosser (1982) we derive test regressions
whose structure provides a link between tests of a unit root and tests on

" Perron’s approach encompasses that of Rappoport and Reichlin ([987).
% Other authors using the same approach include, Bhargava (1986), Schmidt and
Phillips (1989), and Haldrup (1990).
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the nullity of the parameters associated with the regression’s deter-
ministic components, i.e. the trend function. These test regressions turn
out to be equivalent to those proposed by Perron for testing a unit root.
This approach, however, allows us not only to rationalize the null and
alternative hypotheses used by Perron, but also to define, upon impos-
ing the restriction implied by the null hypothesis, the appropriate form
of the DGP.

In Section 3, using these regression equations, we extend Perron’s
asymptotic results by deriving limiting distributions of the deterministic
components for all the models considered. The asymptotic repre-
sentations of these distributions show interesting relationships between
the deterministic components and the autoregressive parameter. In par-
ticular, we show that there is no conflict between testing for unit roots
and for structural breaks: acceptance of a unit root rules out acceptance
of a structural break, as modelled by a dummy variable. As a by-product of
the derivation of the asymptotic distributions, rates of convergence are
also found not only for the AR parameter, but also for the parameters of
the trend function. It can be seen that the DGP used in the asymptotic
results is different from the one used by Perron.

2. Models and Procedures

The Trend-Stationary (TS) model (originally studied by Nelson and
Plosser (1982) as the relevant non-stationary deterministic alternative to
the stochastic, non-stationary, unit root process) is by no means the only
deterministic specification of a non-stationary process. Although the
trending nature of many macroeconomic time series has suggested the TS
model as the obvious alternative to the unit root process, it is also
apparent from visual inspection of the data that most of the series display
heterogeneous behaviour in their historical trends. This behaviour has
been described as “variable trends” by Stock and Watson (1988), “break-
ing trends” by Perron, and “segmented. trends” by Rappoport and Reichlin
(1987, 1989). Whatever it is called, it implies the presence of structural
breaks in the data, giving rise to a more general class of TS processes, the
class of Breaking-Trend-Stationary (BTS) processes.

It has been found that misspecification of the alternative hypothesis
can lead to the (spurious) acceptance of stochastic non-stationarity (i.e.
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a unit root) when in fact the DGP is that of a (non-stationary) determinis-
tically heterogeneous nature, as the BTS model briefly introduced above.

In this Section we apply the approach followed by Nelson and
Plosser (1982) for testing the null hypothesis of a unit root. Here,
however, we allow for the presence of structural breaks under the alter-
native hypothesis, using the models and assumptions in Perron.

Following Perron’s practice, we also consider three types of breaks
in the trend function: a ‘step’ change in the trend (or ‘crash’ model)
[model (A)]; a change in the slope of the trend (or ‘breaking-trend’
model) [model (B)]; and a combination of models (A) and (B) [model
(O)]. A fundamental assumption in Perron’s analysis is that the dating of
the break points (denoted by Tp) in any of the three models (A), (B) or
(C) is known a priori, in the sense that the dates are chosen after
viewing the data.

Since a very similar analysis can be applied to the three models
(A)-(C), let us concentrate on model (A), leaving the study of models
(B) and (C) to the next subsection,

2.1. Model (A)

Assume a situation in which interest centers on testing whether or not
deviations from a broken trend are stationary. Consider a stochastic
process {y,}, generated according to the following DGP:

(y,—u—Br—eADUg:[l _laL]e, ()

/

with DU, =1ift> TB and 0 otherwise, where TB denotes the date of the
break. From (1), it is clear that if o0 = 1, deviations from a trend function
with a crash are non-stationary, being accumulations of persistent
shocks; whileif oo < 1, these deviations will be stationary since the effects
of the shocks will tend to disappear as time passes.

We can write (1), upon multiplying both sides by (1 — L), as:

y, =W+ Bl +0'DU,+ DU, | +oly, |+, (2)
where p = [u(l - o)+ of], p=P(1-0), 67 =—00", and we have

renamed o as o in (2) to avoid any confusion with models (B) and (C)
introduced below.
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However, as discussed in Noriega-Muro (1993a), the interaction of
DU, and DU, _ | in (2) create a situation of asymptotic collinearity. We
can apply a simple reparameterization to Model (A) by adding and
subtracting the term CLGDUt to (2), to obtain:

y, =1l + B+ ¢"DU + ¢iD(TB), + o'y, | +¢, (2"
where now the parameter vector

p=(ul. Bl o, o o)

= ([u(1 — o) +af), Bl - o), 841 ~ o), 084, o)
has null values (8,0,0,8,, 1), and

DU, ~DU,_ =D(TB),=1

1
if 1=T,+ 1 and O otherwise. As we can see, the only difference in model
(2) relates to the dummy variables and their respective parameters. Note
that, in the empirical applications for testing a unit root in Model (A),
(2°) has the same form as the regression model proposed by Perron (albeit
without the extra lags of the first differences of the data) [equation (12)
in his paper].

However, in deriving limiting distributions, the regression equation
used by Perron is equation (2’) without the dummy variable D(TB), [his
equation (A.6)], and the DGP assumed is a driftless random walk. This is
because he only derives limiting distributions for the (bias of the) oLs
estimator of the autoregressive parameter and its corresponding z-statis-
tic. He argues that these statistics, computed from his regression (A.6),
are invariant with respect to the parameters in the DGP.

Under the null hypothesis, H: o= | becomes:*

y,=B+6'D(TB),+y,  +¢,, (3)

% Note that repeated substitution in (3) takes us back to (1) with o =1, i.e. y, =y, + Bt
1
+ OADUZ + Zei, with Yy =H since [D(TB)Z+ D(TB)I Tt D(TB)I] =DU,.

i=1
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which is precisely Perron’s model (A) (the ‘crash’ model) under the null
hypothesis of a unit root. Now, if we consider (2’) under the assumption
that oo =0 we get:

yl:].L+B[+6ADU[+8,, 4)

which has the same form as Perron’s model (A) under the alternative
hypothesis. Note that in (4) there is no autoregressive component. Fol-
lowing Perron, we can construct a regression equation for testing the null
of a unit root by nesting the corresponding models under the null (3) and
under the (specific) alternative (4). This strategy produces precisely
Perron’s regression equation for his model (A) [equation (27)].

