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Resumen: En este trabajo se presenta un andlisis de la Frontera de
Media Desviacion Estdndar (MSF) en términos de dos
portafolios notables, y se estudia la localizacién
geométrica de dichos portafolios en la frontera. Se
presenta un resumen de resultados ya conocidos junto
con demostraciones de resultados nuevos. Se introduce
una manera de medir la distancia entre dos MsF. Esta
medida esta relacionada con modelos de valuacién de
activos que suponen que los precios de los activos
pueden ser represenados por un factor estocéstico de
descuento, como el cAPM (Capital Asset Pricing Model)
y el ApT (Arbitrage Pricing Theory). Se da una
aplicacién en la que la distancia entre dos fronteras
especificas se puede interpretar como una medida del
error de especificacién de un modelo de valuacién de
activos.

Abstract: This paper presents a characterization of the mean-
standard deviation frontier (MSF) in terms of pricing and
averaging securities and explores the geometry of these
securities relative to the geometry of the MSF. A sum-
mary of already known results is presented along with
proof of new results. A measure of the distance between
two mean-standard deviation frontiers is presented here.
This measure is related to asset pricing models which
imply that security prices can be represented by a
stochastic discount factor, such as the carm (Capital
Asset Pricing Model) and the APT (Arbitrage Pricing
Theory). An application is given in which the distance
between two specific frontiers can be interpreted as a
measure of model misspecification.

* T would like to thank Terry F. Bohn and a anonymus referee for their helpful
comments. I remain responsible for any errors.
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1. Introduction

An important concept in finance is that of the mean-standard deviation
frontier (MSF). A number of asset pricing models, including the Capital
Asset Pricing Model (capM) and the exact version of the Arbitrage
Pricing Theory (APT), conclude that specific portfolios are in the MsF.

This paper has two purposes: The first is to give a characterization
of the MSF in terms of the pricing security and the averaging security,
and to explore the geometry of these securities relative to the geometry
of the MsF.

The above securities are defined as follows: Given the assumption
of linearity in markets (i.e. any linear combination of two marketed
securities is, itself, a marketed security, while the price of the linear
combination is the linear combination of the two first prices) if the
marketed space M is finite dimensional, by the Riesz Representation
Theorem, there exists a unique security ¢ in M (or ¢* in M) called the
pricing security, such that for all securities z in M, its price ®t(z) can be
represented as

7(z) = E(zc) (or (z) = Cov(z,c)).

Also, there exists a unique security m im M (or m" in M) called the
averaging security, such that for all z in M, its expected value E(z) can
be represented as

E(z) = E(zm) (or E(z) = Cov(z, m™)).

The second purpose is to suggest a definition of a measurement of a
distance between mean-standard deviation frontiers. This measurement
can be interpreted as a measure of model misspecification.

Section 2 sets up the Hilbert space framework (Chamberlain and
Rothschild, 1983; Duffie, 1988). Section 3 deals with the concept of the
MsF, (Huang and Litzenberger, 1988; Ingersoll, 1987). The pricing
portfolio and the averaging portfolio are defined, and a characterization
of the MSF is given in terms of these portfolios. Section 4 presents a
description of geometrical properties of these securities relative to the
MSF in the mean-standard deviation space. Section 5 presents a way (o
measure the distance between mean-standard deviation frontiers. Sec-
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tion 6 gives an example in which the distance between two specific
frontiers can be interpreted as a measure of model misspecification.
Section 7 summarizes the results of the paper.

2. The Setting

In setting up the Hilbert space framework (Chamberlain and Rothschild,
1983; Duffie, 1988), there is an underlying probability space (QQ, F, P).
L2(P) is the vector space of real-valued random variables whose varian-
ces exist. A security for an economy is an element zin L?(P), and we may
think of it as a random variable whose payoff, z(®) in state @ € £, is
measured in “consumption”.

The riskless security is the random variable 1: £ — R such that
1(w) =1 for all we Q. A risky security is any security with positive
variance.