By using (27) as the regression equation to test Hj :o =1, the
parameters related to the deterministic variables have a clear and
straightforward interpretation. That is, under the null hypothesis,
H,: o= and this implies that ' = B, B = 0, ¢* =0 and ¢ = 6*, and
we get equation (3), implying that deviations from a breaking trend are
non-stationary, while under the alternative, (1) implies that these devia-
tions are stationary.

Following the lines of Haldrup (1990) it should be possible to prove
- ; Ma P fhA Py DA P AL
for model (2°) that, as 7 — e, i -, p7 -0, o - 1, ¢* - 0 and
(pf KN 8", where a hat denotes OLSEs of the parameters in (2°). Asymptotic
results related to this model and the models presented below, are the
subject matter of the next Section.

Therefore, as stressed above, model (2’) offers a different inter-
pretation to Perron’s regression equation for Model (A), which, on the
one hand, helps to rationalize the forms of the null and alternative
hypotheses used by Perron, and, on the other, provides a clearer inter-
pretation of the deterministic components and their relationship with the
autoregressive parameter.

2.2. Models (B) and (C)

Following the same arguments of model (A), consider again testing
whether or not deviations from a broken trend are stationary, but now let
us analyze the case of a shift not in the trend’s level but in its slope, that
is, a change in the rate of growth of the series [Model (B)]. Consider then
the next equation:
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(y,— . —PBr - 6°DT) = (1 __laLje, 5)

with DT =t~ T, if 1>T, and O otherwise. Again, o= 1 implies that

deviations from a broken trend are non-stationary, being accumulations
of persistent shocks. Multiplying both sides of (5) by (1 — aL) gives:

y, =0l +pli+0°DT +68DT" +afy | +e . (6)
where u%=[u(1 — o) + ofl; BZ=P(1 — o), 8% =— 06”, and we have
renamed o as of. As with model (A) above, under H: o= 1, we get
Perron’s model (B) under the null, while if we let o =0 we get Perron’s
model (B) under the alternative.

Adding and subtracting OCE)BDT[* to (6) produces the following
regression equation for model (B):

y, =1+ Blr+ o®DT" + DU + oy, +¢, (6")
where the parameter vector
B2 =w? Bl ¢" o, o)
= (w1 - o) + o], B(1 - 0), B°(1 — @), 06", ),

has null values (B, 0, 0, 85, 1).
Finally model (C) results from combining models (A) and (B), et

] 1
(yl—u—Bt—E)ADU[—E)BDT[):(l_O(L]E[, (7

with oo =1 implying non-stationary deviations from a trend with both a
shift in level and in slope. We can rewrite (7) as:

# Note that in presenting Model (C) as a combination of Models (A) and (B) we are
using the dummy variable Df:, instead of the one used by Perron, namely
DT (DT,=tif t> Ty and O otherwise). This does not alter the results, but will greatly
simplify the algebra of the asymptatic theory in the next section. The same practice was
also followed by Zivot and Andrews (1992).
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y,=uE+ B +0'DU +0!DU,_ +0°DT" +6°DT" +afy,  +e (8)

where u¢ = [u(l — o) + a]; BS = B(1 — a); 02 =— 00, 0% = — 06", and
o’ = o.. However, note that in equation (8), there is perfect collinearity
between the dummy variables; specifically

DT} -DT'  =DU 9

!

Using (9) into (8) results in the following alternative regression equation

v, =u+ B+ (0" + DU, + (- a)DU,
+0°%(1 - o)DT + o'y, | +¢,

y,=uC+ B +6°DU, + 0DU, _, +0CDT" +0Sy,_ +¢,, (10)

where the notation is obvious. We can reparameterize (10) by adding and
subtracting O(GADUI to get the following equation for testing a unit root

v, =B+ BEr+ DU + ¢SD(TB), + 9S.DT" + 0y, | +e, (107)

t

where the parameter vector
C— (i€ RC of € € C
B =(us, By 0%, 07, 97, a%)

(fu(l — o) + o], B(1 — o), [84(1 — o) + ab®], 08, 05(1 — o), o)

il

has null values (8, 0, 6%, 04,0, 1). Note that, in the empirical applications
for testing a unit root in Model (C), (10’) has the same form as the
regression model proposed by Perron® (albeit without the extra lags of
the first differences of the data) {equation (14) in his paper].

Under the null Hj:a=1, (10’) reduces to

% But see footnote 4.
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Ay, =B+®"+6°DU -06'DU_ +e

!

=B +0'D(TB) +6°DU +e .

which is Perron’s null model (C). Setting oo =0, (10°) produces Perron’s
alternative hypothesis for model (C):

y,=n+PBr+6'DU +6°DT +¢, .

As in the case of model (A), it should be possible to prove that, under H,,.

A A P

W8 B 08, 08 o) B (B 0,0,6% 1) for model (B

A A A

(e B 0% 00, 95,0 B B.0.0% 8% 0.1 for ()

We will proceed to the asymptotic analysis of the parameters for
each model in Section 3.

To summarize, we have offered a different interpretation to
Perron’s regression models for testing a unit root. This interpretation
will prove to be very useful in the derivation of the asymptotic results
presented in the next Section.

3. Asymptotic Behaviour of Statistics from Unit Root test
Regressions when the Alternative is a Breaking-Trend-
Stationary Model

Apart from checking the consistency of these OLS estimators, the purpose
of this Section is to present the asymptotic theory related to the three
models studied in Section 2, i.e., the derivation of limiting distributions,
the study of the invariance of these distributions to the parameters in the
DGP, and the equivalence between asymptotic distributions.

These results extend Perron’s findings in two directions. First, by
using a different interpretation to the problem of testing whether or not
deviations from a broken trend are stationary (introduced in Section 2),
we propose the use of a broader DGP for each model considered. This in
turn allows us not to restrict the analysis solely to the autoregressive
parameter and its #-statistic, (for which Perron showed invariance to the
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parameters in the DGP) but also to extend it to the entire set of parameters
in each model. This makes it possible to analyze the relationships be-
tween the asymptotic behaviour of the estimators. The small sample
counterparts of these large sample results, are investigated in Noriega-
Muro (1993c¢).