A portfolio is a finite linear combination of securities. That is, p is a
portfolio if and only if there exists some finite subset {x,, x,, ... , x,,} of
L?(P) and real numbers ct, t,, ... .0t such that

N
p=) ox,.
i=1
In the case of incomplete markets, not any security is available “at a
price”. Let T < L2( P) be the subset of traded securities. We assume that
if x;, x,, ..., x, are traded securities, then any portfolio of them is also
mT
A given non-zero linear functional &t on T assigns market values to
marketed assets. For any security z in T whose market value 7(z) is not
zero, the return of z is the random variable

z
R =——.
¢ ()
N
Then, for any portfolio p = ¥, o, x, of traded securities such that the

=1
market values 7(p), n(x,), n(xzs, .- T{x,) are not zero, the return of p is
the random variable
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a.T(x,)
. _ 3 . . .
where R, is the return of x; , and o, = ) 1S the proplé)rtlon of the price

of the portfolio p associated to security x; and, henceleo)i =1.
1=

3. The Mean-standard Deviation Frontier

Let x denote the vector (x5 Xy oo ,xN)' of N risky securities
Xps Xps -+ 5 X (N2 1) with linearly independent returns, and let R denote
the corresponding vector of returns (R}, R,, ... , R,)". It is assumed that
e the covariance matrix of the vector R, is nonsingular. This implies
that the riskless security 1 is not a portfolio of the returns R, R,, ..., R,

If Y=(y,) is a pxq random matrix, let E(Y) denote the matrix
whose i-jth element is E(y.), and if all the elements y,. are traded
securities, let (Y) denote the matrix whose i-jth element is Ty,

The concept of mean-standard deviation frontier can be found in
standard finance books such as Huang and Litzenberger (1988) and
Ingersoll (1987). Given a set § of M traded securities (M >1), a
portfolio of them is the frontier portfolio with expected return E if its
return has the minimum variance among returns of portfolios (of
securities in S) that have expected return E.

The actual formulation of the minimization problem above depends
mainly on whether the riskless security 1 is, or is not, a portfolio of the
securities considered.

For the case in which the riskless security 1 is not a portfolio of the
securities considered, the minimization problem can be formulated as
follows. A portfolio p of X Xps con s Xy with return m;ER is a frontier
portfolio with expected return E if and only if o, solves the problem:

min ' X ®
N
we R
st. WER)=E and @1, =1
where ER is the variance-covariance matrix of the random vector R, and
1, is the N-vector of ones.
For the case in which the riskless security 1 with return R,=1/7(1)

is included, the minimization problem can be formulated as follows. A

portfolio p of the riskless security 1 and the risky securities x,, x,, ... , x,,
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(N 21) with return ©,R,+ (DlER is a frontier portfolio with expected
return E if and only if 0, € Rand o, € R" solve the problem:

min  ® X0
N
u)oe R,we R
’ — / —
st OyR, +® E(R)=F and (n0+u)1N_ 1.

In both cases, for each E € R for which the minimization problem above
has a solution, let 6*(E) E(DIEER(DE (i.e. 6*(E) is the variance of the
frontier portfolio with expected return E).

The mean-standard deviation frontier generated by the securities
considered is the set:

MSF={(c(E),E) e R?| the minimization problem above has a
solution for E}.

The mean-standard deviation frontier can be described in terms of
the portfolios Mp, Cp m;, c; and € g (Chamberlain and Rothschild,
1983) defined by the following:
DEFINITION 1. Regardless of whether the riskless security 1 is included,
or not, let c,, ¢y, m, and my, be the portfolios of the form o'R (o € RM)
that satisfy:

1, = E(Rcg)
—_ *
1, =Cov(R, c)
E(R) = E(Rmy)
E(R) = Cov(R, mp) .
cp and cy, are known as pricing securities. m, and mj, are known as
averaging securities: Given the assumption of linearity in markets,
together with the fact that expected value is a linear operator and
covariance is a bilinear operator, from the four equations above, we get

that for any portfolio p=a'x, 7n(p) = E(pcy) = Cov(p, c;) and
E(p) = E(pm) = Cov(p, my).
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When the riskless security 1 is included, let €1 R be the portfolio of
the form o1 + o'R (ot € R, o e RY) that satisfies:

(1) 1
|'1N ]=E([leC]'R) .

¢, g is known as pricing security: For any portfolio p=1y,1+
+7'x(Y, € R, € RY), n(p) = Epe, p)-

Given that we are considering a finite dimensional vector R of
returns, it is straightforward to show (see Hansen and Jagannathan,
1993) that:

cp=L(E(RR))"'R
=1, 2R M’
m,=ER)Y(E(RR))™'R

m = E(RYZ; 'R

(1) — E(cg) . (1) — E(cp) 7
C, = |, m, |
LR 1 - E(mp) R 1-Emy &
Chamberlain and Rothschild (1983) show that:
m
*__ R
"R= T = Emy) ©)
and
=+ Bl — X @
cp=C,+E(c,) ————.
R "R R 1-E(my)

VE(RR) = I+ E(R)E(RY. Given that Z, is nonsingular, E(RR’) is nonsingular and

(ERR)) ' =27 =27 VER)———L—_ ERYE=! (see Rao, 1973).
(RR')) R r E( )1+E(R)’ZR“E(R) (RYZy " (see Ra )
? E(mpg) # 1. Otherwise, given that var(mg) = E(mp)1 ~ E(mg)), var(mgp) =0 and
mp=1. This contradicts the fact that 1 is not a portfolio of R}, R,, ..., R, because it is
assumed that X is nonsingular.
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When the riskless security 1 is not included, and N = 1, the frontier
consists of only one point in the (0, E)-space. When the riskless security
1 is not included, N 2 2, and the N returns are independently and identi-
cally distributed with mean E, and variance o2 , the frontier is the
horizontal line

G,
(6. E)loz 7).

When the riskless security 1 is not included, N =2, the N returns are
linearly independent, and at least two returns have different expected
values, the mean-standard deviation frontier is a hyperbola with center

E(cp)
" Var(c})
vertix
1 E(c}

\Var(c})’ Var(c})
and squared slope of the asymptotes 8% = —A*— where
q P ymp = Var (c})
A = Var (m},) Var (c}) — (E(c})>
The equation of this hyperbola in terms of Var (my), Var (cy) and E(cp) is:

(Var(cp))® E(cp)
A " Var (cp)

Var (cp)o” - 5)

When the riskless security 1 is included, N =1, and the N returns
are linearly independent with at least one of the returns of the risky assets
having an expected value different from the return of the riskless asset,
‘he mean-standard deviation frontier then consists of two straight lines
ntersecting each other at the point (0, R,) and with squared slopes

Ay p, = Var(m—Rycp) (6)

=(ER) -1, RY I (ER) -1, R) @)



304 ESTUDIOS ECONOMICOS

The equation of the mean-standard deviation frontier is:
E=R,to VVar(m;—ROc;) . (8)

This equation can also be written in terms of Var (¢, p), E(c, ) and
as:

0
\] Var (01, P

=R +
E RO_G Ec

R

9

LR
4. Geometrical Properties of the Pricing and Averaging Securities

The geometrical properties of the pricing and averaging securities are as
follows:

PROPOSITION 1. When the riskless security 1 is not included, N 2 2, and
the N returns are linearly independent with at least two returns having

. % . . .
dtf{erent expected values, ¢, is the frontier portfolio whose return

c
R . . .
D) has the smaliest variance among the returns of all frontier portfo-
R
lios. This means
% * %
‘r ‘R 1 E(cp)

* ’ E * = ’ *
(cy) T(cp) \/Var(c;;) Var (cg)

is the point in the MSF nearest to the E-axis in the (¢ — E)- space.

PROOF. In the last section the point
1 By
VVar(ch)  Var(cp)

was identified as the vertix of the MSF. Given that this point is equal to

c c
R R

ney || e
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*

c
. . . R
then, c; is the frontier portfolio whose return ) has the smallest
. VTR
variance among the returns of all frontier portfolios. [

Proposition 1 is shown in figure 1.

Figure 1
N _ MR = VeR
n(mg —vex)
mg ! R(mg) =mp/n(mp)
v cy/ mlcd)

cg/ (cg)

1

JE@@D

Location in the msF, of the returns of the pricing and averaging portfolios when the riskless
security 1 is not included: ¢ /1t(cR) (Proposition 1), (m, — ch) /Tc(mR - ch) (Proposi-

ion 2),m g /m(mp) = my, / w(mp) (Proposition 3) and ¢ & 7n(cR).