The innovations driving the models (denoted g) are assumed to
satisfy assumption 1 in Perron, reproduced below for convenience:

ASSUMPTION 1: (a) E(e,) = 0D 1; (b) sup, El g, |1B¥5 < oo for some > 2 and
&> 0; (c) 6> =lim T~ 'E(S}) exists and 6 > 0, where S, =X'e ; (d) {€ )7

T e
is strong mixing with mixing numbers 0. that satisfy: 7" o ]1 “2/B < oo,

In the Appendix at the end of paper, we express the OLS estimators
of the various parameters as functions of normallzed partial sums of the

innovations € , i.e., objects like T‘”ZS , T™ 3/ZZS etc. The process

T*]/ZS is assumed to satisfy an invariance prmCIple le., T 1/25
converges weakly to cW(1) [denoted T~ 1/25 :> oW(1)], where W 1s
a limit process known as Wiener process or Browman motion. Some
other related weak convergence results are presented as Lemmas 1 and 2
in the Appendix. In the theorems bellow, the asymptotic distributions of
the oLs estimators are, therefore, expressed as functions of Wiener
processes.

The representation of these distributions is lengthy, so we make
notational economies by writing the various stochastic processes
without the argument. Furthermore, following Phillips and Perron
(1988), (some) integrals are understood to be taken over the interval
[0, 1], and with respect to Lebesgue measure, unless otherwise mdlcated

Thus, we shall use, for instance, W, JW and J.er place of W(r)J. W(r)dr,
and j rW(r)dr.

The algebraic computations of all the OLS estimators and #-statistics
to be analyzed in what follows are tedious and were carried out using
the computerized algebra package REDUCE (see for example, Rayna,
1987 or Hearn, 1987). The proofs for the following theorems are
presented in the Appendix at the end of this paper. The relevant REDUCE
programmes are contained in Noriega-Muro (1992).
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3.1. Model (A): "“Crash” Model

For convenience, we present here a rewritten version of the DGP for
Model (A) [see equation (1)]:

!
Y,=M+Bl+9ADU,+28,- (3"
j=1
We now present the main result of this Section.

THEOREM 1: Let {yt}gbe a sample of size T + | generated from equation
(3’) (Model (A) under the null hypothesis) and A=Tg/T. Let also
Assumption 1 hold. Then, for the regression model (2°), as T — oo®

aT@E ~1) R pla,
@)ty 2 (6/0)(AD,) %,
A
b) TR D -pp; A,
b') i D —(c/c)aD,) "4,
A
o) TV -B) 2 oGD,!
oy = 1/2,4 D 172
)T o = (B/o,) (DA/FLL)
d)Tl/Z(/I\)A I=)> GHD:“
&) i3 2 (a/0) (AD) ' H
A
)@ -0 D
B
e’) tha D @®'+e. )/0
0, = TB+I €

where ‘A’ denotes an OLS estimator, and

® In what follows, the sign “*" as a subscript to the oLs estimator of « indicates that
it is being expressed as a deviation from its true value 1.
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A
D, =1@-33(w)?+ [wieh - 4)]O W 12002 - Dfrw)

e 1(J:W Y+ 121 = W)frw [fowarer]

+ (A2 =3h+ D - W2,
A
AA:{[(~ex3+6x2—2)JfW+(2—3x)j0W+6(X—1)2 W WD)
A
3R -mw+ a1 w61 - nfrwwiy
0 3
rofwia - fw+ - 1)(]0 W 2frw))

+(1/2)3) =3k + H(A = 1) [W(1)* — 02/ 7).

G={[3n(1 - )W+ — Dfrw+ Gr—4+ 1 1)jOkW]
x (1/2)(W(1)? - o2/ 0% + WIS W(rw - fw) + 20 ‘J:W
X (M + Dfw - JOKW— 3202 - 2+ W) + 30— 12w
e ‘[4JW(JW—J:W) +6JrW<<x2—2>JW+JOKW+2<1 -nfrw)
— (322 = an+ D wawoy + 6fw pfw (Jw - IOAW)

A= DfwEoa ‘J:W(z(x —nfrw- fokw +[my.

o= afw (Jw- 2f;W) + 4([(?‘4/)2 +12fw @2 -1y

x (J‘W—J’:W)-}-(l —K)JrW)+(3l4—612+41_ I)le] }

H= (1@ - 3fw? =@ Jw-12Jrw) Jrw-w)
+ 20" ‘J:W(_%er—jw e + 2w w- [rw)

— 4wz + [wawoy + sfwifwefrw - afw)
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- 1wz 7;] “welow - [w- (/2160 - frw

-3 fw- JW](W(l)Z a2/,

T
ol=lim BT~ ' Ye), A, =0GA=-3%h+1A-1),

T — o =1

A, =2 1w 2frwdfrw - fw) - fw2.
~ PROOF. See Appendix.

Simple algebra shows that parts ) and «’) of Theorem 1 are a
restatement of the results derived by Perron. As we can see from a) and
a'), both the normalized bias T(OLA) and the t-statistic 7,4 are not affected
by either the drift B, or the parameter 84, i.e., to the presence of the
dummy variable DU, in the DGP.

Parts @) and b) show the super-consistency property of the OLS
estimators for ot and JB.

Parts a’)-b’) of Theorem | show us that the z-statistics on 0( and
BA do not diverge and, moreover, one is the negative of the other. This
result implies that, asymptotically, whenever we, say, accept (reject) a
unit root, we will accept (reject) ﬁQEB(l - o) =0. Hence, this
asymptotic result rules out the possibility of the simultancous accep-
tance of deterministic and stochastic trends.