For all v € R, the portfolio m, — vc}, also has a geometrical inter-

yretation as shown in the following:

'ROPOSITION 2: When the riskless security 1 is not included, N >2, and
he N returns are linearly independent with at least two returns having

lifferent expect’e;gz; vizl‘zfceg, forallve R, m; ~ vcy, is the frontier porifolio
R
vhose return —————~ solves the problem:
Ty — vCy)

E(Rx) -V
Max —— (10)
[c e LXP) 1 x is a frontier portfolio }yvar (R x)
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Thus the point
m;, — vc,, m’, —vc,,
R R R R
* * ? * *
T(my, — vep) T(my, —veg)

is the tangency point of the MSF with the steepest ray passing through
the point (0, v) that intersects the mean-standard deviation frontier. The
squared slope of this tangent ray, Si R

82 o= Var(mj — vcy) an

= (E(R) - 1L,YZ; "(ER) - 1,p). (12)

PROOF. The maximization problem (10) is:

2
Max EZV-
Eer O(E)
Var () E? — 2E(c})E + Var (my)
A .

By (5), 6X(E) =
The maximization problem then becomes:

Y
Max Py AE *v) ~
Ee R Var(cp)E™ — 2E(cp)E + Var (myp)

Solving the First Order Condition, and checking the Second Order
Condition, we get that the maximum is obtained at:

_ Var* (my) — vE(c}) _ E(m% - vc%) _ER.
E(cg) —v(Var(cp))  M(mp—vcy) M T Veq

*

This identifies portfolio my, — vcy, as one solving the maximization
problem.
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By definition

(ER,-_ )~ v)?
£ = R~ R
vk Var (Rm; - vc;)
2 % *

My, — vep Var (my) — vE(cp)
E|—E—E-1-y - Ry

T(my — vey E(cg) —v(Var(cp))

- My — vep B Var (my, — vey)
Var — 5 3

Tmp — veg (E(c}) — W(Var (c})))

(Var (my) — 2vE(cy) + v*Var (cp))’

* *
Var (mp —vep)

(Var (my — vcp))®

= Var(m}, — vch).
Var (my, — vcp) R TR

Thus, Sf’R = Var (mp — vcp).
Using (1):

82 o =Var [(ER)-1,»)" Z'R]

v’

= (E(R) -1 WWE(ER) - 1,p). n

Proposition 2 is shown in figure 1.
When the riskless security 1 is not included, N> 2, and the N
returns are linearly independent with at least two returns having different
c
expected values, c, is the frontier portfolio whose return ﬁz&j has the

smallest second moment among the returns of all frontier plg)rtfolios.
(See Lemma 3.1 in Hansen and Richard, 1987). This means
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ol o)

is at the tangency point of a circle with center (0,0) and the negative
sloping portion of the mean-standard deviation frontier. The radius r of

this circle is r = L (See figure 1).
N E(c)

PROPOSITION 3. When the riskless security 1 is not included, N = 2, and
the N returns are linearly independent with at least two returns having
different expected values, my is the frontier portfolio whose return has
the largest expected value-standard deviation ratio among the returns of
all frontier portfolios. This means the point

o) o)

is the tangency point of the MSF with the steepest ray passing through the
origin that intersects the mean-standard deviation frontier The squared
slope of this tangent ray is

M — E(R)/Z— IE(R)
1 = E(mg) R
My Mp

TC(m;) - TC(mR) .

PROOF. From (3),
Proposition 1.

The result is obtained taking v=0 in
|

Proposition 3 is shown in figure 1.

When the riskless security 1 is included, N > 1, and the N returns
are linearly independent with at least one of the returns of the risky
assets having an expected value different from the return of the riskless
asset, ¢| p is the frontier portfolio whose return has the smallest second
moment among the returns of all frontier portfolios. (See Lemma 3.1 in

. . ‘LR \ ‘iR
Hansen and Richard, 1987). This means | ¢ . JE . : is

TC(CI,R) (cl,R)

at the tangency point of a circle with center (0,0) and the negative sloping
straight line of the MSF. The radius of this circle is
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1

\NE (c{ 2

and the slope of the straight line is — S, where S, = L o(c) )

V=

This result is shown in figure 2. (1)
Figure 2
E
A
R”
N\Ev R In(cy p)
» G

1

(RS W
JE(i p)

Location in the mean-standard deviation frontier of the returns of the pricing security
o R/ ‘n:(cl R) when the riskless security 1 is included.

5. Distance between Mean-Standard Deviation Frontiers

Suppose the N-dimensional vector of returns (N > 2) R is partitioned as

R= i where g is a K-dimensional vector of returns (1 < K<N-1).
1

Sometimes it is of interest to compare the mean-standard deviation
frontier generated by R (MSF z) With the MSF generated by g (MSF).
When the riskless security 1 is included, we would like to compare tﬁe
MsSF generated by 1 and R (MSFLR) with the MSF generated by 1 and
g (MSFLg). .

The motivation for doing such comparisons comes from the fact
that a number of asset pricing theories can be stated in terms of mean-
standard deviation frontiers. For example, the Zero-Beta Black-Lintner
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capMm (Capital Asset Pricing Model) can be stated as: the mean-standard
deviation frontier generated by the Market portfolio M (MSF,)) is a
point in the mean-standard deviation frontier generated by the returns of
the N risky securities considered (MSF ).

The Sharpe-Lintner CAPM (Capital Asset Pricing Model) can be
stated as: the mean-standard deviation frontier generated by the riskless
asset 1 and the Market portfolio M is equal to the mean-standard devia-
tion frontier generated by the riskless asset 1 and the returns of the N
risky securities considered (MSF| p).

When the riskless security 1 is not included, the exact version of the
APT can be stated as the mean-standard deviation frontier generated
by the K factors f(MSF,), intersects the mean-standard deviation
frontier generated by the returns of the securities considered (MSF )
(Chamberlain, 1983; Lehmann and Modest, 1988).

When the riskless security 1 is included, the exact version of the
APT can be stated as the mean-standard deviation frontier generated by
the riskless security 1 and the K factors f (MSF, ) is equal to the
mean-standard deviation frontier generated by the r1skless security 1
and the returns of the risky securities considered (MSF L » (Chamber-
lain, 1983; Lehmann and Modest, 1988).

Because g is a part of R, the frontiers MSF, and MSF,  are con-
tained to the right of the frontiers MSF , and MSF | respectlvefy One may
like to have a measure of how far from each other they are. One possible
way of doing this is as follows:

DEFINITION 2. Distance between mean-standard deviation frontiers.
Suppose the N-dimensional vector of returns (N > 2) R is partitioned as

R= i where g is a K-dimensional vector (1 < K< N —1). When the

riskless security 1 is included, the distance between MSF and
MSF lS defined as:
D(MSF, . MSF, )= MSF S,ZWSF

where S2 is the squared slope of the two strazght lmes that form the
1

cone MSF| ., and Si/ISF is the squared slope of the two straight lines

that form the cone MSF Its formulas are given in (6) and (7).



ON THE MEAN-STANDARD DEVIATION FRONTIER 311

When the riskless security 1 is not included, the distance between
MSF and MSFg is defined as:

= i 2 2
D(MSF o, MSF) =min (S, - S} )

where S‘z) g IS the squared slope of the steepest ray passing through the
point (0, v) tangent to MSF r and Si is the squared slope of the steepest
ray passing through the point (0, v) tangent to MSFg.3

Definition 2 is shown in figure 3 and 4.

Figure 3
Distance between MSF, p and MSF,

»
>

2
MSF| g Squared Slope = SMSF" R

MSF, , Squared Slope = Sfml c

v
Q

2 2
D(MSF,, g, MSF\, o) =Syys, o ~Susr,

* The measure given in definition 2 has the desirable property that its probability
distribution can be found when doing empirical work (see Shanken, 1985). An alternative
definition which is statistically more difficult to handle in empirical work, but that lends
itself better to theoretical work with some asset pricing models (see Hansen and Jagan-
nathan, 1993) is as follows:

DEFINITION 3. When the riskless security 1 is included,

1 2 2
D (MSF, ., MSF )= S -S ).
2 1R L~ (qry)?  MSF) g OMSF

When the riskless security 1 is not included, D,(MSF g, MSF g) =min iz (Se R S& g).
ve RV ' !
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Figure 4
Distance between MSFy and MSF, .