Parts ¢) and d) of the theorem show the consistency of the es-
timators of the constant term and the shift-in-mean dummy variable,
respectively, at the usual rate of 7~ 2. Part ¢’) shows that the r-statistic
will diverge asymptotically. Thus, as T — oo, the null hypothesis
H u" =0, will always be rejected when the true value of p is 3, rather
than zero Therefore, valid asymptotic inference can be performed
about u

Part e) shows that the parameter related to the dummy variable
D(TB) is inconsistent, and that the limiting behaviour of the bias
((p — GA) is, in contrast to the rest of the estimators, standard; that is, it

is not a functional of Brownian motion processes. [nstead, it is simply
the (zero mean) innovation at the time of the break, e, . Resulte) is

not exclusive to the unit root asymptotics, it also arises in a standard
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asymptotic framework. In order to isolate result ¢) of Theorem 1 from the
unit root asymptotics, consider the following regression

y,=Yx,+8DU, +13D(TB)l+sr (1

Under standard moments’ assumptions, Noriega-Muro (1993a)
found that

B-9 B e, as Toe (12)

T+
n
The inconsistency arises because the dummy variable D(7B), is an
asymptotically ‘ill-behaved’ variable, in the sense that, in contrast to
any other “well-behaved’ variable, say z,, for which lim (77 'Zz ) is

I—aoo P

finite and different from zero, for D(TB), llm(T 5X‘D(TB) )=0, for
5>0. P 2y

The other dummy variables which we have used so far are, in
the sense defined above, asymptotically well behaved. For instance,
lim (T~ lX‘DU“) = (1 — A), which is nonzero and finite since we assumed
e t=1

A=T,/T tobeaconftant € (0, 1). Standard (root 7) asymptotics apply
to7T'/2B-0) and T'/27—y).

Notice that the result in (12) is nothing but the asymptotic counter-
part of Salkever’s (1976) result on the use of dummy variables to com-
pute predictions. For model (11), we have that

A A A
’8:yTR+I _YxT”H - 6DUT}+! EyT]q Y, —9 ngH+ (13)
By using (11) for 1 =T into (13), we get

A A

3:7le€+, +0+0+ eT”H _YxTBH -0

A A A

(B-09)= eTl+l —[O-8)+ -7, ]
B B

The result in (12) follows immediately since 8 and ? are, as argued
above, consistent estimators of 8 and v, respectively.
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3.2. Model (B): “Broken Trend” Model

From Section 2.2, the DGP for model (B) can be expressed as:

H
— B & H
y,=u+pr+6°DT, +Zej (5%)
j=1

For the same reasons as for model (A), in deriving limiting distribu-
tions, the regression equation used by Perron is equation (6’) without
the dummy variable DU, [his equation (A.7)], and the DGP assumed is a
driftless random walk. For this model we have the following asymptotic
results.

THEOREM 2: Let {y, }g be a sample of size T+ 1 generated from equation
(5) [Model (B) under the null hypothesis], and . =Tg/T. Let also
Assumption 1 hold. Then, for the regression model (6°), as T —> oo

AT@-1) 2 DA,

a’) iy 2 (c/0) (AD,) A,

b) TH? D gDy 'A,

b) iy L —(c/0) A0, "2,
AT @E-p) B asypy!

c’) T*”%ﬁﬁ 2 B/o)MA- DD,/ W2
d) Te" D —9%4,D;!

&) i D —(c/0) [AD,1 1A,

0@ -0% B0

)Ty 2 ©% /0 M- 1)D, /2]

where ‘*’ denotes an OLS estimator, and
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A
D, = (AP0 - 1w+ 402+ 2+ DA w (Jw-2] W)+ 12+ 1)
A A 0 A
<t wl rw = frw (Jw= [ wr+ a2z -+ 1y wy
: L r Vo
+ 12030 — 422 - 1)]0 W W 2w rwfrw - 2]0 W)

A
+ 120302 3+ 1)(]0 FW2 ).

Ay = (230 = D2k + 1)(JW - J.:W) ~3(frw - f:rW)]W( N
+2(A— 1) TA(BA2 — 8% + 3)](?\4/ - Wk w3 frw
32— 5k 2)f W + 6300+ 1w w—2f W)

07» A 0 A
— 23 w(frw - fo W) - fo Wlrw] + 60aA2 — 34+ 1)(]O w)?

.

A A A
+6) WIA@R ~3h+ nf w26 -+ )] w
0 0

+ (/2R -1 (W(1)? -2 /0%)}.
Jy=— AN = A~ iz wiw— [ wy - 3wl w2
A }E) 0 A 0 A
(- 1)[]0 FW((AN + 1)]0 W 3[rw - 3]0 W) —4]0 wlrw 11w
H{8AEN - A2 - )W f:w- Jwy 20w w2 J:W)
1nr - mfwelw— | wy 1oafws] w—efw)
N A 0 A 0 »
240 jo W(fo W— 023w+ 122° ’fo W3 — 1)[0 W
C A2+ 3 I)J‘()XW) + 12AJrW((SA — 9)J:rW— 220 - 3)[rw)
+ 23— 20— 1 [W2 ) WOy + {47»J.W[6_[0}LrW(J.rW— j:rW)
~ fwe jOAW+ 30+ 1)f:rW)] + 24XJ:W[IW(2J:W+ O+ 3)frw

2 A *
+2f ) [ wits 3w - /226 nf w)
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= 3frw(frw - f:rwn (1790~ 1P [W21 )+ 200 - ‘)Ek(zxjjw

A
=3 ww 2 - 62 /6],
0 A s
w=a30— 1) (a2 + A= ifww -2 wy+ ] wr - 2o 1
N N 0 .}\0
< (Jw- JO wrw - JO W) + 12Jrw(frw - 2] W) +30 N

I8 .
~ 3+ 1)(jO PW2+ (=132,

Z=4 [0 - (W + 602 - 2)JW(J:"W— U:LW )
—6A3(A2 - 2)jWJrW - 37J;W(xf:\W— 2f:rW)
+3VGh- (W) + 61220 - 3)frW(7»f0xW - joka)

A
- 3(]0 W) M0 - 1wy,

o2 =lim E(T~ 123) Ay = - DI
T t=1

PROOF. See Appendix.