Squared Slope = S%,, R
Squared Slope =§ i. "

Squared Slope = Sf, ¢
',.»""‘\Squared Slope=§ f_.g

v¥ | MSF.

— i 2 2
D(MSFy, MSF,) = min (S} ¢~} )

2 _ @2
v R vhg

From the definition above, it is clear that D(MSFI‘ R MSFL )=0
if and only if MSF| p=MSF, ,, and DIMSF,, MSFg) =0 if and only if
MSFp N MSFg 204

In terms of the distance between frontiers presented above, the
conclusions of the four asset pricing models mentioned before can be
written as follows:

Zero-Beta Black-Lintner cApM: DIMSF,, MSF, ) =0
Sharpe-Lintner capM: D(MSF LR MSF | M) =0
APT when the riskless security 1 is not included: D(MSF o MSF)=0

APT when the riskless security 1 is included: D(MSF,| ., MSF { f) =0.

There exists a relationship between the difference of squared slopes
Si R™ S‘Z)’ ¢ used above in the definition of D(MSF,, MSF ) and the
regression of R, on g. This is shown in the following (see Gibbons, Ross
and Shanken, 1989, and Shanken, 1987):

* The same is true for the alternative definition: D,(MSF| p, MSF; )=0if and onlyif
MSF | p=MSF, g and Dy(MSF g, MSF ) = 0 if and only itMSFg N MSF # . This means
D(MSF| p, MSF| ))=0if and only if 52(MSF1' rpMSF, )=0and D(ﬁlSFR‘ MSF,) =0
if and only if Dy(MSFp, MSF ) =0.



ON THE MEAN-STANDARD DEVIATION FRONTIER 313

PROPOSITION 4. The N-dimensional vector of returns (N 2 2) R is partitioned

asR= i where g is a K-dimensional vector (1 <K <N - 1). For any
I

v € R, consider the regression:
R -1, _v=0(v)+B(g-1p)+ Ey

where E(g,) =0, X, =var(gy), a(v) =E(R) -1, v—B(E(g) -1 &)

Then, for all v € R, S% R™ .S% ¢ (a(v))'Zs' la(v) amd
’ ’ N

2 - v -1
SﬁdSFLR = SMSFLQ = ((Ry) ZeN (Rp).

PROOF.
s wv@R)) (3, LF
Rzi .Then,2= g , Z ! = g BZB§ Z
1 R lcov(g, R) R, BEg o0t e,

-1 g — 1 _y-1
I I+BEI B -BE

T l=
R -1 -1
-5 'B 3

By (12),
St x5 o= ER) - 1p)E7 (BR) - 1,9)
~ (E(e) - 1'% 1 (Blg) ~ 1)

(=-'+BE'B -BX!
=|E| & |- L v||® W v E[E - 1 v
R \My_g “ES;IB ! Rij |1y g

— (E(®) - 1) Z7 1 (E(g) - 1)
=[ER) -1, v - B(E(g)-1,»)] z, '[ER)-1,_v— B(E(g) - 1,v)]

= (o)) Z; o).
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Similarly, by (7),
Shise, = Shasr, = (BUR) = 1yR)) Z5 {(BWR) = 1,Ry)
— (E®) ~ 1R Z; (E(g) - 1,Ry)
= (ER) ~1y_ xRy~ BUE(®) ~ LRy)'E, '(E(R)
=1, _xR,— B(E(g) —1.R))
= (UR))'Z; 'alRy). .

Putting together equations (6), (11), and proposition 4, the distance
between frontiers can be written as follows:

PROPOSITION 5. When the riskless security 1 is included, the distance
between MSF, , and MSF, g can be written as:

D(MSF, .. MSF, g) = Var(m; - Roc;;) - Var(mz - Roc;)

LR

= (E(R) ~1,_ Ry~ BUEG) ~ 1 R)Y = (E(R)
—IN_KRO_B(E(g)_lKRo)) (15)

= (OL(RO))'ESII 'R,
where R, is the return of the riskless security 1.
When the riskless security 1 is not included, the distance between

MSF R and MSF ean be written as:

D(MSFy, MSF) = min {Var(my, — vep) — Var(m; - vc;)} (14)

ve R R
=min (B(R) ~1,_ —BEQ) ~ 1,)'E '(E(R))
—1,_ - BER) - 1) (15)

= min ((v))'Z; 'av).
ve R N
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It is easily checked that the value of v that solves minimization
problem (14) is:

| EE)-EC)
"7 Var(cy - Var(el)”

Using (3) and (4), this can be written in terms of E(cp), E(cg) and
E(mg) as:

. E(cpl1 = E(m )] ~ E(c )1~E(mp)]
V= .
[E(cg) = EC(1~E(mp))(1~E(m ) + (E(c )} (1=E(m ) = (E(c ))(1~E(mp))

Alternatively, solving the minimization problem (15), we get:’

Ay o - BlK)’EE; YER)) - BE(g))

*
y =

-1 .
(y_~ BLYE, (1~ Bl

6. The Distance between Mean-Standard Deviation Frontiers as a
Measure of Model Misspecification

Depending on the asset pricing model under consideration and the par-
ticular problem being analyzed, the distance between frontiers defined in
this paper can have different interpretations. An example is presented in this
section in which the distance between specific frontiers can be inter-
preted as a measure of model misspecification in similar terms to those
used in Hansen and Jagannathan (1993). Let us consider an pricing
security model that concludes that

* Solving the minimization problem given in the alternative definition 3, we get

(E(R) ~ BEQE, (E®)~BE®) gty - g
. £

* %k

B1) E(cy) - E(c)

T E®R) ~BEQ)E, Xy _ =B,

_ E(mR) - E(mg)
B E(cp)(1 - E(mg)) - E(Cg)(l - E(mp)’
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D(MSFy, MSFg) =0 (16)

or

D(MSF, ., MSF, g) =0

LR
like the four models in section 5 (see equations 13).

A common problem is that the actual vector g is not observable
(for example, the Market portfolio in the case of the CAPM or the factors
f in the APT are not observable), and a proxy for g must be used instead.

Let y=(y;, ¥, ---» ¥g) be a K-dimensional vector of observable
random variables with finite variance. Let P be the space generated by
the N securities Xps Xy ee s Xpp and

Proj(y | P) = (Proj(y, | P), Proj(y, I P), ..., Proj(y, | P))’,

where Proj(y, | P) is the orthogonal projection of the random variable
¥y onto the space P. Let Proj(y | P) be a proxy for g, let MSF, Proj(y | P) be
the mean-standard deviation frontier generated by the returns of
Proj(y | P), and let MSF 1, Proj(y | P be the mean-standard deviation frontier
generated by the riskless asset 1 and the returns of Proj(y | P).

Then, the distance

D(MSF o, MSFy . )

or

DMSF| g, MSFI,Proj(vIP))
can be seen as a measure of model misspecification arising from the fact
of using the proxy Proj(y | P) instead of g. This is illustrated for the case
of the APT when there is no riskless security 1, in Figure 5.

7. Summary

The equation of the MsF is expressed in terms of the variance and/or
expected values of the returns of the pricing and/or averaging securities
(see equations 5, 8, and 9). This approach emphasizes the role of these
securities in the formulation of the MsF.
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Figure §

<]

Distance between frontiers as a measure of model misspecification for the case of the
APT when there is no riskless security 1. According to the apT, D(MSFp, MSFy) = 0. The
factors f;, £, ..., fx are not observable. Instead, the proxy Proj(y1P) is used and
D(MSF g, MSF, Proj(y! P)) is a measure of the model misspecification arising from the use
of the proxy.

MSFp and MSFj intersect each other.

MSFy and MS Proi(v P) do not intersect each other. The “better” is the proxy
Proj(y I P), the smaller is the measure of model misspecification D(MSF, MSFij(lv 1 l,)).