As in Model (A), parts a)and a’) of Theorem 2 show the invariance
of the normalized bias 7(0f — 1) and the t-statistic on 0( with respect to
the value of both the drift 3, and the ‘breaking trend’ parameter, 65,
Parts a) and b) show the super-consistency properties of the OLS es-
timators for of and B2

Some other results from Theorem 2 mimic those of Theorem 1,
namely, the asymptotic equality between t2» and — l’ﬁl; the consistency

of the constant term at the usual rate of\/—T—and the dlvergent nature of
its t—statlstlc which, once again, will allow valid asymptotic inference
on u

Part d) shows that super-consistency is also/\a feature of (p which
will differ from the asymptotic distribution of To? . only by (minus) the
value of 8%, d’) is an interesting result: the t—statlstlc of (pB is asymptoti-
cally equivalent to the negative of the r-statistic on the autoregressive
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parameter. This implies that, whenever we get a large negative value for
ts (and therefore we reject the null A :o=1), we will get a large
positive value for £~s of approximately the same numerical value, so that
we will reject the hypothesis that @® = 0. Hence, there is no conflict
between these two hypotheses asymptotically: whenever we, say, reject a
unit root, we will not be able to reject the presence of a (deterministic)
shift in trend. A

Finally, part ¢) shows us that (pB converges to its true value of 65,
while its #-statistic will diverge, implying that, as T grows, it will always
reject H, (pa =0. This is a nice result, since the (true) null value of ¢”
is 8%, not zero.

3.3. Model (C): “Crash + Breaking Trend” Model

In this sub-section we present the asymptotic results for model {C) which,
as it was established in Section 2.2, considers whether or not deviations
from a trend with both a jump and a change in slope are stationary. For
convenience, we rewrite below the DGP for this model as follows:

!
y,=WU+Ppr+6°DU +6°DT" + 28,- (7)
j=1
For the same reasons as for model (A), in deriving limiting distribu-
tions, the regression equation used by Perron is equation (10’) without
the dummy variable D(TB), [his equation (A.8)].
For this model we have the following asymptotic results.

THEOREM 3. Let {y,}g be a sample of size T+ 1 generated from equation
(7') [Model (C) under the null hypothesisy and A=Tp /' T. Let Assump-
tion 1 hold. Then, for regression model (10°)1, as T — oo

a) T - 1) D p,ia,

a’) tye 2 (6/0,) [ADT 72,
b) THC D _pp; A,

b) ige D —(c/0) [AD,7 1?4,
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OTVWE-B) R oy

)T e B (B/o)MA-1)D, /W'
TV -0% B oCcMr-1)D,!

)T e D 0% /6) ML - 1)D,/2]"?
e) (@€ - 0%) 2 e,

e’) Lo D e+ r ., )/c,

H oL, 2 —e%a,p;

)t 2 —(0/0)(A D17 A,

where ‘»’ denotes an OLS estimator,

Co= AW(D) (MW + 1frw = 303w - h2a3 - 9x2 + 1)J.O}LW
+303 - 402+ 1) I;rW] + 1zxj:W[(sx - 3)f:rW— A2A - l)J.:W
—AGh= Dfrw - 1223w 2 - 12J':rW[x(xz —6h+3)frw
+ (A - 2)j:rW] + 2030 D3 W2 ) + Wy (4afw
x [M2A = 303 = 24+ 6)[W— 64002 = 31 + 3) _[:W— 3
X (BA2 = 8h+6)(h + D)[rW + 302 = 31+ 4)f:rW] + 12J‘OXW
x [xjokwwt 2242 - 11 +9)[rW— (A + 1)j0krW] + 120w
X [M(3A> = 8% + 6)[rW = 204> = 3A + 3)J';rW] +12( j:rmz
— R - - W2 6 (202w w- 203 - h+2)

x J.O;LW — 2w+ @22 -3)| ;rW] + f:W)2[xz(4xz ~I+6)w
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A A
RS-0 frw + [ Wi —arfw] win@z £ a- 3w
A 0 0 A A
+(5A2 - 6L+ 2)]0 W]+ 12400 - 1)[]ij rwdo W= afrw)
A A A -
+ IO wlrwoJrw - fo Wy - 2x(f0 Wy + 2200 — DHwadfw
A A
—@h =D W1} +R00- 122080 - D] W- 202+ 2)]w
0 0
A
+ 673er— 602\ — 1)f rWIM (A = 1)*(W(1)* - 62/ 67
0
and the rest of the expressions have been defined in Theorem 2.
PROOF. See Appendix.

As we can see from the above results, the asymptotic dIStrlbUtIOnS
of models (B) and (C) are the same, with the exception of (p and (p
this last not being part of model (B), but showing the same type of
inconsistency already discussed for model (A). Therefore, the remarks
made for Model (B) above apply for Model (C) as well.

Hence, models (B) and (C) are essentially equivalent, as was indeed
suggested by Perron, who asserted that the asymptotic distribution of
ran is identical to the asymptotic distribution of #2c. This fact led him to
argue that, “it is not possible to test for a unit root under the maintained
hypothesis that the trend function has a change in slope with the seg-
ments joined at the time of the change”, Perron (p.1381). To see why
this is so, consider detrending the raw series in order to remove the
possible non-stationarities due to deterministic factors, including the
breaks. Denote )jt "as the residuals from a regression of yon:(1)i=A:a
constant a time trend, and DU ; (2) = B: a constant, a time trend, and

5 (3) i=C: a constant, a tlme trend, DU,, and DT,. Also denote o
the oLs estimator of o in the following regressmn equatlons

+ li i

=o'y ' +E, i=AB,C (14)
Perron argues that, as opposed to models (A) and (C), for which the
asymptotic distributions of 1o and trein (27) and (107) are the same,
respectively, as the asymptotic distributions of £z4 and f-c in (14), for

Model (B) such a correspondence does not hold for 77z (67). This is
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because, apart from the dummy variable D(7B),, regressions (6’) and
(10°) are equivalent.

3.4. Model (B1): The “Broken Trend” Model Revisited

Because of the asymptotic equivalence between models (B) and (C), in
orderto test the null hypothesis against the broken trend alternative under
Model (B), Perron proposes running regression (6’) excluding the
dummy variable DU, i.e.:

A Ay A . A A
y,=uw8 + P+ oP'DT" +afly, | +e (15)

This is because the asymptotic distribution of £/ in this last regres-
sion will be the same as that of £-» in (14). The asymptotic distributions
reported by Perron for Model (B) correspond to regression equation
(15), when the process {yt} follows a driftless random walk.

The next Theorem presents the asymptotic theory corresponding to
(15) including, as before, the deterministic parameters. For this reason,
we make use of equation (5°) as the DGP, instead of a driftless random
walk.

THEOREM 4. Let {yt}gbe a sample of size T+ | generated from equation
(5°). Let Assumption | hold and A =Ty /T. Then, for regression model
(15) [Model (Bl)], as T — oo

aT@® -1 2o,

a’) S (0/0,) (AgDy,) /Ay,
b) 76 D - B34,

b’) iy 2 —(c/0,)(A,D,) 1A,
¢)T! /2('351 ~B) 2;, GDz_;llJBl

)T Vm S (B/0IDy /M1

d) T¢" D —efp; A,
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d') tom D —(c/0) 8,01 Ay,

where ‘A’ denotes an OLS estimator, and

D, =M@= 1Jw)r+ 6r22 - x)fW(f:rW— xf:W) — 33w
< (Bh—d)rw - 202 - 2)[w) - 37J:W(2f:rw _ I:W)

" 6?»2(3 _ Zk)JrW(KJ-O)LW - J;rW} + 3(f0krw)2 + )ﬁ(k - 1)3J‘W 2

A A
A, = 2WB0- D W] wy+ a2 -3n+2)frw
0 0
— A - 3R+ 2)jW] - 3(A — WYL - 3)12er +(2-A)A2
A A
x fw- xjo W+ jo W) + M0 = DXL /2)IW(12 - (o2 / 69
A
+ 33 wee2 - A - 1)]O W= A02 = 2)[w-AGA - 4)frw)

~ A2 - 3)(ij0er + _‘-O}LW W)+ _‘-O}LW(MO}LW - _‘-Oer)].

Ty = {6A[WIR2+ e w [ wy = 2w - 61| wy
0 0 0 2 2
+ 603w+ 1w = [rw) + 60202 - 30 + 3)frwd0 W )JO W)
+ 6jkrW(21JkW—J-krW) R0 1A WE ) Wiy + Wy (- 192
0 0 7\.0 A A A
x [12fwofw - xforW+f0 W)+ 18er(1]0 W—IO W)l
+OMfrWIO3 =22 — 6L+ 6) W =32 = 30 + 2)frw ] = 3hA - 1)?
x jw2 H+ (1/2)[W(1)? - (o2 /6D)] {(A- 1)AX2 - x)jW
A A
+ 3(JO W= 22 [rw - xfo W) )+ 6w w -3+ 31 -2)

x j:W — 22w 02+ 3)f:rW] + 6fwj:W[(x(3x - Z)J-O}LW
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— 2\ + 3%+ 3)ker— 2030 — I)J.:FW I+ 18(ij.:rW)(f:rW
A 2)JrW) +30— I)ZXJ‘rWZ(XZJ‘W—J‘:W) + 18J-:W rw

x [}JOXW— Ak —2)rw - j:rw I

= 120402 = frwindw— [ wy+ [ ow -+ fwindw—2f w)
A A A 0 A 0 0
£2f Wi+ fo W[x(fo w— 2]0 WY +AG = 20w )
+ 12(_[:rW P+ 2200 — 602 + 81— 3) w2
PROOF. See Appendix.

As in the case of model (B), parts @) and a’) of Theorem 4 show the
invariance of the normalized bias T(at®! — 1) and the r-statistic tom with
respect to the value of both the drift B, and the ‘breaking-trend’
parameter, 65,

As with the other models, parts a) and b) of Theorem 4 show the
super-consistency properties of the OLS estimators for o®' and Blfl Part
d) shows that the same property holds for the estimator of ¢’

Some other results from Theorem 4 mimic those of previous
theorems, namely, the asymptotic equality between 11, — fm and — rorns
providing the link between tests for a unit root and determmlstlc cotn-
ponents. Also, appearing again are the consistency of the constant term
at the usual rate of 7'/ and the divergent, nature of its #-statistic, which
will allow valid asymptotic inference on u

4. Conclusions

This paper has presented the asymptotic theory related to the models
proposed by Perron for testing a unit root in time series with (determinis-
tic) structural breaks. Apart from the limiting distributions of the (bias of
the) autoregressive parameter and its r-statistic for all three models,
which had already been derived by Perron, the rest of the asymptotic
results presented here have not been reported before in the literature.
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These results allow us to visualize the relationship between unit root
testing and tests for the presence of structural breaks, as modelled by
dummy variables.

The theorems show that, based on the formulation we followed for
the testing strategy of models (B1) and (C), there is no conflict between
testing hypotheses relating to the unit root and the presence of (deter-
ministic) trends and/or structural breaks. That is, asymptotically, accep-
tance of a unit root rules out acceptance of a deterministic trend, with or
without a structural break in it. For Model (A), however, this limiting
‘mirror image’ property does not extend to structural breaks: it only
holds between the testing of a unit root and a deterministic trend.

The theorems also show both the dependence of some of the es-
timators and related t-statistics on the parameters in the DGP, and the
rates of convergence of the various statistic analyzed.

Appendix

Most of the results needed in the proofs were carried out by the com-
puterized algebra package REDUCE (see for example, Rayna, 1987).
Based on the information provided below in the form of the matrices
g\X’X) and (X’e), REDUCE computes the biases of the OLs estimators

B~ B = (X’X)” 'X’e for each model. The expression for each of the biases
is then factored by REDUCE so that only the asymptotically relevant terms are
analyzed. r-statistics are computed by REDUCE in a similar fashion (note that
all r-statistics analyzed are specified with a zero coefficient null).

We only present the proof of Theorem 1, as the proofs of the rest of
the theorems follow nearly identical steps. The REDUCE codes and
details of the rest of the proofs are available from the author upon
request. We will make use of the continuous mapping theorem (see
Phillips, 1987) throughout the Appendix.