The geometrical properties of the returns of the pricing and averag-
ing securities relative to the MsF in the (o, E)-space are summarized as
follows (figures 1 and 2):

When the riskless security 1 is not included, N>2, and the N
returns are linearly independent with at least two returns having different
expected values, the pricing security c; is the frontier portfolio whose
return has the smallest variance among the returns of all frontier portfolios
(Proposition 1), and for all v € R, m;; - vc}‘e is the frontier portfolio whose
return

my,—vc',
R_"°R
Ty —vey)

has the property that the point
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mi —vc’ mt —vcs,

R R R R
* * ke * *
T(my — vep) T(my — vep)

is the tangency point of the MsF with the steepest ray passing through the
point (0, v)that intersects the MsF (proposition 2).

When the riskless security 1 is not included, N2 2, and the N
returns are linearly independent with at least two returns having dif-
ferent expected values, the averaging security m, is the frontier
portfolio whose return has the largest expected value-standard deviation
ratio among the returns of all frontier portfolios (Proposition 3).

A method to measure the distance between frontiers is as follows:

When the riskless security 1 is included,

S2

MSF] :

D(MSF, o MSF, )= 5%

LR SF LR

where 55 MSF, , is the squared slope of the two straight lines that form the
cone MSF, R " and S 1s the squared slope of the two straight lines that
form the cone MSF L

When the riskless security 1 is not included,

i (G2 2
DMSF,, MSFf —‘tr;n; (Sv, =S f)

where §2 , g 15 the squared slope of the steepest ray passing through the
point (0, v) tangent to MSFp, and S2 ¢1s the squared slope of the steepest
ray passing trough the pomt O, v) tangent to MSF,.

A number of asset pricing models can be stated in terms of the
distance between two frontiers in the form D(MSF, ., MSF, ) =0, or
DMSF p, MSF ) =0, where g is a random vector 1dent1f1ed accordmg to

. g
the pricing security model under consideration. When instead of g, a
proxy Proj(y|P) is used, the distance D(MSF LR MSF 1 Projy P)) or
DMSF R MSFij(NP)) can be interpreted as a measure of model mis-
specification. )

The link between the distance between frontiers and some security
pricing models will be analyzed in more detail in future work.



ON THE MEAN-STANDARD DEVIATION FRONTIER 319

References

Chamberlain, G. (1983). “Funds, Factors and Diversificationin Arbitrage Pricing
Models”, Econometrica, 51, pp. 1305-1323.

, and M. Rothschild (1983). “Arbitrage, Factor Structure, and Mean-
Variance Analysis on Large Asset Markets”, Econometrica, 51, pp. 1281-
1304.

Duffie, D. (1988). Security Markets, Stochastic Models, San Diego, Academic
Press.

Gibbons, M., S. Ross and J. Shanken. (1989). ““A Test of the Efficiency of a Given
Portfolio”, Econometrica, 57, pp. 1121-1152.

Hansen, L. and S. Richard (1987). “The Role of Conditioning Information in
Deducing Testable Restrictions Implied by Dinamic Asset Pricing Models”,
Econometrica, 55, pp. 587-613.

and R. Jagannathan (1991). “Implications of Security Market Data for
Models of Dynamic Economies”, Journal of Political Economy, 99, pp.
225-262.

——— (1993). “Assessing Specification Errors in Stochastic Discount Factor
Models” (manuscript).

Hansen, L., J. Heaton and E. Luttmer (1993). “Econometric Evaluation of Asset
Pricing Models”, August (manuscript).

Huang, C. and R. Litzenberger (1988). Foundations for Financial Economics,
New York, North-Holland.

Ingersoll, J. (1987). Theory of Financial Decision Making, Rowman & Lit-
tlefield, Totowa.

Lehmann, B. and D. Modest (1988). “The Empirical Foundations of the Arbitrage
Pricing Theory”, Journal of Financial Economics, 21, pp. 213-254.

Rao, C. R. (1973). Linear Statistical Inference and its Applications, second
edition, New York, John Wiley & Sons.

Shanken, J. (1985). “Multivariate Tests of the Zero-Beta CAPM”, Journal of
Financial Economics, 14, pp. 327-348.

(1986). “Testing Portfolio Efficiency when the Zero-Beta Rate is Un-

known: A Note”, The Journal of Finance, 41, pp. 269-276.

(1987). “Multivariate Proxies and Asset Pricing Relations. Living with

the Roll Critique”, The Journal of Financial Economics, 18, pp. 91-110.