The following Lemmas about weak convergence of partial sums of
T

the innovations of the type S..= Ze’ to functionals of Wiener processes,
W(ry will be required. =1

LEMMA 1: Let €, satisfy Assumption | and Tp=AT, > T. Then, as
T — oo
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T
Du=T""2Y, D swn)

=1

T 1
i =Ty, B ow) -] W

r=1

T
i) ul =712 % e, B o[W(1) - Wk
t=T 11 i

T
w)u2=T"12 2
-7

t

e, 2 olw(l)- W]

+2

n

where 6% = limE(T~'S2).
T— o
PROOF: See Phillips and Perron (1988) for i)-ii). Parts iif} and iv) are simple

extensions ofi i), since we can write, say iii), as
T

T B
ul =T"”2(ZI—Z£[) =TS, = Spp)
1= t=1

LEMMA 2. Under the same conditions as Lemma 1, and Sy = 0:

T 1
§T2%s B of wirdr
0
r=1
T 1
i) TS D c2j0 W(r)2dr
1=1
D 1
iii) T~5/73 1S, D of rwrdr
0
t=1

iv) T"ietS[_I S (1/72)6*W()* -7
=1

‘,) T*3/2T”S D J.)"W

) ,; ] = 0 . (rdr

. —2TIf 2 D Ml

vi) T ESt = (5_[0 W(r)dr

t=1
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T
B A
) =5/2 D
vii) T-5/23s8, :>0_fOrW(r)dr

=1

PROOF: See Phillips and Perron (1988) for i)-v) and Perron (1989) for
vi)-vii).

Proof of Theorem 1.
For equation (2°) we have that:

T T
D TN SR
t=1 (=1
T T T
DA X T+l Yoy,
=1 =T r=1
X'X) = L
(T-Tp) I thl
t=T 41
B
I Yy
n
T
2
Vi
L =1 J

where
T
> t=(1/2(T*+7T),

t=1

T
N 12=(1/6)QT3 +3T%+7T),
t=1

T
C Y = (1/2[T2 (1 = W) + T(1 = M)],

t=T +1
[

D=

DU =T~T,=T(1-}).

t=1

I
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Using the bGP (3’) we can express the sample moments of y, as
follows:

T T
2y =/BT2+ (T2 Y s T2
t=1 =1
+ = (1/2)B+64(1 — 0T -6

T
Sy, =(/3PT (T2 (- 1)S, T2

=1 1=1

,

(/281 =T +(T 3 2Y s ri/?
r=1

+{(1/2)[n+ 041 =30)] - (1/3)B)T - 6"

T

T T B
Yy =y m 2y, = (/2B - WAT?

=1 t=1

=T 41
B

T
T B
+ [T¥3/2(2 Srf 1 Z Szfl)JT.Z/2
t=1 =1
+(1=)[u+6'-1/2)pIT-0"
TII
vy =PAT+(T7 123 e)T! 2+

i r=1

Lo,
thlz

=1 t

[W+B—1)+6'DU,
1

2
+St—1]

T
1

1
=(1/3)P°T3+ 28T > 2 Y (e - 1)S,_ T2
t=1

T
+ Bl + 01 = AH] = (1 /2B + (T2 Y, 8% )IT?
t=1

T
T T B
+H{2W(TY S, ) 20T S, - DS, TR
1 t=1 r=1

=
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+(E/6){6u(iL— B) + B+ 6071 — A)[64 + 21 — 2B] + 6BO*(1 — 3N)) T
- 010" + 2(u+ P)1.

For (2) we also have that:

- r -

T T
ng (T~-l/2Z€I)T1/2

(=1 r=1

T T
32N L L 32
e, (T3 re)T
1=1 =1
T T
X'e)= = ~1/2 1/2
D, (T2 e)T
1=7 . 1=T 4
n i
£ €
Tif+l TB+I
T T
zyt—lgt ny—lgt
r=1 =1
where
T T

(=1

DeY =X elut+pe-1)+9'DU _ +S ]
t=1

T T
— -3/2 3/2 S|
=BT 1e)T3 2+ (171 Y es, )T

=1 r=1

+ =B+ DT 25 —eNT 25, 1Tt

T +1
I

Now, making use of REDUCE, we get the following expression for
the determinant of (X'X):

det(X’X)=D, ={T7[5 ]+ 0}}(7'6)} /12,
where

T T '
8, =ACBA —4)(T Y} S P+ 1201 -T2 S )
=1

=1
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T
X (T2 (1= 1)S, ) +2h(4 = 3A)(T~ ”22

t=1 t=1

B A
X(T—3/2ZSIA 1)+ 12}\’(}\’_ ])(T75/22([— l)Slfl)

=1 =1

" T T

l B 8
(TN (= 1S, +T732) 8, )= (T3S, )*

=1 =1

=1

-1

T
+MA— DA =3k + 1)(T %Y 5°

=1
Then, normalizing D, by 77 and using the weak convergence
results of the relevant moments from Lemma 2, we have that, as T —> oo,

r-'12)p, 2 -re’D,, (Al.1)
.

with D, as defined in Theorem 1.
Next we instruct REDUCE to invert the (X'X) matrix in order to get
the 5 x 1 vector (B B)" = (X’X) ™ 'X’e from which the fifth element is:

o= (- 1)= (T[] + op(T”)} /(=12D,)y=A, /- 12D,
T T T
where

Y, = xr'”zzg [(3A3 — 4)(7-”225 )+ 6(1-243%
t=1
T

X (7*5/22(1— I)SFI)+(4—37»)(T’3/2ZS

t=1 =1

=1

T T
+OMT 7Y, re)(] —ﬁ(r”zz S_)+@A-1)

t=1

1,
x 2T7323 (1= 1)S, _ +T‘”2ZS DI+ (T~ ”228)

=1 t=1

x [M4 — 3%)(7-3/22 S, )+OAMA—1)T" 5/22(z -DS, )

(T‘”zzS 1)]+)L(1_)L)(%k2 3A+1)TT 128 )

t=1 t=1
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Normalizing by 7% and using the weak convergence results of the
relevant moments from Lemmas | and 2, we have that, as T — oo,

T-%4,) B oA, , (A1.2)
T
with A, as defined in Theorem 1. Part a) of the Theorem now follows
immediately from (Al.1), (A1.2) and the continuous mapping theorem,
To show part a’), note that
toe = O /SIO0 X2
From REDUCE, we get the expression
X' X)) ={TMA= DBV =30+ 1)+ O(T%} /(- 12D,)
593 i
so that
i = (04 /8 HTMA = DEN =3A+ 1)+ O(T4) "= 12D, )! /2
£ T

From (Al.1)and (Al.2), appropriately normalizing, and since s2conver-

ges in probability to 05, we obtain:
(T&{j IOTPTMA= DER =30+ 1)+ O(TH) /27335 12D, )2
T

=14 3 (A, /D)1 /c)AA T 1/2(7»62DA)”2 =(c/0)(A,D,) -1 /2AA’

thus proving a’). A
Next, from the (5 x 1) vector (@ ~By* we take the second element:

B = (TBl-w 1+ 0 (T39)) /(- 12D,),
T
where W, has been defined above for the numerator of (l)\tf. Therefore,
normalizing and using both (Al.1l), (Al1.2) and Lemmas 1 and 2 we

obtain the required result:

A D —
TP 2 - Pro’A, /Ao’D, =~ PD; A,
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For part b’), we have that
ty = B4/ tvar(B1 172 = BA /500 X)) 112
where, from the REDUCE output,
(XX = {TAB(A— DB =30+ 1) + 0})(74-5)} /(- ]ZDAT).
Then,
e = B /DT — DHEAZ =30+ 1) + 0 (T49)}~ /(- 120/11)1 /2,

which upon appropriately normalizing, and using the previous results,
gives

(@B /DT> TP~ DER =30+ 1)+ 0 (T} 12
x T~ 35— 12DAT)1 /12 ts D (1/6)(-BD 14, x (ABA,)
-1 /Z(XGZDA)] /2 _ (G/Gg)(AAD/\)_ 1 /ZAA’

proving b’).
Part ¢) is established as follows. Making use of REDUCE, the first
element of the (5 x 1) vector (f — B is:

(ﬁ,{ﬁ ~B) ={T% ]y ] + 0})(T6)} /(- 120AT) =G, /- 12DAT.

From the REDUCE output, we can express Y, as:

T I !
y, =717 S {6T"5/22‘](t— ns, I[XQ(T"”ZE S, )
i=1 1= =1

TB

T
i I

— N - D)TTY S, DIHATTRYLS, (TS,
t=1 t=1 t=1

T T )

IS s PR TS S ) 61 ke

=1

=1 t=1
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T
x T3S I+ (T ”225 )+ 20— 1)

=1 171

,
X (T73/2% (- 1), T””’ZS —M\XT~ ”’25
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Suitably normalizing, applying (Al.1) to D and Lemmas | and 2 to
W, we get:

7204 - B) R ac’G/ Ao?D, = oGD, |,

as required.

To prove ¢’) we write ’AA u /s[(X X) "/ 2, where, from REDUCE,
we have:
4 -1 _ 6 5.5
XX = AT Iy, + O (T7)) /(= 12DAT),
where,

,
v, —4T”/’Zs (T~ ””Zs 27“3/22”4%_1)

=1 =1

T A T/x'
12T 2Y (= 1S, DI = )T 32, —T732%s )

=1 t=1 =1
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T Tn
+(1 - l)(T‘S/zzl(t— DS, N+HT2YS )
t= r=1

,
+ (B - 6A2+ AL - 1)(T72DS2 ) )
=1
Therefore,
e = /)Ty, +0 (T35} 13- 12D, )2

Now, from abov&;\ We know that 7! /2(u B) = oGD, ! from which we
can deduce that u :> f3. Using this, and suitably normahzmg we get:

(ﬁA /?)T,?{T()[\v J+ 18] (T5.5)}71/2Tf3.5(_ 12D )1/2
* 3 P A
=T ”m ﬁ(ﬁ/c)(czxr ) V*e*AD,) " *=(B/5)D, /T )”2

by using Lemmas I and 2, thus establishing c¢”).
To prove d) we use the third element of the vector (B B)A com-
puted by REDUCE

(0"~ = (T*y,1+ 0T} /(- 12D, )
where

y, = T‘”ZZe [6?»(T"5/°Z(t~l)St )@r- 5/22(r S,

t=1 t=1

XT-3/22S )+T—3/ZZSI 1(4T 3/22‘9; 1

t= t=1 t=1

T
6T‘”2Z(t 1)S,_ ) +ABA=4)T~ 225 N +6T73/ e

=1 t=1

x[lT“3/22St (xT—WZSt1 2T—‘/22(r ns, )

t=1 t=1

T
+ T*»WZSt~ 1(2T—5/2Z(t— Ds, - T—mZS[_I) + M1 =2
=1

t=1

T
X T2y 8% 1)]+T'”228 [4T~ WZS (3T~ s”Z(z S,

t=1 1=1
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T L S
B 7'*3/2251— )= 12(T—5/22(t— DS, 1)2 + T’zzsf_ d

=1 t=1 =1

T T
+T71¥eS M4 -3MT~3EYS )+ 6MA— 1)

=1 =1

T n
(T -1, )-T-32ys .
i=1

=1
Noting that, by using Lemmas 1 and 2, y, :D> AG’H, result d) follows.

. . A A , _
For d’), we write the r-statistic as f(’;)A = (pA /sl(X X)) "1'2 where
from the REDUCE output we have:

XX ) =Ty + 0,759} /(- 12D, ),
where

T T T
W =4T32YS P 1uT32Ys TPy - 1S, )
t=1 r=1 t=1

+ 12(T‘5/2i(t— DS, )* - (T‘22T,S[2_ -
Then, - o
tye= @ /DTS +0,(T%9)) (- 12D, )!?
_ (T1/2$A /-/T\)T3{T6[W5] i 0,,(T5'5)}A V235 12DAT)1 %3
Using previous results and Lemmas 1 and 2 on ., we obtain
tos L (oup;! /6){A0%A,) 20D ) 2 = (6 /0, )(A,D,) " H,

proving d’). A

To prove e) we use the fourth element of the vector B- Q)A, com-
puted by REDUCE

(<?>i‘ —-0h = {T7[‘Vs]ETBH + 0p(T6-5) V(- 12DAT)’

where Y =— [51], defined above for D,. Then, since \4161:);, k021,)A,
result e) follows. T
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v . > 3 A A — ~
FFor ¢’), we write the f-statistic as rop = (pA /5[(X'4X4) /2 where from
the REDUCE output we have: ’

’ ~1 _ Tr Y
X X) ' ={T W]+ 0T}/ (- 12D, ).
Then,
A
[(?)? _ ((Q/I\/@T35{T7[W6I + 0[)(7‘6)}7]/27‘—3.5(_ IZDAT)I/Z

Det+e

T +1
#

2y - 1/209 <2 172 _ /pA
)/cg(kcsDA) (koDA) = (0 +e,l,/;l)/c€,

proving ¢’).
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